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Abstract 

     Data Envelopment Analysis (DEA) is a technique that uses all collected observations to measure 

performance. This method presents no data about how to operate on DMU. The present research 

attempted to study a unit with all its subunits, if the unit is efficient, it means that all its subunits are 

efficient too and if it is an inefficient, it shows clearly that which one of the subunits makes 

inefficiency in order to reach to desired performance by correcting just that submit. Studying the 

performance by each of these DEA models is time-consuming and long. By using general DEA model 

(GDEA) we can reach to better speed in evaluation of working with five mentioned DEA methods. 

The present research attempted to study the unit's performance of general GDEA model in presence of 

subunits, and a general model illustrated to evaluation of unit performance in presence of decision-

making subunits. 
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1. Introduction 

The main purpose of DEA is to estimate the 

border efficiency experimentally based on 

existence DMU set. DMU is efficient if there 

is no other unit that can create more output by 

using less or same usage of input by the name 

of DMU. Using GDEA can consider five 

illustrated DEA model in a model by different 

interoperation that gives to a coefficient 

α.Each unit contains subunits that their 

efficiency are effective on performance Of all 

units. Therefore with GDEA model can make 

more speed and accuracy in related 

calculations. 

 

2.Main DEA models for subunits 

Suppose that we have n DMU and each DMU 

has b subunit that are called DMSU. Each 

DMUj  transmites the resources, or the inputs 

to outputs of production. See figure 1. 

 

 

figure1. DMU with its DMSU 

 
Suppose that, j=1,…,b, yj

(p)
 show the output 

vectors that are made by jth of DMUp sub-

units, in which 𝑌𝑗
(𝑝)

=  𝑦𝑗1
(𝑝)

, … , 𝑦𝑗 ,𝑘𝑗

(𝑝) . 

Also we have  𝑥j
(p)

,𝑋 j
(p)

, j = 2, … , b and 𝑥j
(p)

 

shows the Ij, 𝐼𝑗  vectors of internal and external 

inputs dimensions for jth sub-DMU of DMUp, 

respectively in which: 

Xj
(p)

=  xj1
(p)

, … , xj,Ij

(p)
 , 

X j

 p 
=  𝑥 𝑗1

 p 
,… ,𝑥 

j,I j

 p 
 =  𝑦𝑗−1,1

 p 
,… , y

j−1,I j

 p 
         (1-2) 

Therefore, evaluation of sum performance of 

𝑒p
(a)

 can be presented by the following formula 

that is called cumulative sub-performance 

formula: 

𝑒p
 a  =  (𝜇 1 𝑇𝑦1

 p 
+ 𝜇 2 𝑇𝑦2

 p 
+ ⋯+ 𝜇 𝑏 𝑇𝑦𝑏

 p 
 )  /  

 (𝑣 1 𝑇𝑥1
 p 

+ 𝑣 2 𝑇𝑥2
 p 

+ ⋯ + 𝑣 𝑏 𝑇𝑥𝑏

 p 
+ 𝑣  1 𝑇𝑦1

 p 
 

 + …+ 𝑣  𝑏−1 𝑇𝑦𝑏−1

 p 
) 

and performance for each sub-unit of DMUp 

can be represented by: 

𝑒p
 1 

=
𝜇 1 𝑇𝑦1

 p 

𝑣 1 𝑇𝑥1

 p  

𝑒p
 𝑖 =

𝜇  𝑖 𝑇𝑦𝑖
 p 

𝑣 𝑖 𝑇𝑥
𝑖
 p 

+𝑣  𝑖−1 𝑇𝑦
𝑖−1
 p  , 𝑖 = 2, … , b      (2-2) 

Theorem 1-2: sum performance of 𝑒p
(a)

 is a 

convex combination of performance of its sub-

units. 

Proof: proof is clear. 

Theorem 2-2: DMUp is efficient if all its sub-

units are efficient. 

Proof: proof is clear. 

