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Keywords Abstract
Reflection, In this study, we present an analytical model developed to describe broadband
Refraction,

inhomogeneous wave propagation in an unsaturated visco-poroelastic layered
medium which can be applied in geomechanics issues as hydrocarbon reservoirs.
By taking into account the effect of the tortuosity parameter on the movement of
pore fluids, the proposed formulation is capable of describing the wave behavior
at high as well as mid and low frequencies. The boundary conditions proposed in
this study, account for the connection between the surface pores, along with the slip that occurs between
the two media at their interface. This enables us to model the layered medium in a more realistic way,
where, the pore fluids are able to pass through the layers and the layers are able to move relative to each
other. Finally, a sensitivity analysis is carried out and the effect of the various parameters on wave
propagation inside the layered medium is investigated.

Wave propagation,
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1. Introduction
Scientists and researchers have always been
interested in finding the properties of waves and
their utilization in various fields of science and
technology. Amongst which of particular interest
is the science of earth and the possibility of
tapping into its resources and understanding its
geological structures and inner workings. In this
regard, there have been many efforts by the
scientific communities around the world to
develop mathematical models to understand the
complexities of wave propagation in unsaturated
soils.

The first serious study of wave propagation
in porous media can be credited to Biot [1, 2].
Wherein, he developed a model for wave
propagation in a saturated porous medium. He
showed for the first time that three waves can
propagate in such a medium, of which two belong
to the compressional waves and the third one is
related to the sole shear wave. Since then, others
have tried to use, verify and develop the equations
and results which are developed by Biot [3-7]. In

this regard, Plona [5] and Berryman [3] have
shown the validity of the Biot's theory and the
propagation of the second compressional wave in
a saturated porous medium.

Concerning the extension of the Biot's
formalism, using the concepts of mixture theory,
Brutsaert [8] has developed a model capable of
predicting wave behavior in an unsaturated porous
medium, where the pores are filled by two
immiscible fluids. In the following years Santos et
al. [9, 10] have also extended the theory of Biot
and developed a method for obtaining the elastic
constants related to an unsaturated porous
medium. Tuncay and Corapcioglo [11] have used
a Lagrangian viewpoint and the volume averaging
technique to develop a model for wave
propagation in an unsaturated porous medium,
showing the existence of three compressional
waves and one shear wave. Also Lo et al. [12]
have used an Eulerian framework and developed
a model to describe wave behavior in such a
medium.
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Even though these models are all capable of
predicting wave propagation behavior at low
frequencies, they all fall short at considering the
inertial coupling effects and hence are not suitable
to analyze wave behavior at high frequencies,
where the tortuosity parameter plays an important
role. therefore, by using the relations proposed by
Fredlund and Morgenstern [13] and Fredlund and
Rehardjo [14], and by the constitutive relations of
Conte et al. [15] and Smeulders [16],
Ghasemzadeh and Abounouri [17] have
developed a model capable of predicting wave
velocity at all frequencies, in a single-layered
medium.

It seems that Geertsma and Smith [18] were
the first ones to develop a mathematical
description for wave propagation in a layered
porous medium. It should be noted that in their
study it was assumed that the wave incidence is
normal to the interface between the two media. In
order to successfully describe the wave
propagation phenomenon in a layered medium,
one needs to know how the wave travels inside
each one of those media, and what happens when
these waves reach the interface between the two
layers. Or in other words, one needs to have two
models, one for describing wave propagation in a
single medium and the other for describing wave
behavior at the interface of every two adjoining
media. Therefore, a need for boundary conditions
feels at the interface. For instance, Yang et al. [19]
had used the traction-free boundary condition for
the expression of the scattering wave.

Deresiewicz and Skalak [20] and Murty [21]
had come up with boundary conditions that have
been used by researchers in the ensuing years. In
this regard Deresiewicz and Skalak [20] came up
with the general boundary condition for the case
that the pores at the interface of the two porous
media are either fully connected or are not
connected at all. Murty [21] has also introduced a
more general boundary condition which has been
named as loose contact, where a portion of the
incident energy is dissipated and the rest is
partitioned between that of the reflected and
refracted waves. Also, Vollmann et al. [22] has
shown that the border between the two half-
spaced graded in a way leads to a frequency and
wavelength which depend on refraction and
reflection behavior of waves.

Later, researchers including but not limited
to Hajra and Mukhopadhyay [23], Wu et al. [24],
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vashisth et al. [25], Sharma and Saini [26] and Lin
et al. [27] have used these boundary conditions to
model the phenomenon of reflection and
refraction of the incident waves in saturated
porous media.

Tomar and Arora [28] started the first attempts
at modeling wave propagation phenomenon in a
three-phase layered porous medium, where the
pores are filled by two immiscible fluids. In order
to reach that goal they used the formalism
developed by Tuncay and Corapcioglo [11] and
ignored the viscosity of the pore fluids. They also
assumed that one of the two media is a porous
elastic half-space consisting of three phases and
the other one is an elastic solid consisting of only
the solid phase. Later Arora and Tomar [29]
extended their 2006 paper to a layered medium
consisting of a three-phase elastic porous half-
space for the upper and the lower media.

Yeh et al. [30] used the model of Lo etal. [12]
and the normal coordinates were developed by Lo
et al. [31] to derive the energy and amplitude
ratios of the reflected and refracted waves at the
interface of two unsaturated porous media. The
novelty of their approach compared to Arora and
Tomar [29] was the use of normal coordinates to
obtain the relations, between the amplitude ratios
of the propagating waves in different phases of the
porous medium.

Sharma and Kumar [32] have derived the
amplitude and energy ratios of the reflected waves
at the surface of an unsaturated porous medium
and air. They based their model on that of Tuncay
and Corapcioglo [11] and used the concept of
Christoffel equations (Reference?). One of the
distinct features of their study is the use of the
concept of inhomogeneous waves in a way as
defined by Borcherdt [33, 34], where it is proven
that for wave propagation in a viscoelastic
medium, the angle between the planes with equal
amplitude and the planes with equal phase is not
equal. Kumar and Majhi [35] have studied on
propagation of shear horizontal (SH) plane waves
in inhomogeneous soil using visco-elastic
coefficient as function of depth. Furthermore,
Amirkhizi et al. [36] have investigated the
scattering of oblique SH waves off finite periodic
media, consisting of elastic and viscoelastic
layers.

