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1. Introduction and Preliminaries

Fixed point theory became one of the most interesting area of research in the last forty
years for instance research about control theory, differential equations, integral equations,
economics, and etc. The fixed point theorem , generally known as the Banach contrac-
tion mapping principle, appeared by Banach in 1922 [1]. Later, the Banach contraction
principle has been widely generalized and extended (see, for example, [2, 3, 5–15]).

In 2002, Branciari [2], introduced the integral contraction as follow.

Theorem 1.1 Let (X, d) be a complete metric space, c ∈ (0, 1), and let f : X → X be
a mapping such that for each x, y ∈ X ,∫ d(fx,fy)

0
ϕ(t)dt ⩽ c

∫ d(x,y)

0
ϕ(t)dt;
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where ϕ : [0,∞) → [0,∞) is a Lebesgue-integrable map which is summable, (i.e., with
finite integral) on each compact subset of [0,∞), nonnegative, and such that for each
ϵ > 0,

∫ ϵ
0 ϕ(t)dt > 0; then f has a unique fixed point a ∈ X such that for each x ∈ X ,

limn→∞f
nx = a.

Recently, Samet et al.[14] introduced α-ψ-contractive type mappings and established
some fixed point theorems in complete metric spaces. In this paper, we introduce a new
α-ψ-ϕ-contractive integral type mapping and establish some new fixed point theorems
in complete metric spaces. The presented theorems generalized and extended Banach
contraction, Branciari integral contraction and Samet et al. α-ψ-contraction and those
contained therein.

We start by recalling a few definitions and lemmas.

Definition 1.2 [14] Let α : X ×X → [0,∞) be a function. We say that f : X → X is
α-admissible if for all x, y ∈ X,

α(x, y) ⩾ 1 =⇒ α(f(x), f(y)) ⩾ 1. (1)

Definition 1.3 [14] Let Ψ be a family of nondecreasing functions ψ : [0,∞) → [0,∞)
such that for each ψ ∈ Ψ and t > 0,

∑∞
n=1 ψ

n(t) < +∞, where ψn is the n-th iterate of
ψ.

Lemma 1.4 ([14]) If ψ : [0,∞) → [0,∞) is nondecreasing function and for each t > 0,
limn→∞ ψn(t) = 0 then ψ(t) < t.

Definition 1.5 Let Φ be a collection of mappings ϕ : [0,∞) → [0,∞) which are
Lebesgue-integrable, summable on each compact subset of [0,∞) and satisfying following
condition: ∫ ϵ

0
ϕ(t)dt > 0,

for each ϵ > 0 and all t ∈ [0,+∞).

Lemma 1.6 ([5]) Let ϕ ∈ Φ and {rn}n∈N be a nonnegative sequence with limn→∞ rn =
a, then

lim
n→∞

∫ rn

0
ϕ(t)dt =

∫ a

0
ϕ(t)dt.

Lemma 1.7 ([5]) Let ϕ ∈ Φ and {rn}n∈N be a nonnegative sequence. Then

lim
n→∞

∫ rn

0
ϕ(t)dt = 0 ⇐⇒ lim

n→∞
rn = 0.

2. Fixed Point Theorems

We start the main section by presenting the new notion of α-ψ-ϕ-contractive integral
type mapping.

Definition 2.1 Let (X, d) be a metric space. We say that f : X → X is an α-ψ-ϕ-
contractive integral type mapping if there exist three functions α : X × X → [0,+∞),
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ϕ ∈ Φ and ψ ∈ Ψ such that,

∫ α(x,y)d(fx,fy)

0
ϕ(t)dt ⩽ ψ

(∫ d(x,y)

0
ϕ(t)dt

)
; (2)

for all x, y ∈ X and all t ∈ [0,+∞).

Remark 1 If f : X → X satisfies the Banach contraction principle, then f is an α-
ψ-ϕ-contractive integral type mapping, where α(x, y) = 1 for all x, y ∈ X, ϕ(t) = 1 and
ψ(t) = ct for all t ⩾ 0 and some c ∈ [0, 1).

Theorem 2.2 Let (X, d) be a complete metric space. Let f : X → X be a continuous
mapping satisfying following conditions:

(i) f is α-admissible;
(ii) there exists x0 ∈ X such that α(x0, fx0) ⩾ 1;
(iii) f is an α-ψ-ϕ-contractive integral type mapping,

then, f has a fixed point a ∈ X such that for x0 ∈ X , limn→∞f
nx0 = a.