Then we have the following mathematical 

programming problem: 

𝑀ax𝑒𝑝
 𝑎 

 

𝑠. 𝑡.            𝑒𝑗
 𝑎 

≤ 1,      𝑗 = 1,… , 𝑛 

𝑒𝑗
 𝑖 ≤ 1,     𝑖 = 1,… ,𝑏,    𝑗 = 1,… , 𝑛 

𝜇 𝑖 ∈ Ω 1 ,   i = 1,… , b 

 𝑣(𝑖),𝑣 (𝑖) ∈ Ω 2,   i = 1, … , b                               (3-2) 
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The sets Ω 1 and Ω 2 are assurance regions 

defined by any imposed restrictions on 

multipliers. The model (3-2) can be expressed 

in the following form: 

𝑀𝑎𝑥      𝜇 𝑖 𝑇𝑦𝑖

 𝑝 

𝑏

𝑖=1

 

𝑠. 𝑡.        𝑣 𝑖 𝑇𝑥𝑖

 𝑝 
+  𝑣  𝑖 𝑇𝑥𝑖

 𝑝 
= 1,

𝑏−1

𝑗=1

𝑏

𝑗=1

 

 𝜇 𝑖 𝑇𝑦𝑖

 𝑗  
−

𝑏

𝑖=1

 𝑣 𝑖 𝑇𝑥𝑖

 𝑗  
− 𝑣  𝑖 𝑇𝑦𝑖

 𝑗  
≤∘  ,

𝑏−1

𝑖=1

𝑏

𝑗=1

 

𝑗 = 1, … ,𝑛   

 𝜇 𝑖 𝑇𝑦𝑖

 𝑗  
− 𝑣 𝑖 𝑇𝑥𝑖

 𝑗  
− 𝑣  𝑖−1 𝑇𝑦𝑖−1

 𝑗  
≤∘,         

 𝑖 = 2, … ,𝑏,                   𝑗 = 1,… , 𝑛 

𝜇 𝑖 ∈ Ω1 ,   i = 1,… , b 

 𝑣 𝑖 ,𝑣  𝑖  ∈ Ω2,   i = 1, … , b                              (4-2) 

The form of Ω1 and Ω2 depends upon how 1 

and 2 are structured. 

FDH model in presence of DMSU is as the 

follow: 

𝑀𝑖𝑛       𝜃 − 𝜀 ↿𝑡 𝑠𝑥 +↿𝑡 𝑠𝑦 +↿𝑡 𝑠 𝑦  

     𝑆. 𝑡.     𝜆𝑗𝑥𝑖

 𝑗  

𝑛

𝑗=1

+  𝜆𝑖𝑗 𝑥𝑖

 𝑗  

𝑛

𝑗=1

− 𝜃𝑥𝑖

 𝑝 
+ 𝑠𝑥 =∘,   

                                                                      𝑖 = 1,… ,𝑏 

 𝜆𝑗𝑦𝑖

 𝑗  

𝑛

𝑗=1

+  𝜆𝑖𝑗 𝑦𝑖

 𝑗  

𝑛

𝑗=1

− 𝜃𝑦𝑖

 𝑝 
+ 𝑠 𝑦 =∘,     

  𝑖 = 1, … ,𝑏 − 1 

 𝜆𝑗𝑦𝑖

 𝑗  

𝑛

𝑗=1

− 𝜆𝑖𝑗 𝑦𝑖

 𝑗  

𝑛

𝑗=1

− 𝑠𝑦 = 𝑦𝑖

 𝑝 
,       𝑖 = 1, … , 𝑏 

 𝜆𝑗 +

𝑛

𝑗=1

  𝜆𝑖𝑗 = 1

𝑛

𝑗=1

𝑏

𝑖=1

 

λj ∈  ∘ ,1 ,𝜆𝑖𝑗 ∈  ∘ ,1 𝑗 = 1, … , 𝑛                     (5-2) 

3. General model in presence of sub-units 

In this section, General model in presence of 

sub-units is formulated based on massive 

structure and definition of new performance in 

this model.]1  [ . 