Kumar and Sharma [37] have extended the

model developed by Lo et al. [12] to layered
porous media. In their formulation, they have used
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the concept of inhomogeneous wave propagation.
They have also utilized the boundary conditions
obtained by Sharma [38] for the case of a welded
contact in which surface pores at the interface of
the two media are partially connected.

Based on the brief account that has been given
for the phenomenon of wave propagation in
saturated and unsaturated layered media, it is clear
that the mathematical foundations are now fully
established for tackling such problems even
deeper. Therefore in this paper we will build upon
the collective findings of all the researchers
mentioned in the previous paragraphs, and by
utilizing the constitutive relations obtained by
Ghasemzadeh and Abounouri [17] and [39], we
will develop a formalism for inhomogeneous
wave propagation in a layered three-phase
unsaturated viscoelastic porous medium.

The novelty of the formalism derived in this
paper is the inclusion of inertial coupling effects
at high frequencies caused by the tortuosity of the
porous medium and consequently the credibility
of the results at high-frequency values. Another
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feature of the model developed here is that the
concept of loose boundary condition is utilized in
tackling the problem of a layered three-phase
unsaturated porous medium, and the effect of the
bonding parameter ¥ is seen on the amplitude and
energy ratios of the reflected and refracted waves.
Finally, by taking into account the connection in
the surface pores of the two media at their
interface, the boundary conditions proposed,
enable us to provide a more realistic mathematical
interpretation of the situation that exists in the
field.

2. Model parameters and the constitutive
relations

2.1. Dispersion relations

Based on Ghasemzadeh and Abounouri [17] the
following governing equations can be given for
wave propagation in a three-phase unsaturated
porous medium:Captions for Tables should
appear above the table. All other captions should
appear below the illustration (figures, graphs,
photos).

(VV-U,— GV U, — V3 ) +¢VV-U,+EVV -4, —(z,— 1p,p, 02U, —1u,)— (T, — Pp,0% (s — U,)

- bwat(ﬁs - ﬁw) - baat(ﬁs - ﬁa) - ps(l - ¢)at2ﬁs =0 (1)
_(PWWVV . ﬁs + ¢\§/LVV : ﬁw + ¢a¢wCVV : ﬁa + (Tw - 1)¢wpwat2 (as - ﬁw) + bwat(a)s - aw) - ¢wpwat2ﬁw =0 (2)
_¢aMVV'ﬁs+ ¢a¢WCVV'ﬁW+ ¢§NV‘7 'ﬁa+ (Ta - 1)¢apaat2(ﬁs_aa)+ baat(as_ﬁa) _(Papaatzﬁa =0 (3)

whereu” s ,u”w ,u”_a are defined as the
displacement fields of the solid phase, the wetting
pore fluid phase (as water) and the non-wetting
pore fluid phase (as air or oil), respectively. ¢_w
and ¢_a denote volume fractions of the wetting
and the non-wetting pore fluid phases. T w and
T_a denote the effective tortuosity for the wetting
and the non-wetting pore fluid phases. The
parametersp s, [ p] wandp a aresolid, water
and air density. The parameters G and yx are
defined as the shear modulus of the solid skeleton,

and effective stress parameter, respectively. The
other parameters used in equations (1)-(3) can be
seen in Appendix (A).

In order to solve the system of partial differential
equations (1)-(3), they used the Helmholtz
decomposition of the displacement field and
obtained the uncoupled system of partial
differential equations for the compressional and
shear waves propagating in a three-phase
unsaturated porous medium as shown below:

For the scalar part:

2 2 2 2 2 2 2 N 2
VOO 4V ¢a_(rw_1)¢wp w6t¢s+(rw_1)¢wp W't (Dw_(ra_l)%p aat®s+(ra_1)¢ap A (1_¢)0t °=0 (4

2
2 2 2 2 2 24
PR +(¢W) LVR0, + 48,0V 70, +(Tw_1)¢wpwat b _(Tw_l)¢wpwat Oy 0,505~ 0,8 ®y ~ Pl 05 =0 ®)

2
2 2 2 2
-, MV cps+(¢a) V20 +4, ¢.CV ®W+(rafl)¢ap oo

2 2
0 Sf(rafl)qﬁap 0%, +b 0.0 b oD ¢ p 20 =0 (6)

at a at a at s

and for the vector part:
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2 ~2 2 2 N 2.
GV, _(Tw _1) WPtV +(rw _1)¢wp WtVw _(Ta _l)¢ap Vs +(Ta _1)¢ap Y, b7 Vet b W baat"s * batat"/a Ay (1_¢)at vy =0 (7)

a wt w
(r —1)¢ o 2y —(r —1)¢ 0 %y +b oW —b dw -4 p 0%y =0
w wwt”s \‘w wwt w wt’s wttw whwt 8)
2 2 2 _
(Ta 71)¢ap 2%t Ys 7(Ta 71)¢ap 2’tVa eraat‘/js 7baaty/a =93P % Vs =0 9)

In the above equations, ®;(i = s, w,a) and
W¥;(j =s,w,a) denote the scalar and vector
potentials, respectively for the solid and fluid
phases.

By transforming equations (4)-(6) from the
space-time domain to the frequency-wavenumber
domain, and using some algebraic manipulations,
Ghasemzadeh, and Abonouri [17] have obtained
the following  dispersion relations  for
compressional wave propagation in a three-phase
unsaturated porous medium where the pores are
filled by two immiscible fluids:

vorsges] e o

where kP stands for compression wave number
and Al, A2, A3, and A4 are introduced in
Appendix (A).

The dispersion relation (10) is a cubic
polynomial in k_p”2 with three complex roots.
This shows that in an unsaturated three-phase
porous medium, three waves propagate which
based on the descending value of their real parts;
they respectively denote P1, P2, and P3 waves.
The complex roots only occur when the medium
is dispersive; i.e., when the pore fluids are
viscous. It should be noted that the solid phase in
the formalism developed here is elastic and
therefore, intrinsic attenuation only occurs if the
pore fluids are viscous. If the medium is
dispersion less; i.e., if the pore fluids are not
viscous then the roots are real numbers and hence
no attenuation occurs. It should also be noted that
the P1 and P2 waves are similar to the fast and
slow Biot waves and propagate regardless of the
existence of the second pore fluid. The P3 wave is
created as a result of the existence of the second
pore fluid and generally has the lowest velocity
and the highest attenuation .

