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ABSTRACT
Reservoir formations exhibit a wide range of heterogeneity from micro to macro scales. A simulation that 

involves all of these data is highly time consuming or almost impossible; hence, a new method is needed 

to meet the computational cost. Moreover, the deformations of the reservoir are important not only to 

protect the uppermost equipment but also to simulate fluid pattern and petroleum production strategy. In 

this regard, multiscale multiphysic mixed geomechanical model (M3GM) is recently developed. However, 

applications of petroleum reservoirs through gas or water injection in the depleted reservoir are in concern. 

In the present paper, a multiscale finite volume framework and a finite element method are employed 

to simulate fluid flow and rock deformation respectively. The interactions of solid and fluid phases are 

instated through the M3GM framework. Then, its application in the petroleum reservoir through injection 

process is validated. The numerical results are compared with the fine scale simulations and reasonable 

agreement with high computational efficiency is obtained. 
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INTRODUCTION
Flow transport in petroleum reservoirs widely 

ranges from micro to macro scales. By considering 

these scales, interactions with solid phase make a 

great challenge in a petroleum reservoir simulation. 

In this regard, various upscaling and multiscaling 

models were developed in recent two decades 

[1-8]. However, all models are only in concern of 

fluid mechanics and geomechanical effects have 

been neglected [9,10]. It is worth mentioning 

that geomechanical effects are important not 

only to predict settlements in order to protect the 

uppermost facilities but also to simulate flow path 

and production strategy [10,11]. On the other 

hand, several geomechanical incidents such as 

surface subsidence which damages the uppermost 

installations, wellbore instability, and environmental 

issues have increased attention in this area [12-14]. 

In this regard, several models with different trends 

were developed to incorporate geomechanical 

effects [15-29]. Nevertheless, in all the models the 

fluid and solid scales are identical. However, every 

physic property has major effects on their domains 

of influence. Therefore, in order to place any event 

in the right position and save computational costs, 

it would be efficient to treat multiple physical
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The number of elements could be increased with 

respect to the dimensions and complexity pattern 

of the geological formations. On the other hand, 

current computers are capable of simulating 

105-106 elements [32]. In order to fill this gap, 

multiscale simulation is a crucial method [33-35]. 

Moreover, several physics, namely solid mechanics 

and fluid transport, are affected with respect to 

different orders of the influential domain [9,10,30]. 

In this regard, a framework which could simulate 

these wide ranges of scale lengths and physics is 

not available. Therefore, upscaling methods were 

developed, especially in the petroleum reservoir 

simulation [36-41]. Nevertheless, in upscaling 

methods, the reservoir problem have only been 

solved on a coarse scale, and the fine scale 

information have been lost [33,34]. On the contrary, 

in a multiscale framework, the fine scale properties 

are preserved during the homogenization and are 

used in resolution in the reference scale [33]. Thus, 

extensive motivations have been emerged into the 

multiscale modeling of the reservoir formation 

during 2003-2015 [9,10,42-54]. Figure 2 shows the 

methodology of upscale and multiscale methods 

to simulate reservoir formations [10]. 

phenomena separately. In this context, recently, 

multiscale multiphysic mixed geomechanical model 

(M3GM) is developed by the authors to simulate 

different physic through speared scales [9,10]. In 

the present paper, the fluid mechanic framework 

with multiscale finite Volume (MSFV) is described. 

Then, the finite element framework is employed 

to simulate geomechanical aspects. Moreover, the 

interaction between the fluid and solid phases is 

stablished through an appropriate algorithm. After 

the theoretical basis of the model is justified, its 

application to petroleum reservoirs, particularly to 

water injection in depleted petroleum reservoirs, is 

revealed

MULTISCALE WHY AND WHEN?
Several physical phenomena in the nature such as 

the mechanical behavior of composite materials 

and flow in porous media occur on a wide variety 

of physical scales from millimeter for pore scale 

to several kilometers with respect to reservoir 

dimensions [30,31]. The various scales of reservoir 

are shown in Figure 1. It should be mentioned that a 

conventional reservoir has computational modules 

in the order of 107-108 elements [32]. 