Proof. Let x0 ∈ X such that α(x0, fx0) ⩾ 1. Since f is α-admissible then, we get

α(x0, fx0) ⩾ 1 → α(fx0, f
2x0) ⩾ 1 → . . .→ α(fnx0, f

n+1x0) ⩾ 1,

hence, for all n ∈ N,

α(fnx0, f
n+1x0) ⩾ 1. (3)

We will show that

∫ d(fnx0,fn+1x0)

0
ϕ(t)dt ⩽ ψn

(∫ d(x0,fx0)

0
ϕ(t)dt

)
. (4)

Since f is an α-ψ-ϕ-contractive integral type mapping then, by induction, we have

∫ d(fx0,f2x0)

0
ϕ(t)dt ⩽

∫ α(x0,fx0)d(fx0,f2x0)

0
ϕ(t)dt

⩽ ψ

(∫ d(x0,fx0)

0
ϕ(t)dt

)
,
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now, assuming that (4) holds for an n ∈ N, then, from (3) and the hypothesis (iii) we get

∫ d(fn+1x0,fn+2x0)

0
ϕ(t)dt ⩽

∫ α(fnx0,fn+1x0)d(fn+1x0,fn+2x0)

0
ϕ(t)dt

⩽ ψ

(∫ d(fnx0,fn+1x0)

0
ϕ(t)dt

)

⩽ ψ

(
ψn

(∫ d(x0,fx0)

0
ϕ(t)dt

))

= ψn+1

(∫ d(x0,fx0)

0
ϕ(t)dt

)
.

Therefore (4) holds for all n ∈ N. Now, as n → +∞, in (4) then, from Lemma 1.4 we
obtain ∫ d(fnx0,fn+1x0)

0
ϕ(t)dt −→ 0,

hence, by Lemma 1.7

d(fnx0, f
n+1x0) −→ 0.

In the following, we show that {fnx0}∞n=1 is a Cauchy sequence. Suppose that it is
not. Then, there exists an ϵ > 0 such that for each k ∈ N there are mk, nk ∈ N with
mk > nk > k, such that

d(fmkx0, f
nkx0) ⩾ ϵ, d(fmk−1x0, f

nkx0) < ϵ. (5)

Hence,

ϵ ⩽ d(fmkx0, f
nkx0) ⩽ d(fmkx0, f

mk−1x0) + d(fmk−1x0, f
nkx0)

< d(fmkx0, f
mk−1x0) + ϵ.

Letting k → +∞ then, we have

d(fmkx0, f
nkx0) −→ ϵ+, (6)

this implies that there exists l ∈ N, such that

k > l =⇒ d(fml+1x0, f
nl+1x0) < ϵ. (7)

Actually, if there exists a subsequence {kl} ⊂ N, kl > l,

d(fmkl
+1x0, f

nkl
+1x0) ⩾ ϵ,
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as l → +∞, we get

ϵ ⩽ d(fmkl
+1x0, f

nkl
+1x0)

⩽ d(fmkl
+1x0, f

mklx0) + d(fmklx0, f
nklx0) + d(fnklx0, f

nkl
+1x0)

→ ϵ

therefore, from (2) and lemma 1.4, we have

∫ d(f
mkl+1x0,f

nkl+1x0)

0
ϕ(t)dt ⩽ ψ

(∫ d(f
mkl x0,f

nkl x0)

0
ϕ(t)dt

)

<

∫ d(f
mkl x0,f

nkl x0)

0
ϕ(t)dt.

Letting l → +∞, we obtain ∫ ϵ

0
ϕ(t)dt <

∫ ϵ

0
ϕ(t)dt,

which is a contradiction. So, (7) holds. Now, we prove that there exists σϵ ∈ (0, ϵ), kϵ ∈ N
such that

k > kϵ =⇒ d(fmk+1x0, f
nk+1x0) < ϵ− σϵ. (8)

Assume that (8) is not true, from (7) there exists a subsequence {kl} ⊂ N,

d(fmkl
+1x0, f

nkl
+1x0) → ϵ−, as l → +∞.

Then, we get

∫ d(f
mkl

+1
x0,f

nkl
+1
x0)

0
ϕ(t)dt ⩽ ψ

(∫ d(f
mkl x0,f

nkl x0)

0
ϕ(t)dt

)
<

∫ d(f
mkl x0,f

nkl x0)

0
ϕ(t)dt,

if l → +∞ then, we have ∫ ϵ

0
ϕ(t)dt <

∫ ϵ

0
ϕ(t)dt,

which is a contradiction. Therefore, (8) holds. So, {fnx0}∞n=1 is a Cauchy sequence. In
fact, for each k > kϵ we have

ϵ ⩽ d(fmkx0, f
nkx0) ⩽ d(fmkx0, f

mk+1x0) + d(fmk+1x0, f
nk+1x0)