Similarly, by transforming the relations (7)-
(9) from the space-time domain to the
wavenumber-frequency domain and doing some
algebraic manipulation similar to that of
Ghasemzadeh and Abonouri [17] have done, the

i 2 T
Vi =By —Aape A=Y

following dispersion relation for shear wave
propagation can be obtained:

2 _
0y2D3aCHs *P1309os1 +015Pp1P33 By Pyoh55 =0 (11)

The dispersion relation (11) is a bilinear
equation showing that two roots exist, of which
only one is physically possible. This shows that in
an unsaturated three-phase porous medium only
one shear wave propagates. Similar to the case of
compressional waves, if the medium is dispersive;
then, the roots are complex numbers and if the
medium is non-dispersive; then, the roots are real
numbers. The existence of only one shear wave
also tells us that the addition of the second pore
fluid does not have any effect on the number of
shear waves propagating in the porous medium.

In order to model wave propagation in a
layered three-phase unsaturated porous medium,
it is of importance to find some relations amongst
the amplitude ratios of waves in all of the three
phases. For that matter, based on Lo et al. [31] and
by using the relations (4)-(6) or their counterparts
in  wavenumber-frequency domain and some
algebraic manipulations, the following relations
can be obtained:

Ayi =TiA 1(i=123) (12)
Ay =THA, (i=123) (13)

where, A_. , A . and A_. denote the amplitude
si'’w ai

i
ratios for the solid, wetting pore fluid and the non-
wetting pore fluid phases for compressional wave

propagation. Here the subscript i=1,2,3

denotes that the relations belong to the case of the
P1, P2 and the P3 wave propagation. Other
parameters used are defined below:

L= *(Ylilyzis *YlisYzil)/ (Ylizyzis *YlisYziz ); (i-123  (14)
I :(Ylileiz _YlizYZil)/ (YlizYzis ‘YlisYziz); (=129 (19)

where the following relations hold:

il=J/Vi; (i,k =1,2,3),(j=12) (10)
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(Vw)((pa(f ~D¢, +p,+p,,(z,,~Dé,~ P, #-D)w-ib -ib ) (i=-1)

B ( ¢W(TW )p w+ib )/a)

T i

822=¢prrw—(l W)/a); (i =-1). 23 =0

8 =6 8y =5 B3¢

2y =—(Wdy), A0 = L¢v2v' 893 =Py ?,C e
elations (§-9) or therr counterpart i the BB 4=l a9

wavenumber-frequency domain and some simple
algebraic manipulations such as that outlined in
Tomar and Arora [28], the following relations can
be obtained for shear wave amplitude in different

where, Bs’ Bw and Ba denote the shear wave

amplitudes for the solid, wetting pore fluid and the
non-wetting pore fluid phases. The parameters

phases of the porous media: I, and J , are defined below:
‘]1 = (a)(fw —1)2 ¢WpW - ibwwj/(a)(rw —1)2 ¢pr + w2¢WpW - ibwwj; (i = \/——1) (13)
:(7¢apa(fa 1o+ iba)/(fa)¢apara +ib, ) (i=vE1) (14)

It can be deduced from dispersion relations that
the interference of non-variable parameters of the
environment affects wave propagation. This
shows the fact that the non-homogeneity of
materials affects the speed of the waves.

2.1. Amplitude and energy ratio coefficients

In order to obtain wave energy ratios,
first, we need to define particle velocities and
surface tractions at the boundary of the two layers.
To this end, we will define wvector and
displacement potentials so that we can use themin
obtaining the particle displacement vectors. It
should be noted that for simplicity we assume that
the waves only propagate inside the x-z plane.
Similar to figure 1, by assuming the propagation
of plane waves and using potential functions given
by Borcherdt [40], we have the following

relations:

r= X@X + Zéz (15)

U _ps _dqu &
Kpo—kex dpoez (16)

u _ u _ 17
Koi = k8 + g, (i=123).Ky =ke, +d e, (7
Kpi:ké - pl Z(I 123) K kX_dSéZ (18)

where:

dl;": k;f—kz(u 01,23),dg :Jkglz X9
A= kf"-k2 (i=1,2,3), Jkszl—kz (20)
1/2
|t [T :)z@m(k:af} e
CDS}’O

=—(]/2\P\cosyg)lm(kgéj (22)
k:\P\sin(Hu) |\A\sm( 0 78) (23)
kL[J)i =a)/viu; (i :1,2,3),kgl:w/vz (24)
kpi =ofv;; (1=123).ky =0/v, (25)

In the above relations, subscripts 0, 1, 2, and
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3 denote the incident, P1, P2 and P3 waves,
respectively. p; denotes parameters defined for
compressional waves and S1is for the shear
wave. It should also be noted that the superscript
u denotes the parameters pertaining to the upper
medium, whereas the non-existence of u means
that the parameters are defined for the lower
medium. Parameters,d,;, d,; and,dg;, dg
account for the compressional and shear wave
attenuation when propagating in a dissipative
medium. The parameter k defined in (23) is the
wave vector and to ensure the validity of the
Snell’s law at the boundary of the two layers, it is
the same for the upper and lower medium.
Parameters, k,;, kg, and, kp;, ks; are the wave
vectors for the compressional and shear waves in
the upper and lower medium.

