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G-Frames, g-orthonormal bases and g-Riesz bases
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Abstract. G-Frames in Hilbert spaces are a redundant set of operators which yield a repre-
sentation for each vector in the space. In this paper we investigate the connection between
g-frames, g-orthonormal bases and g-Riesz bases. We show that a family of bounded opera-
tors is a g-Bessel sequences if and only if the Gram matrix associated to its defines a bounded
operator.
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1. Introduction

Let H,K be separable Hilbert spaces, let I,J and every J; denote the countable (or
finite) index sets. Let {W,},cs is a sequence of closed subspaces of K and let B(H, W)
denote the algebra of all bounded linear operators from H to W;. Recall that a family
F ={fj}jesis called a frame for H if there exist constants 0 < A < B < oo such that,

AFIP<Y 1< £ fi>P<BIfI? Vfeh. (1)

jeJ

Frames have many nice properties which make them very useful in the characterization
of function spaces, signal processing and many other fields. Gabor [5], in 1946 intro-
duced a technique for signal processing which eventually led to wavelet theory. Later in
1952, Duffin and Schaeffer [3] in the context of nonharmonic Fourier series introduced
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frame theory for Hilbert spaces. In 1986, Daubechies, Grassman and Meyer [2] showed
that Duffin and Schaeffers definition was an abstraction of Gabors concept. Sun in [6]
introduced g-frames and g-Riesz bases in a complex Hilbert space and discussed some
properties of them. We refer to [1, 4, 7] for an introduction to the frames and g-frames
and its applications.

Definition 1.1 A family A = {A; € B(H,W;)| j € J} is called a generalized frame, or
simply a g-frame for H with respect to {W;};e if there are two positive constant C' and
D such that

CIFIP <D IAFIP < DIFIP VS € H (2)

jeJ

The real numbers 0 < C' < D < oo are called the lower and upper g-frame bounds,
respectively. We call this family a g-frame for H with respect to K whenever K = W;
for all j € J. The family A is called a C-tight g-frame if C' =D and if C = D =1,
it’s called a Parseval g-frame, the sup{rank(A;) : j € J} is called the multiplicity of the
g-frame. If ||[A;|| = ||A;|| = A for all 4, j € J, then the g-frame is called A-uniform. If we
only have the upper bound, we call A a g-Bessel sequence for H with respect to {W;};ecs
with g-Bessel bound D. The family A is called

(i) A g-complete set for H with respect to {W;};e; if Ho=span{Aj(W;)}je,.
(i1) A g-orthonormal system for H with respect to {W;},c, if:

<Ag,Njg >=0i5<g,9> VijelJ geW,g W,

(#4i) A g-orthonormal basis for 7 with respect to {W;};ey, if it is a g-orthonormal
system for H with respect to {W;}jc; and {A;‘»(eij)}jeMer is a basis for H,
where {e;;}ics, is an orthenormal basis for W; for all j € J.

Notation 1.2 Let A = {A,};ey be a g-frame for H with respect to {W;};cs. The
representation space associated to A denotes by

(@) = {{abiesl g5 €Wy and Y gyl < oo} (3)
J€J Jje€J
which is a Hilbert space with inner product as follows:
<Ag;tier g res >= Z <gi9; > gjties, {d;}jes € (Z@Wj)z

jedJ jedJ

Moreover, if {e;;}ics, is an orthonormal basis for W; for all j € J, then {u;;}je e, is
called the standard orthonormal basis of (ZjeJ EBVV]‘)E2 where u;; = {6kj€ij}ke] and dy;
is the Kronecker delta.

Definition 1.3 The synthesis operator of a g-frame A = {A;};c; is defined by

Z@W p——H with Oa({gj}jes) = ZA*gJ (4)
JjeJ jeJ
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The associated adjoint operator given by
Oh:H — (D_eW;), with OK(f) = {A;f}jer- (5)
JjEJ

is called the analysis operator. By composing © and ©} we obtain the g-frame operator

Sa:H —H with  Sp(f) = ©AOK(f) = D AjA;(f) (6)

jed

which is a bounded, invertible, and positive operator. This provides the reconstruction
formula

F=Y NA =) NAf (7)

jeJ jeJ
where /~\j = Aijl. The family A = {]\j}je] is also a g-frame for H with respect to
{W;}jes with g-frame bounds 4 and % respectively.