+ d(fnk+1x0, f
nkx0)

< d(fmkx0, f
mk+1x0) + (ϵ− σϵ) + d(fnk+1x0, f

nkx0)

→ ϵ− σϵ as k → ∞.
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which is a contradiction. Since (X, d) is a complete metric space, then there exists a ∈ X
such that limn→∞ fnx0 = a. Now, we show that a is a fixed point of f . Suppose ϵ > 0
is given. Since f is a continuous function, then there exists δ > 0 such that, for each
z ∈ X, d(z, x) < δ implies that d(fz, fx) < ϵ

2 . Given η = min{ ϵ2 , δ}, now by convergence
of {fnx0}∞n=1 to a, there exists n0 ∈ N such that, for all n ∈ N, n ⩾ n0,

d(fnx0, a) < η.

Taking n ∈ N, n ⩾ n0, we get

d(fa, a) ⩽ d(fa, f(fnx0)) + d(fn+1x0, a)

<
ϵ

2
+ η ⩽ ϵ

2
+
ϵ

2
= ϵ,

therefore, d(fa, a) = 0 and so fa = a, which means a is a fixed point of f . ■

In the next theorem, the continuity hypothesis of f has been omitted.

Theorem 2.3 Let (X, d) be a complete metric space. Let f : X → X be a mapping
satisfying following conditions:

(i) f is α-admissible;
(ii) there exists x0 ∈ X such that α(x0, fx0) ⩾ 1;
(iii) f is an α-ψ-ϕ-contractive integral type mapping,
(iv) if {xn}∞n=1 be a sequence in X such that α(xn, xn+1) ⩾ 1 for all n ∈ N and

limn→∞ xn = x then, α(xn, x) ⩾ 1;

Then, f has a fixed point a ∈ X such that for x0 ∈ X, limn→∞f
nx0 = a.

Proof. Following the proof of Theorem 2.2, there exists a ∈ X such that limn→∞ fnx0 =
a. To prove a is a fixed point of f(x), we have

d(a, fa) ⩽ d(f(fnx0), fa) + d(fn+1x0, a),

since, d(fn+1x0, a) −→ 0, it is sufficient to show that d(f(fnx0), fa) −→ 0. So, from (2),
Lemma 1.4 and the hypotheses (iii) and (iv), we get

0 <

∫ d(f(fnx0),fa)

0
ϕ(t)dt ⩽

∫ α(fnx0,a)d(f(fnx0),fa)

0
ϕ(t)dt

⩽ ψ

(∫ d(fnx0,a)

0
ϕ(t)dt

)

⩽
∫ d(fnx0,a)

0
ϕ(t)dt,

as n −→ +∞, we get

∫ d(f(fnx0),fa)

0
γ(t)dt −→ 0,
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consequently,

d(f(fnx0), fa) −→ 0.

Therefore, d(fa, a) = 0 and so fa = a, which means a is a fixed point of f . ■

In the next theorem, we discuss about the uniqueness of fixed points of above mentioned
theorems.

Theorem 2.4 Suppose all the hypotheses of Theorems 2.2 and 2.3 are satisfied. If there
exists z ∈ X such that for all x, y ∈ X,

α(x, z) ⩾ 1 and α(y, z) ⩾ 1, (9)

then, f has a unique fixed point.

Proof. Suppose x⋆ and y⋆ are two fixed points of f , then f(x⋆) = x⋆ and f(y⋆) = y⋆.
From (9), there exists z ∈ X such that

α(x⋆, z) ⩾ 1 and α(y⋆, z) ⩾ 1. (10)

Since f is an α-admissible function then

α(fx⋆, fz) ⩾ 1 and α(fy⋆, fz) ⩾ 1,

therefore,

α(x⋆, fz) ⩾ 1 and α(y⋆, fz) ⩾ 1,

Continuing this process, we get

α(x⋆, fnz) ⩾ 1 and α(y⋆, fnz) ⩾ 1, (11)

for all n ∈ N. Using (2) and the first part of (11), we have∫ d(x⋆,fnz)

0
ϕ(t)dt =

∫ d(fx⋆,f(fn−1z))

0
ϕ(t)dt

⩽
∫ α(x⋆,fn−1z)d(fx⋆,f(fn−1z))

0
ϕ(t)dt

⩽ ψ

(∫ d(x⋆,fn−1z))

0
ϕ(t)dt

)

⩽ ψ

(
ψ

(∫ d(x⋆,fn−2z))

0
ϕ(t)dt

))
...