Also similar to that shown in figure 1,
v (i = 0,1,2,3,4) denotes the angle between the
propagation and attenuation vectors for the
incident, reflected P1, P2, P3, and the shear wave
and y;; (i = 1,2,3,4) denotes the angle between
the propagation and attenuation vectors for the
refracted P1, P2, P3 and the shear wave. 6}; (i =
0,1,2,3,4) denotes the angle between the
propagation vectors of the incident, P1, P2, P3,
and the shear wave with that of the Z axis for the
upper medium and 6;; (i = 1,2,3,4) denotes its
counterpart for the P1, P2, P3 and the shear wave
in the lower medium. Similarly A¥; (i =
0,1,2,3,4) denotes the attenuation vectors for the
incident, P1, P2, P3 and the shear wave in the
upper medium and A;; (i = 1,2,3,4) denote that
for the P1, P2, P3 and the shear wave in the lower
medium. Finally, P¥; (i = 0,1,2,3,4) and P; (i =
1,2,3,4) denote the propagation vectors for the
5i

j=0 JOJSJ

z Al exp( (wt K;J ‘D d)“ = z ryad exp( [a)t KU 7],
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incident, P1, P2, P3 and the shear wave in upper
and lower media.

Incident wave

Upper medium
M,

Lower medium
My

v

Z

Figure 1. Schematics of the propagation and the
attenuation vectors of the incident, reflected and
refracted waves in unsaturated Visco-pore elastic
layered media

It should also be noted that in order to define
the relations (15)-(25) we only need the
propagation and attenuation angles, i.e. 6F,
and yg%, for the incident wave. The other angles
are related to 6§ and y{' due to the validity of the
Snell’s law at the interface, as stated by Borcerdt
et al. [41] and established by equating the
parameter k from equation (23) for the upper and
the lower media.

Regarding the displacement potentials in the
upper medium we have:

_ U U u g
JZOHJAS]exp( (wt K¢J )] (26)

u_npu Y Y u u u r u u ¢
‘PS_leexp(l(a)t le rj] ‘PW_JlBleXp( (a;t Kz//l )) v _JZBleXp( (a)t le )j 27

and for the lower medium:

3

Z j exp (wt K¢j

j=1

3
Z Asjexp (wt Ky 7 ) tD _Z”ASJ exp((a)t Ky - r)) (28)
j=1

j=1

Ll’s = leexp(i(a;t - Kl//1 . F)) ‘PW = Jlle exp[i (wt - K(//1 . FD \Pa = JZleexp(i(a;t - K'//1 . ?D 29)

In equations (26)-(29), ; &, @, and @,
denote the scalar displacement potentials for wave

motion in the solid, wetting and the non-wetting
fluid phases. Similarly, ¥, , ¥, and ¥, denote

Archive of SID.ir



Archive of SID.ir

Joumal of Petroleum Geomechanics; Vol. 5; Issue. 3; autumn 2022 Propagation of inhomogeneous waves ...

vector displacement potentials for wave
propagation in the solid, wetting and the non-
wetting fluid phases. Agj; (j =1,2,3) Denote
wave amplitudes for the P1, P2 and P3 waves.
Also By, is the wave amplitude for the sole shear
wave. The same goes for the upper medium where
the parameters are denoted by the superscript u in
their definition. The subscript 0 which is used here
for the upper medium is related to that of the
incident wave, which can be any one of the three

compressional waves or the shear wave
propagating in  the porous  medium.
Parameters I}, IT;, J;, and J, were respectively
defined in Error! Reference source not found.,
Error! Reference source not found., (13), and
(14).

Using Helmholtz decomposition of the
displacement field and by assuming the validity of
plane strain conditions in the x-z plane, the
particle displacements are obtained as:

U _ApU /o Agl /o). U _AplU gl . U _AgpU /oy Apl

W =00l fox—ovd foz; WY —o0l fox-owt for; b =ow! fox-ovY o

W =00l foz 0wt fox Y =0l oz +owd fox; =00 for+owd fox (30)
SZ S S wz w w az a a

Ug, :ams/ax—a\ys/az; Ui :acbw/ax—a‘i’w/az; U :acba/ax—a‘l’a/az

u, =00 oz +0¥ [ox; U =00 [z+d¥ [ox; u, =00 [oz+o¥, [ox (31)
SZ S S wz w w az a a

Based on Conte et al. [15] and Ghasemzadeh relations governing stress-strain conditions in the
and Abounouri [17], the following constitutive medium are defined:
~ T- - . ~
a:G(st +V us)+ HIV-U_+4, [7L+(1-2)CIV-U +¢, [2C+(L-2)N]IV-U, (32

w a

In the above equations o denotes the total
stress tensor. p,, and p, denote the pore-water and
pore-air pressures. | stands for the identity tensor
and the rest of the parameters were previously
defined.

From equations (30)-(33), we can now obtain
the particle velocities and the surface tractions at
the interface of the two layers. Then by using the
boundary conditions given in relation (34) which
are valid at the boundaries of the two porous
media, we can obtain an inhomogeneous system
of equations comprising of eight equations and
eight unknowns. Solving this system of equations
numerically using the LU method gives us the
amplitude ratios of the reflected and refracted
waves with respect to that of the incident wave,
which then enables us to calculate the normalized
energy ratios.

Boundary conditions for the loosely-bonded
interface are defined as:

p =WV~uS—¢WLV-uW—¢aCV~u, pa:MV-uS—¢WCV-uW—¢aNV-u

a (33)

zZ (.
oY =0 pl —p =—=_(u¥ —u
z “u wotwz_1\"sz T wz
zZ . .
ng 9 pg PR = (ugz _ugz)
aY =u Vp [ Sy
sz sz sz wz sz wz

u ¥ NTRTE

Ty (qu _ugx) U2 7Yz =Y "Yaz

oz and ox denote the normal and tangential
stresses at the interface and the Parameters ug,
and 1, define particle velocities in the z and x
directions. The superscript u shows that the
parameters are defined for the upper medium. The
parameter T denotes the surface flow impedance
parameter which is a nonzero finite positive value
representing the resistance to the free discharge of
pore fluids at the interface.

In the boundary conditions defined above, it
is assumed that the surface pores at the interface
of the two layers can be either totally connected or
disconnected or they can be in a state between
these two extremes. This state of connection
between the pores of the two media is defined by
the parameter Z. Here whenZ = 0;, the fluid
pressures between the upper and lower media are
equal. This, in turn, means that the fluids are in
contact with each other and therefore we have
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open pores. On the other hand, when Z=1, the
relative particle velocities in each of the media
equal zero. This means that the pores are totally
closed. Finally, when Z is between 0 and 1, the
pores are partially connected.