Figure 1: Indicative scales in petroleum reservoirs
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Figure 2: Comparison of upscale and multiscale procedures to simulate reservoir formation.

In the present paper, the MsFVM framework is applied with respect to preserving the fine scale specifications 

during upscaling and also mass conservative feature of the proposed method. The structure of the utilized Multi-

scale method relies on separation of pressure and saturation equation the same as streamline method. However, 

with respect to limitation of streamline method for the depletion derive and deformable porous media [55&56], 

the adoptive updating of basis function regarding the saturation front is applied in order to solve saturation 

equation with high efficiency [10].
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Governing Equations
In this section, in order to simulate fluid phases and 

porous media deformation and their interactions, 

the principle equations of mass and momentum of 

each phase are explained. 

Fluid Phase
It is pointed out in the literature that fluid transport 

is in Eulerian, but soil transport is in Lagrangian point 

of view [11]. However, since there are both fluid and 

solid in the system, the fluid is observed from the 

deformed porous media not from a fixed mesh.

Mass Balance
The general mass conservation is governed by 

Equation 1:

0
tV

dM d dV
dt dt

ρ= =∫                                        (1)

where, ρ is a phase density, and M stands for total 

mass. Moreover, with respect to Reynold theorem, 

one may obtain:

0 . 0
t tV S

dM dV dS
dt t

ρ ρ∂
= = + =

∂∫ ∫ v n                          (2)

applying Gauss law will result in:

0 .( )
tV

dM dV
dt t

ρ ρ∂ = = +∇ ∂ ∫ v                          (3)

Thus by defining a relative velocity instead of 

interstitial velocity, by employing material derivatives, 

and by doing some mathematical manipulation, one 

may obtain:

( ) .( ) .
s

s
D S S S m

Dt
α α

α α α α α α
φ ρ

φ ρ φ ρ+∇ + ∇ =w v 
         

(4)

where, φ  is porosity, and Sα  is phase saturation;   

αw represents relative velocity. Also, sα α= −w v v ; 

αv is velocity, and sv is solid skeleton velocity; mα  

stands for sink or source term. Since the system of 

concern is made up of two fluid phases, two mass 

balances, i.e. Equation 4, are taken into account.

λ

Momentum Balance of Fluid Phase
In order to simulate fluid flow and set up interaction 

between phases, momentum balance should be 

considered.
.( g)α α α α αϕ λ ρ= −∇ +S W p                            (5)

where, λα is phase mobility tensor defined as
Kkrα

α
α

λ
µ

=  

and Κ represents the inherent permeability tensor;Krα

stands for relative permeability and is simulated as a 

function of the pertinent phase saturation, and αµ  is the 

phase viscosity.

Solid Phase
With respect to history conservation aspect [11], 

the solid deformation is considered in Lagrangian 

point of view.

Mass Balance of Solid Phase
The solid phase mass balance is stated as follows:

(1 ) .(1 ) 0s s st
ϕ ρ ϕ ρ∂

− +∇ − =
∂

v
                        

(6)

Neglecting grain compressibility leads to:

(1 ) . (1 ) (1 ) . 0s st
ϕ ϕ ϕ∂ −

+ ∇ − + − ∇ =
∂

v v
             

(7)

.vol sε = ∇u                                                           (8)

Finally, utilizing material derivative and the mechanical 

definition of deformation rate will lead to:

1 (1 )
1

volDD
Dt Dt

εϕ
ϕ

− −
=

−                                                
(9)

Equation 9 will also be used to state the interaction 

between solid and fluid phases.

Momentum Balance of Solid Phase
The momentum balance of the solid phase is 

governed by the following equation:

. 0gσ ρ∇ + =                                                  (10)

λ g

K

'σ g
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where, σ  is total stress tensor. However, in 

geomechanical considerations, the effective stress 'σ  

is applied instead. 

                  pt                                                 
(11)

where, Pt is pore fluid pressure.