⩽ ψn

(∫ d(x⋆,z)

0
ϕ(t)dt

)
,
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for all n ∈ N. Now, letting n → ∞ from lemmas 1.4 and 1.7, limn→∞ fn(z) = x⋆.
Similarly, limn→∞ fn(z) = y⋆. Therefore, x⋆ = y⋆. Hence f has a unique fixed point. ■

In the following, we define subclass of integrals and we prove the existence of fixed
point of f by applying these integrals.

Definition 2.5 Let Γ be a collection of mappings γ : [0,∞) → [0,∞) which are
Lebesgue-integrable, summable on each compact subset of [0,∞) and satisfying following
conditions:

(i)
∫ ϵ
0 γ(t)dt > 0, for each ϵ > 0

(ii)
∫ a+b
0 γ(t)dt ⩽

∫ a
0 γ(t)dt+

∫ b
0 γ(t)dt, for each a, b ⩾ 0

Remark 2 If we replace Γ instead of Φ at the definition of 2.1, then we can say f is an α-
ψ-γ-contractive integral type mapping if there exist three functions α : X×X → [0,+∞),
γ ∈ Γ and ψ ∈ Ψ such that

∫ α(x,y)d(fx,fy)

0
γ(t)dt ⩽ ψ

(∫ d(x,y)

0
γ(t)dt

)
, (12)

for all x, y ∈ X and all t ∈ [0,+∞).

Theorem 2.6 Let (X, d) be a complete metric space. Let f : X → X be a continuous
mapping satisfying following conditions:

(i) f is α-admissible;
(ii) there exists x0 ∈ X such that α(x0, fx0) ⩾ 1;
(iii) f is an α-ψ-γ-contractive integral type mapping,

then f has a fixed point a ∈ X such that for x0 ∈ X, limn→∞f
nx0 = a.

Proof. Similar to the proof of Theorem 2.2, we have

∫ d(fnx0,fn+1x0)

0
γ(t)dt ⩽ ψn

(∫ d(x0,fx0)

0
γ(t)dt

)
. (13)

In the following, we will show that {fnx0}∞n=1 is a Cauchy sequence. Fix ϵ > 0 and let
n(ϵ) ∈ N such that

∑
n⩾n(ϵ)

ψn

(∫ d(x0,fx0)

0
γ(t)dt

)
< ϵ.
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Let m,n ∈ N with m > n > n(ϵ), we get∫ d(fnx0,fmx0)

0
γ(t)dt ⩽

∫ d(fnx0,fn+1x0)+···+d(fm−1x0,fmx0)

0
γ(t)dt

⩽
∫ d(fnx0,fn+1x0)

0
γ(t)dt+ · · ·+

∫ d(fm−1x0,fmx0)

0
γ(t)dt

⩽ ψn

(∫ d(x0,fx0)

0
γ(t)dt

)
+ · · ·+ ψm−1

(∫ d(x0,fx0)

0
γ(t)dt

)

=

m−1∑
k=n

ψk

(∫ d(x0,fx0)

0
γ(t)dt

)

⩽
∑

n⩾n(ϵ)
ψn

(∫ d(x0,fx0)

0
γ(t)dt

)
< ϵ,

which means ∫ d(fnx0,fmx0)

0
γ(t)dt −→ 0,

therefore,

d(fnx0, f
mx0) −→ 0,

hence, {fnx0}∞n=1 is a Cauchy sequence. Since (X, d) is a complete metric space, then
there exists a ∈ X such that, limn→∞ fnx0 = a. The rest of the proof is similar to the
proof of Theorem 2.2. ■

In the next theorem, the continuity hypothesis of f has been removed.

Theorem 2.7 Let (X, d) be a complete metric space. Let f : X → X be a mapping
satisfying following conditions:

(i) f is α-admissible;
(ii) there exists x0 ∈ X such that α(x0, fx0) ⩾ 1;
(iii) f is an α-ψ-γ-contractive integral type mapping,
(iv) if {xn}∞n=1 be a sequence in X such that α(xn, xn+1) ⩾ 1 for all n ∈ N and

limn→∞ xn = x then, α(xn, x) ⩾ 1.

Then, f has a fixed point a ∈ X such that for x0 ∈ X, limn→∞f
nx0 = a.

Proof. The first part of the proof is similar to the proof of Theorem 2.6 and the second
part is similar to the Theorem 2.3. ■
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Remark 3 The uniqueness of the fixed points of Theorems 2.6 and 2.7 comes from
theorem 2.4.