It is also assumed that as a result of the
imposed tangential stress a slip might occur at the
interface. In this regard, the parameter W is termed
the bonding parameter and takes the value of 0 and
1 and all the values in between. In other words, the
bonding parameter shows how close the boundary
condition is to the smooth and welded contact.
The value 0 for the bonding parameter shows that
the two layers would slip with respect to each
other;, even, if the tangential stresses are trivial.
And the value 1 for the bonding parameter which
denotes the welded contact shows that the two
layers would never slip with respect to each other,
even if the tangential stresses are big.

P=c_U_.+c_U_ +p .(u -4 .j+p.(u Y j (i,i=1234)
ij  zxiosxj | zzioszj  wil szj wzj ai\ szj azj

PY=g! o 4ol 0¥ 4 p“.(u“ Y
ij ZXi sXj  zzi szj  Twi

Equations (36) and (37) denote the average
energy flux for the lower and the upper media
respectively. In other words, they define the
average rate of energy transmission across the
interface between the two porous half-spaces. By
using these equations, we can obtain the relations
given in Appendix (C) for the energy flux of the

_ pU [gY . —gY
szj  wzj ail sz “az

)
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Using equations (30)-(34), we can obtain the
following non-homogeneous system of equations
involving eight equations and eight unknowns:

8
JzleJHLJ =q; (L=12345678) (35)

In the above system of equations, R; denotes
the amplitude ratios of the reflected (J =1, 2, 3, 4)
and refracted (J =5, 6, 7, 8) waves with respect to
that of the incident wave. H;j, and q, are some
coefficients defined in Appendix (B).

After obtaining the amplitude ratios, we can
use the energy flux relations as defined by
Achenbach [41] to obtain energy ratios of the
reflected and refracted waves with respect to that
of the incident wave. These relations are defined
as below:

(36)

(1,§=01234) (37)

reflected and transmitted waves and their
interaction.

After obtaining the average energy flux
relations as in ((C.1)-((C.30), we can now obtain
the normalized energy matrices as given below

[37]:

o E0y By Ed Edy
Fo B B B By
B0 By Epp Epy gl E%:'Di?/Péjo; (i.j=01234) (38)
B0 Fn En B B
B0 Ea B Eag Eaal
B1 B B3 By
E_ EZl Ezz Eza E24’ Eij:Pij/PUOO; (ii=12.34) )
31 Fz2 Fas Fag
Ein Ba2 Buz B

In equations (38) and (39), the diagonal
elements represent the energy ratios of the
reflected and refracted waves with respect to that

of the incident wave. The rest of the elements
represent interaction energy ratios of the reflected
and refracted waves with that of the incident wave
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and one another.

The following relations hold for the elements
of the energy matrices given above:

4 4 4
u_ u_ u

LI “7)

E-% YE-YE

|*j§1i§1 ij =, (40)
—EU+E+§1EU+§]E—1 49

AR A (49)

In the above equations; E¥, E; and E denote
the total interaction energy ratio in the upper
medium, the total interaction energy in the lower
medium and the total energy ratio, respectively. It
should be noted that E,,, should not be taken into
account when calculating the total energy ratio.
Also according to the law of the preservation of
energy, as shown in equation Error! Reference
source not found. the total energy ratio should
equal unity.

Propagation of inhomogeneous waves ...

3. Sensitivity analysis and results
Due to a large number of parameters used in the
analytical model developed in the last section, it is
almost impossible to clearly see the effect of each
parameter on wave behavior at the boundary of
the two porous media. Hence, it is useful that a
numerical analysis is carried out to see the effect
of important parameters involved in the model.
The soil parameters used in this study are
shown in table 1. As can be seen from this table,
an unsaturated silty loam (Fredlund and Xing
[42]) is used for the upper medium and an
unsaturated sand (Ghasemzadeh and Abonouri
[17]) is used for the lower medium. The
parameters a, n, m are related to the soil water
characteristic curve which is defined for
unsaturated soils. A detailed account of the soil
water characteristic curve and the methods used to
obtain the desired parameters can be found in
Fredlund et al. [43].The pore fluid parameters are
also shown in table 2.

Table 1. Soil properties (Ghasemzadeh and Abonouri [17] & Fredlund and Xing [42])

Upper medium M1 (Silty Lower medium M2 (sand

Parameter Unit Symbol Loam [42]) [17])
Solid density kg.m™3 Ds 2798 2650
Soil Poisson ratio - v 0.3 0.3
Soil shear modulus MPa 45 50
Porosity - ¢ 0.48 0.3
Intrinsic permeability m? ko 6x 10713 10711
Soil parameter - a 67.32 10
Soil parameter - m 0.499 1
Soil parameter - n 7.32 2
Residual suction kPa Y, 200 2000
Residual saturation - Sy 0.270 0.05
Pore-size index - A 1.82 2.2

Table 2. Pore fluid properties
Parameter Unit Symbol  Value
Air density kg.m™3 Pa 1.1
Air bulk modulus MPa K, 0.11
Air viscosity Pa.s Na 18 x 107°
Water density kg.m™3 Pw 1000
Water bulk modulus GPa K., 2.25
Water viscosity Pa.s uy 1x1073
9
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In the following, we will first start by
analyzing the effect of frequency and the degree
of saturation of the wetting pore fluid phase on
wave propagation velocity in the two adjoining
porous media. The wave numbers obtained from
the dispersion relations Error! Reference source
not found. and Error! Reference source not
found. are complex numbers, implying that the
waves undergo intrinsic attenuation in the Visco-
poroelastic medium. In order to obtain wave phase
velocity (v) and intrinsic attenuation coefficient
(c), the following relations are used:

V = o/Re(k) (41)

C=Q " =2fim(k)/Re (k) (42)

where, k stands for the complex wave number and
is defined as k = Re(k) + Im(k)i
Figure 2 shows the wave velocity variations
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with respect to a change in frequency and the
degree of water saturation for the upper and lower
media. Here similar to the notation used in figure
1, M1 denotes the upper medium and M2 denotes
the lower medium. Also S% denotes the degree of
water saturation in the upper medium (M1) and S,,
denotes that for the lower medium (M2).