The well-known relations between a frame and associated-analysis and synthesis op-
erator also holds in g-frames situation.

Theorem 1.4 Let A; € B(H,W;) for all j € J. Then the following are equivalent:

(i) A={A;};es is a g-frame for H with respect to {W;};c.
(7i) The synthesis operator O, is bounded, linear and onto.
(73i) The analysis operator ©} is injective with closed range.

Proof. This claim holds in an analogous way as in frame theory. [ |

A family A = {A;};e is called a g-frame sequence for H with respect to {W;};cs if A
is a g-frame for span{Aj(Wj)} e, with respect to {W;};es. The definition shows that if
A is a g-frame for H with respect to {W;};cs then A is g-complete set for H with respect
to {W;};jes. Theorem 1.4/ leads to a statement about g-frame sequence.

Corollary 1.5 A sequence A = {A,;};c; is a g-frame sequence for H with respect to
{W;}jes if and only if

Op : (Z@Wj)EZ —H ®A({gj}j6J) = ZAjgb

Jj€J Jje€J
is a well-defined bounded operator with closed range.

Proof. This follows immediately from Theorem 1.4. [ ]

2. G-Frames, g-orthonormal bases and g-Riesz bases

If A = {A;}jcs is a g-Bessel sequence for H with respect to {W;};cs, then the Gram
matrix associated to A is defined by

ONON = {< Ajeij, AL emn >}jnetict;med,- (8)

Theorem 2.1 Let A; € B(H,W;) for all j € J, then the following are equivalent:
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(i) A={A;};es is g-Bessel sequence with bound B for 1 with respect to {W;};e.
71) The Gram matrix associated to A defines a bounded operator on L BW) .,
jeJ J)e
with norm at most B.

Proof. (i) = (ii) Let {gj}jcs € (ZjeJ @Wj)p, we show that Oa({gj}jcs) is well-
defined. Fix I C J with |I| < oo, we have

H ZA;‘kgz‘ ’
iel

= sup | < f,ZA*gZ > [?

IflI=1
= Aif, gi
oy <o
< swp (B IASIP) (X lal?) < BY Nl

=1~ eT iel iel

It follows that E]e sjg;j is weakly unconditionally Cauchy and hence uncondition-
ally convergent in M. Thus ©x({g;};ecs) is well-defined. Clearly ©5©, is bounded and
1834l < B.

(i1) = (i) suppose that {g;};es € (Z c7 ®W;) 2, then we have

DD AALgl? < B2 gl

Jje€J keJ jeJ

Given arbitrary I C J with |I| < co, we have

Hzm =5 22 Nig 3t > |

kel

=Y <9 Mgk > k

iel kel

< (X lal?) (1> Acianl)

el i€l kel

<B( X lail?)”

i€l

It follows that ©r({g;}jes) = >_;c; Ajg) is convergent and [[©4] < V/B. Hence for all
f € H we obtain

DA fIP = 19K F11F < BIIfII%

jeJ
|

Theorem 2.2 Let {A;}je; and {I'j};cs be g-Bessel sequences for H with respect to
{W;}jes.{V;j}jes then the series >, ; I'JA; f converges unconditionally for all f € H.

Proof. Since {A;}jes is a g-Bessel sequence for H with respect to {WW;},cs, hence
{A;jf}jes € C3(K,J) for all f € H. Fix I C J with |I| < oo, and let B be the g-Bessel
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bound of {I';};es. Then for all f € H we have

i€l

= sup ‘<ZFAf,g>‘
IIH1 ;

= sup | Y <Aif.Tig > [

lgll=1" %er
< swp (D 1812) (D Irgl?)
lgll=1 *%er il
<BY
i€l

It follows that > . jed I';A; f is weakly unconditionally Cauchy and hence unconditionally
convergent in H. [ |

Proposition 2.3 Let {Ej}jej,{Eg}jeJ be g-orthonormal bases for H,U with respect
to {W;};jes respectively, and let T' : H — U be a bounded linear operator such that
E;.T =& for all j € J. Then T' is a unitary operator.