Multiscale Multiphysic Fluid and Solid 
Interaction
The interactions of the solid and fluid phases are 

stated through a Newton-Raphson iteration loop with 

respect to solid deformation and fluid phase pressure. 

Furthermore, by integrating Equation 9, one may obtain:

0(1 (1 )exp[ ]volϕ ϕ ε= − − −                             (12)

As stated in Equation 12, porosity will change with 

respect to the stress evolution and the related 

volumetric strain. In general, phase mobility is 

related to porosity through chain rule derivatives. 

However, in order to keep the basic functions 

(which will be defined later) off the iteration loop, 

the explicitly incorporation of porosity changes is 

take into account.

Multiscale Multiphysic Geomechanical 
Model (M3GM)
M3GM is established by coupling the fluid phases 

transport and solid skeleton deformation as explained 

below.

Multiscale Finite Element Framework
By incorporating the momentum balance of solid 

and fluid phases in Equation 4, by the implicit 

time discretization of the resulted formula, and by 

integrating over all phases (for detailed mathematical 

information, interested readers are referred to our 

previous researches [9,10]) one may obtain: 

)

' Iσ σ= −

1
1 1 1 1 1

1 1
1

1

.( ( ))α α α α α α α
α α

ϕ ϕ ρ ρ λ ρ

ε ε
ϕ

+
+ + + + +

= =

+
+

−
+ − ∇ ∇ − ∇

∆ ∆

−
+ =

∆

∑ ∑
p pn nn n

n n n n n n n

n n
n v v

t

B S B p g z
t t

q
t  

where, and 1n n +  are two sequential time steps, 

and Bα is a formation volume factor defined as the 

inverse of phase density.

The superposition of basis and correction functions 

(general and specific solutions of homogenous and 

inhomogeneous parts of Equation 4 with respect 

to the reduced problem boundary conditions) will 

lead to:

1 1
( ) '( ) ( ) ( )

= =

 
≈ = Φ +Φ 

 
∑ ∑
N M

h h
f k k

h k
p x p x x p x (14) 

By integration over all coarse cells, one may obtain:

1

1 1

1

1 1

'

. .λ

+

= =

+

∂
= =

  
Φ +Φ − Ω−  ∆   

  
Φ +Φ Γ  

  

= Ω

∑ ∑∫

∑ ∑∫

∫



v

l

v

l

l

N M
h v h vc
k k

h k

N M
h v h

t k k l
h k

v

C p p d
t

p d

RHS d

Ù

Ù

Ù

n

                                                                                   (15)

which will form the system of equation:
1v v

lk k l
+ =A p b                                                  (16)

where,

1
( . ).λ

∂
=

 = Φ Ω− ∇Φ Γ ∆ 
∑ ∫ ∫ 

l

N
h hc

lk k t k l
h

C d d
tÙ Ù

A n (17)

and

λ
∂

=

 = + Ω− ∆ 
 Φ Ω− ∇Φ Γ ∆ 

∫

∑ ∫ ∫ 
1

'

. .
v v

v v vc
l

N
h hc

t l
h

C
RHS p d

t
C

d d
t

Ù

Ù Ù

b

n                       (18)

The above nonlinear system of equations will be 

sequentially solved until convergence is achieved.

Finite Element Framework
As mentioned earlier, the finite element method is 

employed for solid deformation framework. Eight 

node of a serendipity family shape function is 

applied in this regard (see Figure 3).

(13)

λ g

Φ Φp

Φ p Φ p

λ Φ p Φ

Φ λ Φ

p

Φ λ Φ
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Figure 3: A solid phase element with a serendipity 2D 
family shape function.