Using these figures it can be seen that an
increase in the frequency leads to an increase in
wave velocities of the compressional and shear
waves both in the upper and lower media. But,
there are differences in the sensitivity of these
waves to frequency variations. Where, for the P2
and P3 waves, we have the highest variations with
regards to a change in frequency and for the P1
and shear waves the variations are comparatively
much smaller.
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Figure 2. P1 (a), P2 (b), P3 (c) and SV (d) wave velocities with respect to w and S,,, for the upper and lower media.

Based on these figures, it can also be
observed that for some of the water saturation
degrees considered, the velocity variations are not

10

uniform with respect to changes in frequency.
This means that for some of the water saturation
degrees we get sudden jumps in wave velaocity;
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whereas, for others, we do not. Based on this, it
can be deduced that the water saturation degree
plays an important role in determining both the
velocity of the waves and their sensitivity to
certain frequency range variations.

In terms of the medium’s effect on the
velocity variations, we can see that the P1 and the
shear waves travel at higher velocities when they
are propagating through the upper medium. This
behavior is expected, asthe silty loam has a higher
solid density than the sand. Interestingly, when we
observe the behavior of the P2 and P3 waves, we
see that they do not always travel faster in the
upper medium. Knowing that the P2 and P3 waves
only exist in a porous medium with various fluid
phases, one can deduce that their behavior is also
hugely affected by the parameters of the porous
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medium other than the solid density.

Figure 3 shows variations in the intrinsic
attenuation with respect to variations in frequency
and the degree of water saturation for the upper
and lower media. Based on these figures it can be
observed that for the P1 and the shear waves, a
bell-shaped curve is present both for the upper and
lower media, with the ones for the upper medium
being shifted towards higher frequencies. Other
distinct patterns that can be seen with respect to
wave attenuation versus frequency belong to that
of the P2 and P3 waves. For the P2 wave it can be
seen that the highest attenuations occur at lower
frequencies and as the frequency increases, the
attenuation diminishes. This shows that P2 waves
can travel further at high frequencies when
compared to that of lower frequencies.
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Figure 3. P1 (a), P2 (b), P3 (c) and SV (d) wave intrinsic attenuations with respect to w and S,,, for the upper and
lower media.

Unlike that of the P2 wave, the P3 wave
intrinsic attenuation increases with frequency
with the exception of the case forsS, = 0.1.
Similar to that of the velocity variations, this
reduction or increase in intrinsic attenuation with

11

frequency is not uniform. We can see that
depending on the type of the wave and the degree
of water saturation, the reduction or increase in
attenuation starts at certain frequencies and most
of it occurs at specific frequency ranges.
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Also relevant to the topic is the effect of the
medium type on attenuation variations. It can be
seen that for the P1, P2 and the shear waves, not
only the attenuation curves shift to higher
frequencies for the upper medium, but they also
have higher values. This shows that for most of
the frequency range considered, the ratio of the
imaginary to the real part of the wave number
parameter is bigger for the upper medium than for
the lower medium. This trend however, does not
hold true for the P3 wave. It can be seen that the
amount of intrinsic attenuation is much higher for
the P3 wave inthe lower medium than in the upper
medium. This along with the case of velocity
variations discussed before shows that the
mechanisms controlling the P3 wave behavior are
different than those of the other waves.

Figure 4 shows the change in the normalized
energy ratios for the reflected and refracted P1,
P2, P3 and shear waves at the surface along with
their interaction energy ratios in the lower and
upper media, with respect to a change in the angle
of incidence and frequency. Here w“ denotes
frequencies for the energy ratios of the reflected
waves and ® denotes that of the refracted waves.
Apart from the parameters mentioned in tables 1
and 2, the values of Sy=0.6, Z=1, yg3'=45°, ¥=1
and T=1x10% MPa.s/m are also used in obtaining
the energy ratios shown in these figures.

Using these figures, it can be seen that for
normal angles of incidence, the energy of the
incident P1 wave is partitioned to the refracted P1
wave mostly and for low grazing angles most of
it, is given to the reflected one. It can also be
observed that the energy ratio curves for the
reflected and refracted P1 waves resemble that of
an exponential curve in the sense that the energy
ratio value is constant for most of the incident
angles and then most variations occur for the final
15 degrees. From a mathematical viewpoint, this
mostly happens as the potential functions defined
in equations (26)-(29) were of exponential forms.

Another thing that can be deduced from the
P1 energy ratio curves is the fact that the reflected
and refracted waves are out of phase with each
other. Considering the effects of frequency on the
energy ratio of the P1 wave, no noticeable
variations are observed. This means that the P1
wave is not affected by changes in frequency and
its value stays the same regardless of its
propagation frequency.

Comparing the values of the energy ratios for
the P2, P3 and shear waves with that of the P1

12
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wave, it is clear that the P1 wave is dominant both
in the reflected and refracted cases. This is
expected, as the type of the incident wave is also
of the P1 type. If we had considered the incidence
of other wave types at the interface, more energy
would have been partitioned to other waves. It is
also worth noting that in a real physical situation,
only the P1 and shear waves have a chance of
reaching the interface of the two layers, and the P2
and P3 waves would probably totally dissipate
long before they even reach the interface due to
high intrinsic attenuation.

When considering the behavior of other
waves other than the P1, we can see that unlike the
P1 wave, where we had distinct patterns with
respect to 0; these waves show erratic behaviors,
in the sense that their behavior changes based on
the propagation frequency. This shows that these
waves are more affected by changes in frequency.
The same behavior was also seen in the velocity
and intrinsic attenuation parameters for the P2 and
P3 waves.

Figure 5 shows the change in the normalized
energy ratios for the reflected and refracted P1,
P2, P3, and shear waves at the surface along with
their interaction energy ratios in the upper and
lower media, with respect to a change in the angle
of incidence and the degree of saturation of the
water phase. Here SY% denotes water saturation
degree for the energy ratio of the reflected wave
and S,, denotes that of the refracted one. Apart
from the parameters mentioned in tables 1 and 2,
the values of w =100 rad/s, yjt =45°,Z =1,
Y=1and T=1x10%° MPa.s/m are used in
obtaining the energy ratios shown in these figures.