Proof. For each f € H we have

TP =D IETAP = D U= = 1£1P,

JjeJ JjeJ

which implies that T is an isometry operator. Further for every g € U we compute

* *"‘/*H/ H*H/
T g = E T°E; 259 = E;559.
jeJ jeJ

This yields

1779l =< > =5Ei9,> EiEhg >

JjeJ keJ

=3 6k <Z)jg,Shg >

jeJ ked

=D IEj9ll* = llal*

JjeJ
Thus T is a co-isometry, which finishes the proof. |

Theorem 2.4 Let = = {Z;},c; be a g-orthonormal system for H with respect to
{W;};cs. Then the following conditions are equivalent:

(i) = 1is a g-orthonormal basis for H with respect to {W;};c.

(1) f=2,esE}5) VfeH.

(iid) 11F1? = 35es 15551 VfeH.

(i) 117 =2 es H~;f\|2 VfeN.
)
)

~.

(v) <f,9>=> 7 <Eif.Ejg> VfgeH.
(vi) If 25 f =0 for all j € J then f =0.



30 S. S. Karimizad. / J. Linear. Topological. Algebra. 02(01) (2013) 25-33.

(vii) H = SPAT{ELE, (H) e
(viii) H = span{Z+(W)) } e

Proof. (i) = (ii) By the assumptions {Z}e;;}je ey, is an orthonormal basis for H.
Therefore for all f € H we have

<N ZELLE=D AP =D U< L ey > P =P =< f.f>.

JjeJ JjeJ jeJ ied;

From this (i7) follows.
(1) = (#4i) Since = is a g-orthonormal system for H with respect to {W;},cs, hence
for all f € H and j € J we have (E;‘EJ)Qf = E*E; f. This yields

IFIP =< D E5Eif f >= Y I P

jeJ jeJ

which implies (4#i7). The implications (iii) = (iv) = (v) = (vi) are clear. To prove
(vi) = (vii) assume that f L span{Z;=;(H)};es, hence =572 =< f, EiEjf >=0and
so Zjf =0 for all j € J, it shows that f = 0 and thus (vii) follows. Also the implication
(vii) = (viii) is obvious. To prove (viii) = (i) suppose that

A={fem: L EE =1}

jed

It is obvious that A is a closed subspace of H. It follows by assumption that for every
i,j € J and f € H we have < EXE; fiEIE;f >= d;; < E;f,=;f >, which implies that
EjE;E/E; = 0i;E;5;. Thus E3E;f € A. Now suppose f € AL, then for all j € J we
compute [|Z;f[? =< EiEjf. f >= 0, hence Z;f = 0. Let j € J and g € W; then
< f,Ejg >=< Ejf,g >= 0. It follows that f L span{=}(W;)}je; = H and so f =0,
therefore H = A. For every f € H we further have

[= ZH%Hf Zz<f7~ezj>~€zg

JjeJ jeJield;

From this the result follows. [ ]

Let {Z; }jer be a family of closed subspaces in H, then {Z;} jes is called an orthonormal

fusion basis for H it H = P, ; Z;

Corollary 2.5 Let = = {Z;}cs be a g-orthonormal basis for # with respect to {W;};e.s,
and let V; = Z¥=;(H) for all j € J. Then {V}};cs is an orthonormal fusion basis for H.

Proof. This claim follows immediately from the fact that for each ¢, 5 € J we have

Corollary 2.6 Let Z = {Z;};cs be a Parseval g-frame of co-isometries for H with
respect to {W;};es. Then = is a g-orthonormal basis for # with respect to {W;};e..
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Proof. Fixi € J, since = is a Parseval g-frame for # with respect to {W;},cs. Thus for
every g € W;, we have

I=5gl” =D I=5Eial® = IIETgl® + Y IEE gl

jeJ ini
Hence > jes ||Z;E5g]|? = 0. So E;5fg = 0 for all j # 4. This shows that £ = {E,},c is
JF#i
a g-orthonormal system for H with respect to {W;};cs. Now the result follows from the
Theorem 2.4. |

Definition 2.7 Let {A;},cs and {I';};c; be sequences for H with respect to {W;};es
and {Vj}, e respectively. Then

(i) {Aj}jes and {T';}jes are said to be biorthogonal for H with respect to
{(Witjes {Viljes if