3. Examples and Final Remarks

Example 3.1 Let X = R endowed with the standard metric d(x, y) = |x − y| for all
x, y ∈ R, then (R, d) is a complete metric space. Define f : R → R by fx = 2x

5 and
α : R× R → [0,+∞) by

α(x, y) =

{
3
2 if 0 ⩽ y ⩽ x;

0 o.w.

Clearly, f is continuous. f is α-admissible, since for α(x, y) ⩾ 1, we have

α(fx, fy) = α(
2x

5
,
2y

5
) ⩾ 1.

Define ϕ : [0,∞) → [0,∞) by ϕ(t) = t2 then ϕ ∈ Φ. There exists x0 = 0 ∈ R such
that α(0, f0) = α(0, 0) = 3/2 ⩾ 1. Let ψ(t) = t

3 where ψ : [0,∞) → [0,∞) then, for all
x, y ∈ R ∫ α(x,y)d(fx,fy)

0
ϕ(t)dt =

∫ 3

2
d( 2x

5
, 2y

5
)

0
t2dt

⩽
∫ d(x,y)
0 t2dt

3

= ψ

(∫ d(x,y)

0
ϕ(t)dt

)
.

Then, f is an α-ψ-ϕ-contractive integral type mapping, hence all the hypotheses of
Theorems 2.2 are satisfied, consequently f has a fixed point. Here, 0 is a fixed point
of f(x).

Example 3.2 Let X = R endowed with the standard metric d(x, y) = |x − y| for all
x, y ∈ R, then (R, d) is a complete metric space. Define f : R → R and α : X × X →
[0,+∞), respectively by

f(x) =


2x− 1

2 if x ⩾ 1
2 ;

x
2 if 0 ⩽ x < 1

2 ;

0 if x < 0,

and

α(x, y) =

{
1 if x, y ∈ [0, 12 ];

0 otherwise.

Clearly, f is discontinuous. Define γ : [0,∞) → [0,∞) by γ(t) = 1 then γ ∈ Γ. Let
ψ(t) = t

2 for each t > 0 then f is an α-ψ-γ-contractive integral type mapping. For all
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x, y ∈ R, if α(x, y) ⩾ 1 then we get∫ α(x,y)d(fx,fy)

0
γ(t)dt ⩽

∫ d(fx,fy)

0
1dt

= d(f(x), f(y))

=
|x− y|

2

= ψ(d(x, y))

= ψ

(∫ d(x,y)

0
1dt

)

= ψ

(∫ d(x,y)

0
γ(t)dt

)
.

Moreover, there exists x0 ∈ R such that α(x0, fx0) ⩾ 1. Let x0 = 0 then

α(x0, fx0) = α(0, f0) = α(0, 0) = 1 ⩾ 1.

Now, let x, y ∈ R such that α(x, y) ⩾ 1, which implies that x, y ∈ [0, 12 ], then

α(x, y) = 1 ⩾ 1 → α(fx, fy) = α(
x

2
,
y

2
) = 1 ⩾ 1.

Therefore, f is α-admissible. Finally, if {xn} be a nondecreasing sequence in R such
that α(xn+1, xn) ⩾ 1 for all n ∈ N and xn → x then, by definition of α, xn ∈ [0, 12 ]

consequently, x ∈ [0, 12 ]. Then α(xn, x) = 1 ⩾ 1. Therefore, all the required hypotheses of

Theorem 2.3 are satisfied, then f has a fixed point. Here, 0 and 1
2 are two fixed points of f .

Let (X, d) be a complete metric space, we will show that the presented results extend
and generalize some fixed point theorems in the literature.

Remark 4 In theorems 2.2, 2.3, 2.6 and 2.7 if α(x, y) = 1 for all x, y ∈ X with ψ(t) = ct
for all t > 0 and some c ∈ (0, 1) and ϕ(t) = 1 or γ(t) = 1, then we get the Banach
contraction principle. In fact, we have

d(fx, fy) =

∫ α(x,y)d(fx,fy)

0
1dt ⩽ c

∫ d(x,y)

0
1dt = cd(x, y).

Remark 5 In theorems 2.2, 2.3, 2.6 and 2.7 if α(x, y) = 1 for all x, y ∈ X and ψ(t) = ct
for all t > 0 and c ∈ (0, 1) then, we obtain the Branciari theorem(Theorem 1.1).

Remark 6 Let ϕ(t) = 1 and γ(t) = 1 at the Definition of 2.1 and Remark 3 we obtain
the α-ψ-contractive mapping which is introduced by Samet et al. and playing main role
in [14]. Actually, we have

α(x, y)d(fx, fy) =

∫ α(x,y)d(fx,fy)

0
1dt ⩽ ψ

(∫ d(x,y)

0
1dt

)
= ψ(d(x, y)).
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