Using these figures, it can be seen that
changing the water saturation degree does not
affect the overall trend in the energy ratio
variations with respect to a change in the incident
angle. But it is clear that the P1 wave has more
sensitivity to S, variations than w. Here we can
see that when the water saturation degree is
increased, the curves for the reflected and
refracted P1 wave energy ratios are shifted to the
right. Also, similar to the case of frequency
variations, we can see that the reflected and
refracted energy ratios are out of phase with each
other.

Considering the energy ratio variations for
the P2, P3 and the shear waves, we can see that
the P2 and the P3 waves are more sensitive to
frequency variations; whereas, the shear wave is
more sensitive to S, variations. This behavior is
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in line with that we saw in velocity and intrinsic to frequency and water saturation degree
attenuation variations of these waves with respect variations.
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Figure 6 shows the energy ratios of the reflected
and refracted P1, P2, P3 and shear waves along with
their interaction energy ratios in the lower and
upper media, with respect to a change in the angle
of incidence and the bonding parameter. Here ¥*
denotes the bonding parameter for the energy ratio
of the reflected wave and W denotes that of the
refracted wave. Apart from the parameters
mentioned in tables 1 and 2, the values of w =
100 rad/s, y¢ =45° Z=1,S,=1and T =
1 x 10% MPa.s/m are used in obtaining the

14

energy ratios shown in these figures.

The most important issue to note here is the
effect of W on the total energy ratio. It was
mentioned before that this parameter shows how
much slip occurs at the interface of the two porous
media. Where W = 1 denotes the case for the
welded contact and W = 0 denotes the case for
smooth contact. The former means that no slip is
allowed to happen at the interface, while the latter
implies that the two media slip pass each other
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with no resistance.

Here again, we see that changing the bonding
parameter does not affect the overall variation
behavior of the reflected and refracted waves,
particularly for the P1 wave. Nonetheless,
changing this parameter can create subtle
variations, which can be easily observed. For
example it can be seen that for some of the values
of the ¥ parameter; namely, the ¥ =0 and ¥ =
0.1, the P1 wave energy ratio has dips and peaks;
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whereas, for the case of the S, and w variations
we do not see such a behavior. We can also see
that, the symmetry we observed in figures 4 and 5
is more pronounced here for P2, P3 and shear
modes. This shows that when the frequency and
the water saturation degree are constant, the
reflected and refracted waves have more or less
the same variation patterns with respect to the
incident angle but in the opposite phases.
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Figure 6. Wave energy ratio with respect to incident angle (8) and bonding parameter (V) in layered media, (a) P1,
(b) P2, (c) P3, (d) SV, (e) total energy ration and (f) interaction energy ratios

Also based on the figure 6 (e), we can see that
most of the energy dissipation belongsto W = 0.1
and the higher or lower than we go towards the
smooth and welded contact ie., ¥ =0 and ¥ =
1, where the amount of energy dissipation
decreases, until at the limiting values of the
bonding parameter no dissipation occurs and the
total energy ratio equals unity. This final figure
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shows how introducing the notion of slip at the
interface into the model can affect the total energy
dissipation.

Finally, Due to the classic definition of the critical
angle used in waveform tomography, there should
be an incident angle at which no refraction occurs.
Whereas, based on figures 4, 5 and 6 it can be
observed that no such angle exists. This along
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with the fact that equating the energy ratio of the
refracted matrix in equation (46) to zero, does not
give a solution for the incident angle proves that
no critical angle exists at the layer of the two
viscoelastic media investigated in this study. In
the continuation of this research, regarding the
significant  advancement in  investigating
phenomena on a micro-scale [44-46], the wave
propagation equations can be studied at nano and
micro scales.

4. Conclusions

e In the present study, an analytical model is
developed capable of predicting broadband
wave behavior in layered unsaturated visco-
poroelastic media. Using the concept of the
Helmholtz decomposition of a vector field and
by transforming the uncoupled system of partial
differential equations governing wave motion
from the time-space domain to the wavenumber-
frequency domain, dispersion relations were
obtained for the compressional and shear waves
that consider the tortuosity in the pore-space of
the unsaturated medium and hence unlike
similar models can account for the inertial
coupling effects. These dispersion relations
show that in an unsaturated three phase porous
medium 4 wave modes can propagate, where
three of them are of compressional modes and
one is the shear mode.

The other important issue considered in this
study is the use of inhomogeneous waves and
the loose boundary condition to model wave
behavior at the interface of the two porous
media. It was shown that through the bonding
parameter, we can account for the slip that
occurs at the interface and the subsequent
energy loss that follows such a phenomenon.
This along with the fact that the surface pore
connection was seen in the boundary
connections, allowed us to propose a more
realistic mathematical view of the actual field
condition that exists at the interface of the two
porous media.

We have carried out sensitivity analyses on
wave velocity and energy ratios of the
propagating waves and have shown that the P1
and the shear waves are not much affected by
variations in frequency and the degree of water
saturation, whereas the P2 and particularly the
P3 waves are hugely influenced by such
variations. This can explain from a
mathematical point of view how increasing

16

Propagation of inhomogeneous waves ...

frequency or saturation degree can affect
different wave modes and the maximum
amplitude drop in waveforms with respect to
offset from the source as seen in actual field
seismograms.
The other important result that can be obtained
from this study is the invariability in the trend of
the P1-wave energy ratio variations with respect
to the incident P1 wave when the rest of the
parameters were altered. This shows that energy
partitioning at the interface of soil layers or
inhomogeneities in the real media that leads to
scattering is mostly dependent on ray incidence
angle and not the physical source or medium
parameters.
It was shown that for the incident P1 wave, most
of the energy is partitioned to the reflected and
refracted P1 waves, and the other waves take
only a trivial amount of the incident wave
energy. From this, it can be deduced that the
scattering phenomena in real media which
account for part of the wave energy attenuation
can mostly be attributed to reflection and
refraction of the same wave mode at
inhomogeneities inside the medium and to aless
extent to mode conversion.