<A;‘g,I‘§g’>:5¢j<g,g'> Vi,jeJ, geWiyg €V

(17) {Aj}jes is called a g-Riesz basis for H with respect to {W;} ;e if it’s g-complete
set for H with respect to {W;};e; and there exist constants 0 < A < B < oo
such that for any finite subset I C J and g; € W;, (i € I) we have

A gl < Y MglP < BY llaill* 9)

el el el

Theorem 2.8 Let A = {A;},cs be a g-Riesz basis for H with respect to {W,};cs, then
there exists a sequence I' = {I'; } jc s for H with respect to {W;},cs such that

F=)"TiAf Vel (10)

jed

I' is also a g-Riesz basis for H with respect to {W;};es and A,I' are biorthogonal for
H with respect to {W;};cs. Moreover the series (10) converges unconditionally for all

feH.

Proof. By [6, Corollary 3.4] there is a g-orthonormal basis {Z;} s for  with respect to
{W;};ecs and a bounded invertible operator 7" on H such that A = {A;};c; = {E;T}je.
Put I'; = Z(T1)* for all j € J. Obviously I' = {I';} e, is a g-Riesz basis for H with
respect to {W;};ecs and we have

<Ajg,Tig >=< T*Ejg,T‘lzjg’ >=0;;<g9,9 > Vi,jeJ geW;,qd eW;

which implies that A,T" are biorthogonal for # with respect to {W;};cs. Moreover, for
all f € H we observe that

N TN f =) T'EETf =T 'Tf=/.

jeJ jeJ

Since every g-Riesz basis is a g-Bessel sequence thus, convergent unconditionally of the
above series follows by Theorem 2.2. [ |
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Let A = {Aj}jes and I' = {I';};cs be g-Bessel sequences for H with respect to
{W;}jes,{V;j}jes respectively. Then I is called a dual g-frame of A for H with respect

to {Vj}jeJ, {Wj}jeJ if

f=)_TiAf  VfeH.

jeJ

It is easy to check that I' is a dual g-frame of A for H with respect to {V;}jes, {W;}jes
if and only if OO} = Idy, in this case A and I' are also g-frames for H with respect to
{W;}ies,{Vi}jes. Since ©pOF = Idy, hence A is also a dual g-frame of I' for H with
respect to {W;}ics, {Vj}jes.

The following example shows that the dual g-frame of a g-orthonormal basis is not
unique.

Ezample 2.9 Fix some n € N;,1 < j < n and define W; c.C""', by W; =

span{) f;ll e}, where {e;}"1! is the standard orthonormal basis for C"*1. Also define
2 Jj+1
Ei({z})) = === es.
() =g

Ej C"— Wj with

Then = = {E;}_, is a g-orthonormal basis for C" with respeet to {W;}}_;. Therefore
by Theorem 2.4, Z is a dual g-frame of itself for C" with respect to {W;}7_;. Now if for
each 1 < j < n, we define V; = span{e;} and

Fj :C" — VJ and F]({Zz}?zl) =+/j+ 1Zj€j.

Then for all z € C" we have z = E?:l I7E;z, that is I = {Fj}?:l is a dual g-frame of
E = {E;}}j_; for C" with respect.to {V;}7_;, {W;}}_; respectively.

Proposition 2.10 Let A = {A;};c; be a g-frame for H with respect to {W;};es, then
there exists a g-orthonormal basis {Z;} e for (Z]EJ EBVV]-)Z2 with respect to {W;}es
such that Z;03 = A; forall j € J.

Proof. For all j € J define Z; : (ZjeJ OWj),. — Wj by Ej({gr}res) = g5, then
Ej9 = {0kjmw, gtres forall g € K, where dy; is the Kronecker delta. First of all, {Z;};es

is a g-orthonormal system for H with respect to {W;};c . To see this, let g € Wj,¢' € W;
and 4,7 € J. Then we have

<Eig,Eig > = kb < w9, w9 >
keJ

=05 < 77ng777ng/ >=0;; < 9.9 >.

On the other hand for any g = {gr }res € (ZjeJ G}V[fj)g2 we compute

D OIEigl* = llgsll? = llgll*.

jedJ jedJ

By Theorem 2.4 {Z;},cs is a g-orthonormal basis for (Z jeJ @Wj) 2 With respect to
{W;}jcs. It is easy to check that =;0} = A, for all j € J. Now the conclusion follows.l
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