General model is formulated by using 

chebyshev function. ] 3[.It can evaluate the 

performance in some DEA main models. The 

model is as follow: 

𝑀𝑎𝑥 ∆ 

𝑠. 𝑡             ∆≤ 𝑑𝑗
 + 𝛼( 𝜇 𝑖 𝑇 𝑦𝑖

(𝑝)
− 𝑦𝑖

(𝑗) 

𝑏

𝑖=1

+  𝑣 𝑖 𝑇 −𝑥𝑖
(𝑝)

+ 𝑥𝑖
(𝑗) 

𝑚

𝑖=1

+  𝑣  𝑖 (−𝑦𝑖

 𝑝 
+ 𝑦𝑖

 𝑗  
)

𝑏−1

𝑖=1

)  

 𝜇 𝑖 

b

i=1

+  𝑣(𝑖) +  𝑣  𝑖 
𝑏−1

𝑖=1

b

i=1

= 1 

𝜇 𝑖 ≥∘,𝑣 𝑖 ≥∘ ,        𝑖 = 1, … ,𝑏  

𝑣  𝑖 ≥∘, 𝑖 = 1,… ,𝑏 − 1                           (1-3) 

That 𝛼 parameter supposed positive and: 

𝑑𝑗
 = max

𝑖=1,…,𝑏;𝑡=1,…,𝑏−1
 𝜇 𝑖 𝑇  𝑦𝑖

 𝑝  − 𝑦𝑖
 𝑗   ,   𝑣 𝑖 𝑇  −𝑥𝑖

 𝑝 

+ 𝑥𝑖
 𝑗   , 𝑣  𝑖  −𝑦𝑖

 𝑝 + 𝑦𝑖
 𝑗     

Note that when j = p then ∆≤ 0. 

Definition 1:( α-efficiency) For a given 

positive number α, DMUp is defined to 

be α-efficiency if and only if the optimal value 

to the problem (1-3) equals to zero. 

Otherwise, DMUp is said to be α-inefficiency. 

Theorem 1-3: If ∆≠ 0 the existence DMU 

which dominated DMUp. 

Proof: refer to [1]. 

 

4. Relationship between general model and 

CCR, BCC and FDH models in presence of 

sub-units 

This section codified theoretical characteristics 

of relationship between performance in basic 

DEA models and general model in presence of 

sub-units. 
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Theorem 1-4: DMUp is BCC-efficiency in 

present sub-units if and only if DMUp is α -

efficiency for some sufficiently large positive  

number α. 

Proof: refer to [1]. 

Theorem 2-4: DMUp is CCR-efficient if and 

only if DMUp is α-efficient for sufficient large 

positive α in present sub-units. 

Proof: refer to [1]. 

Theorem 3-4: DMUp is FDH-efficient in 

presence of its sub-units if and only if DMUp 

is α-efficient for some small sufficient positive 

values of α. 

Proof: If DMUp is efficient FDH, therefore 

there is no λ  as: 

λ 𝑧 = 𝑍𝑗 ≥ 𝑍𝑃  , λ 

=  λ 1tλ = 1 , λj ∈  0,1 , j = 1, … , n  

           𝑍p − Zj ≰∘                                                  (1-4) 

 𝑡ℎ𝑎𝑡 𝑖𝑠 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑗 

(reduction presume) DMUp is not α-efficient 

for great and positive α sufficiently, hence, for 

each positive α there is △∗<∘.suppose that 

 𝜇∗, 𝑣∗, 𝑣 ∗  are optimal answer of GDEA 

model in presence of sub-units, so we have: 

𝑑𝑗
 = max

𝑖=1,…,𝑏;𝑡=1,…,𝑏−1
 𝜇 𝑖 𝑇  𝑦𝑖

 𝑝 
− 𝑦𝑖

 𝑗  
 , 𝑣 𝑖 𝑇  −𝑥𝑖

 𝑝 

+ 𝑥𝑖
 𝑗   , 𝑣  𝑖  −𝑦𝑖

 𝑝 + 𝑦𝑖
 𝑗    <∘. 