e Finally, it was mentioned that no solution exists
for the case of total reflection and hence it can
be concluded that no critical angle exists for the
unsaturated Visco-poroelastic media considered
in this study. This can have implications in
improving refraction tomography techniques in
future studies.
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Appendix A
The other parameters used in (1)-(3) are defined as:
{=2G+H +¢WW +¢aM (A1)
c=¢, [2L+(1-1)C]-#2L-4.4.C (A2)
£=¢,[4C+(1-2)N]-4,4,C 2N (A3)
¢i=¢5i;i=a,w;8a=1—SW (A.49)
a =v[1-2v (A5)
H= 2aSG - W —(1- )M (A.6)
W :—KWA/D+¢WL+¢aC (A7)
M =—KaB/D+¢WC+¢aN (A.8)
L= Kw[¢am15 +K (mfmgv —m;mlw)}/D (A9)
N :Ka[qﬁWmlSwLKW(mfmgv—mgmlW)}/D (A10)
_ SW S W
C= KwKa(ml m2 —m2m1 )/D (A.11)
B:¢wmla+Kw(mlsm;V_m;mlW) (A12)
A:¢amlW+Ka(mfm¥V—m§rT&W) (A.13)
{mSW S W S
D—(mlmz ~Mmymy )(¢aKw+¢wKa)+¢a¢wml (A14)
b. =2y, [k si=aw (A15)
(T yaosa- Ly
T, = =051~~~ (A.16)
w SW—Sr )
ey g5
7, = —)e-050-~ (A17)
a '1-§ -S )
S -S
2434011
K = o Iv_srr)( 3 (A.18)
S -S S -S
_ W2, Sw Sr@+A)1A4
ky =ko@ ey )@ (1_Sr ) ) (A19)
s 3(1-2v)
 2(1+0)G (A.20)
(l//:-y/ ) o In(l+(//l) 7} n-1
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mlW = m; (A.22)
Sa =1- SW(l//) (A.23)

where the parameter ¢ is the porosity and the parameters K,, and K, are defined as the bulk modulus of the
wetting and the non-wetting pore fluid phases. n,, and n, are the viscosity of the wetting pore fluid and
the non-wetting pore fluid phases. k,,, and k, denote the effective permeability of the wetting and the non-
wetting pore fluid phases, m§ , m$ , m¥ and m¥ are defined as the volume change coefficient of the solid
phase with respect to net normal stress, volume change coefficient of the solid phase with respect to matric
suction, volume change coefficient of the wetting pore fluid phase with respect to net normal stress and the
volume change coefficient of the wetting pore fluid phase with respect to the matric suction, respectively.

Also, the volume change coefficients of the non-wetting phase are related to mlS , m;,mlW and m;" using the

following equations:

a_ .S W (A.24)
M =M =m
a_ .S _ W
my =m, —m, (A.25)
Knowing the volume change coefficients for the solid phase m; and mf , one can define the effective stress

parameter y as:

z=m} /m (A.26)

The parameters of dispersion equation of compressional waves in equation Error! Reference source not
found. are defined as:

A = 73138399851 ~8 581835+ 835,85 (A.27)
2 2
A= ‘a11a33L(¢w) ~ay;3,,N (¢ ) o3 (a21a23 * a31L(¢w) —ayM ¢a}

(A.28)
2

25 [a23a31+a21N(¢ ) _a33W¢w] 898335 88315 T 818336
Ay =a,LM Ly +a11[ 23+ N[, ] 2y gy W +2,2,5M, 42, NW [ ) B 25t (4 )25

, ; (A.29)
iy (0 NE~2ygaed =g L3, | £ ra,Mé -ayay c-a) N[y ) s tag
Ay = st ~ays (W, £+ M) =40, (La,, (NoS+ME)+ NW¢ag) (A30)
3, = (TW ) 0. a)2+(r —1)¢ pawz—ibwa)—ibaa)+ps (1—;15)602 (A31)
a5 =a21:—(rw—l)¢wpwa) +ibWa) (A.32)

2 .

d3=% :_(ra _1)¢apaw +ib,o (A.33)
azzz(rw—l)qﬁ Yo a)z—ibwa)+¢wpwa)2 (A.34)

)y =83y =4, 4,C (A.35)

2

By, = (fa —l)¢apaa) —ib &+, p,o (A.36)
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The parameters of dispersion equation of shear waves are as below:

b, = (rw —1)¢pra)2 +(ra —1)¢apaa)2 —ib @—ib o+ p, (1-¢)o? (A.37)
b12=b21:—(z-w—1)¢ P a)2+ib ® (A.38)
big =Dy ( )¢ P +|b ® (A.39)
=( . 1) P w2 —ib, @S, +® ¢ Py (A.40)
( 1)¢ e —|b 0+ o ¢ P, (A.41)
Appendix B

Coefficients of system of equation (35) :
_qu U_ U u~U U_~URU U U U gl UNqU2 2 U U Uy AU
H1i _((¢W(Cu _Lu)l"i 1‘[i ¢a (C"-N))y -C Fi ¢W Nl‘[i ¢a 2G" -H")d pi +k ((¢W(C L )1"i

(B.1)

u,u.,~u u uru u u u Uy. ;
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H, =-2G"d 'k (B.2)
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—IL.¢_ (C-N))y-CI4, —NILg —H); (i=123)
Hyg =264 k (B.4)
Gy = (A (cU 19Ty +11y g C =Nz +Clraly + NIl + 261+ HY s k(@ (€ L)y -
Mg Y - N) 2 Ul - NTIE g - Y, '
ury. (:
Ho = —2GY dpik, (i=12,3) (B.6)
_gUfqu u
Hpy =GY (a0 —k)(al +k) (8.7)
Ho i, 4 =280 ki (i=12.3) (B.8)
H28 :G(—ds +k)(ds +k) (B.9)
uyu

4y =-2G dpok (B.10)
Ha; =wd‘5i;(i =1,2,3) (B.11)
H,, =ko

34 (B.12)
Ha(ipq) =@y (1=123) (B.13)
Hag = ko (B.14)

u
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Hyi = (]/(‘I’—l))(k((—ZG”dl;i +Ta))‘I’+ZGudl;i); (i=1,2,3) (B.16)
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- u_
H84 = ka)(J1 1 (B.37)
H, .. =wd .(T.-1); (i=1,2,3
8(j.+4) ~@0pi (1~ (1i=12.3) (B.39)
Hgg =ko(J; -1) (B.39)
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Appendix C
Energy flux relations of reflected and refracted waves:
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