The classical finite element weighted residual 

discretization of Equation 11 leads to:

( ) ( ) 0σ ρ σ
Ω Γ

− Ω+ − Γ =∫ ∫
u

t T t T
u ud dW L g W L t     (19)

By implementing Gauss theorem and stress-strain 

relation, one may obtain (interested readers are 

referred to our previous works [9, 10]):

 
( )

N

T T T
ud td p d

Ω Γ Ω

 Ω = − Γ + Ω  ∫ ∫ ∫B DB u N B m

  
(20)

which results in a linear deformation system:

ˆ =Ku F                                                          (21)

where:

T d
Ω

 = Ω  ∫K B DB
                                        

(22)

and

1 2( )
N

T T
u td p d

Γ Ω
= − Γ + Ω = +∫ ∫F N B m F F

    
(23)

The first term in the right hand side of Equation 

22 is obtained from the finite element boundary 

condition. However, the second term is achieved 

with respect to the integration over the fine 

pressure attained from the multiscale framework.

2
1

. .
i nfs

T
i i

i
B p m A

=

=

= ∑F
                                          

(24)

NUMERICAL RESULTS
Water Injection in Homogeneous Rigid 
Media 
The first test is water injection in homogenous 

reservoirs with the inherent permeability of 

2.5×10-13m2. The viscosity ratio is 5, and the 

reservoir is initially filled with oil. In order to verify 

the model, the results are compared with the 

simulation of White and Lewis in 1991 [55]. The 

Brook & Corey’s relative permeability function 

is selected to compare the results. In addition, 

a quadratic function is also utilized to evaluate 

the relative permeability constitutive function. 

As it is clear from Figure 4, although fine scale is 

employed, the contour is deviated from a quarter 

circle shape which is expected. In order to modify 

the results, Geiger and coworkers simulate the 

case by combining finite element and finite volume 

methods [56]. The results with 4096 elements are 

also shown in Figure 4. As it is clear from Figure 

4, reasonable agreement is observed with just 100 

elements in new multiscale methods. It should be 

noted that, in petroleum reservoir development, 

lots of scenarios are performed to allocate the most 

appropriate situation for injection. In this regard, 

the computational efficiency of the multiscale 

models is the crucial matter. 

Figure 4: Saturation contours: left: finite element after White & Lewis; middle: after Geiger et al.; right: M3GM.
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Moreover, in order to precisely evaluate model 

accuracy, pressure and saturation contours at 

three points, namely A (3, 3), B (1, 11), and C (14, 

14), are compared with a fine scale. As shown 

in Figures 5 and 6, the trend and the amount of 

results are in rational agreement. The pressure 

at point A (the point closer to injection well) 

is reduced sharply with respect to a rapid flow 

front, while at points B and C, the pressure drops 

smoothly since injection fluid front reaches this 

area. As shown in Figure 6, the oil saturation 

curves also follow the same path. It is apparent 

from Figure 5 that the quadratic constitutive 

relation of relative permeability with saturation 

fails to predict the pressure fall correctly. Although 

the pressure curves have little discrepancies, the 

saturation curves are fitted closely. It shows that 

little deviation in the calculation of saturation will 

lead to more errors in the pressure estimation.

Figure 5: Pressure history curves at pints A, B, and C 
from fine scale and M3GM simulations.

Figure 6: Comparison of oil saturation history curves at 
points A, B, and C of fine scale and M3GM simulations.

Water Injection in Heterogeneous 
Deformable Porous Media 
In order to evaluate the effect of mesh construction in 

a multiscale model, water injection in heterogeneous 

porous media is presented. The permeability field 

belongs to Tarbert formation and is a part of 20th 

layer of SPE 10 [40] as shown in Figure 7. The size of 

the problem was selected in a way to evaluate four 

different mesh sizes, namely (15×15-3×3), (9×9-5×5), 

(5×5-3×3), and (3×3-15×15). The first set of numbers 

are related to the numbers of coarse cells in each 

direction, and the second set shows the number of 

fine cells encapsulated in each spatial direction of a 

coarse cell. The porous media is initially filled with 

85% oil and 15% water. The initial pressure is 10 kPa. 