Then for some 𝑗 ≠ 𝑝 

𝑑𝑗
 + 𝛼 𝜇, 𝑣,𝑣   

𝑌𝑖
 𝑝 

− 𝑌𝑖
 𝑗  

−𝑋𝑖

 𝑝 
+ 𝑋𝑖

 𝑗  

−𝑋 𝑖
 𝑝 

+ 𝑋 𝑖
 𝑗  

 <∘ 

 

That is:  

𝑑𝑗
 + 𝛼 𝜇, 𝑣,𝑣   𝑍𝑖

 𝑝 
− 𝑍𝑖

 𝑗   <∘                         (2-4) 

To make relation of (2-4) for α in small 

sufficient value 𝑑𝑗
 <∘. 

Because 𝛼 >∘ and 𝜇∗ > 𝜀 and relation of (1-4) 

happens. 

According to 𝑑𝑗
  definition we have: 

𝑑𝑗
 = max

𝑖=1,…,𝑏;𝑡=1,…,𝑏−1
 𝜇 𝑖 𝑇  𝑦𝑖

 𝑝 − 𝑦𝑖
 𝑗   , 𝑣 𝑖 𝑇  −𝑥𝑖

 𝑝 

+ 𝑥𝑖
 𝑗   ,𝑣  𝑖  −𝑦𝑖

 𝑝 + 𝑦𝑖
 𝑗    <∘. 

 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑜𝑓 𝑗 ≠ 𝑝      (3-4) 

Necessary and sufficient condition to make  

(3-4) relation is:  

 

𝑌𝑖
 𝑝 

− 𝑌𝑖
 𝑗  

<∘

−𝑋𝑖

 𝑝 
+ 𝑋𝑖

 𝑗  
<∘

−𝑋 𝑖
 𝑝 

+ 𝑋 𝑖
 𝑗  

<∘

  

the concludes:                             𝑍p − Zj <∘ 

And it is contradiction to (1-4) relation. 
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Evaluation of Unit's Performance in Presence of Subunits by 

Using GDEA 

 
     Ali Ghasemikia, Zohreh Iravani           

 

 GDEA ارزیابی کارایی واحدها در حضور زیرواحدها با استفاده از

  
  

تکنیـکی است که از تمامی مشاهدات گردآوري شده براي اندازه گیري کارایی استفاده   )DEA(ها تحلیل پوشـشی داده : چکیده

در این تحقیق سعی داریم که یک واحد . اطلاعاتی ارائه نمی کند DMUاین روش در مورد نحوه انجام عملیات بر روي  .می کند

کارا باشد به این معنی تلقی شود که تمام زیرواحدهاي سازنده آن  را با تمام زیرواحــدهایش مورد بررسـی قرار دهیـم تا اگر واحد

 نیز کاراست و اگر واحدي ناکاراست به طور دقـیق مشخص شـود کـدام یک از زیرواحدها باعث این ناکارایی شـده است تا

 DEAهریک از مدل هاي مطـرح  در این میان بررسی کارایی با  .، به کارایی مطلوب رسید)ها(بـتوان با اصـلاح فقـط آن زیرواحد

روش مطـرح   5 می توان به سرعت عمـل بهتـري در ارزیـابی بـه     DEA با استفاده از مدل کلی. نیز کاري وقت گیر و طولانی است

DEA در این تحقیق سعی بر آن است که کارایی واحدها با مدل کلی . دست یافتGDEA واحدها بررسی شـود   در حضور زیر

  .زیابی عملکرد واحد در حضور زیرواحدهاي تصمیم گیرنده بیان شودو یک مدل کلی براي ار

  

  تحلیل پوششی داده ها، کارایی، زیرواحدهاي تصمیم گیرنده، مدل کلی تحلیل پوششی داده ها: کلمات کلیدي
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