In order to increase the pressure, water is injected in 

the lower left corner, i.e. fine cell (1, 1), and production 

occurs from the upper right corner, i.e. fine cell (54, 

54) at a constant pressure. The oil in place has a 

viscosity value 4 times more than that of the injected 

water. The pressure and saturation contours are 

depicted in Figure 8 after 0.11 PVI. As it is clear from 

this figure, the injected water front follows the lower 

permeability field and deviates from the quarter circle 

shape in a homogenous permeability pattern, which 

was reported in a homogenous case. However, in 
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order to evaluate the effect of coarse grid construction and related mesh, the pressure values at three locations 

of the domain with coordinates of A (2, 2), B (12, 16), and C (4, 28) are assessed.

Figure 7:  Permeability field belonging to Tarbert formation is obtained from 20th layer of SPE 10.

The pressure values at these locations are compared with the four sets of meshes of those locations mentioned 

earlier. 

Figure 8: Pressure and oil saturation contours after 0.11 PVI.
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All Dimension are in meter.
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As shown in Figure 9, reasonable agreement is 

observed in mesh (15×15-3×3), (9×9-5×5), and (5×5-

3×3). However, in a coarser cell, i.e. (3×3-15×15), the 

result oscillates and do not converge, which is due to 

the fact that the flow front fills just one coarse cell 

and affects the hardness matrix. Also, considering 

high contrast permeability value in the construction 

of coarse grid and avoiding constructing a dual cell 

border in this region are recommended. 

Figure 9: Pressure history at points A, B, and C through 
different mesh sizes.

On the other hand, the deformations of reservoir 

formation are important not only to preserve the 

uppermost facilities, but also to predict fluid flow 

and production rare correctly. Figure 10 shows the 

deformation of the reservoir domain through water 

injection. The elastic modules and Poisson’s ratio 

are considered 25 MPa and 0.25 respectively. The 

mechanical boundary conditions and mesh sizes 

are also shown in Figure 10. As it is clear from this 

figure, the maximum deformations take place on 

the top of the injection well, where the maximum 

pressure changes are observed.  

Figure 10: Left: A schematic of water injection and 
mechanical boundary conditions’ right: the deformation 
distribution of the soil domain in a five-spot water flood 
problem after 0.085 PVI.

Moreover, production rate through injection is shown 

in Figure 11 in fine scale and multiscale frameworks. 

As shown in this figure, the multiscale results are in 

good agreement with the fine scale solution.

Figure 11: Production rate in a five-spot problem within 
the reservoir in the rigid and deformable media.
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It worth mention that in Multiscale frame work 

81 coarse element is utilize in compare with 2025 

fine scale model and 25 times savings is obtained. 

Moreover, as it is clear from Fig. 11 the production 

rate in the porous media with consideration of 

deformation is lower than in rigid media that is 

more realistic. Since in the real field the reservoir 

formations are not rigid, some energy of injection is 

consumed through the deformation of rock media. 

While the injection proceeds, the deformations of 

rock media have been occurred and productions 

rate is asymptotes to the threshold value. As explained 

heretofore, the validity and efficiency of the model 

are confirmed with respect to aforementioned test 

cases. However, the robustness of the model will be 

shown by the highly heterogeneous layer of Tarbert 

formation by the full domain of 20th layer of SPE 10 as 

shown in Fig. 7. This layer has the mean and variance 

of the natural logarithm mean and variance of 2.35 

and 5.66, respectively. The permeability varies over 

6 orders of magnitude. The injection is imposed by 

the 10 times less viscos fluid from the fine cell (1,1) 

and the production with constant pressure of 0 at 

fine cell (220, 55). 

No-flow boundary conditions are considered at the 

domain borders. The physical properties of fluids and 

mechanical parameters of porous media are shown in 

Table. 1. Fine scale results are obtained from Hajibeygi 

(2011). In the present Multiscale model, two different 

scales (coarse and fine) for the pressure deformation 

and saturation equation are applied respectively. The 

M3GM utilize 20 × 5 coarse grid and 220 × 55 fine 

grid cells, with respect to pressure deformation and 

saturation field resolution, respectively. The pressure 

field and saturation font contours are shown in Fig. 12 

After 0.132 PVI.

Table 1: Physical properties of fluids and mechanical parameters of porous media.

oµ wµ oρ wρ φ oS x∆ y∆ E υ

210 .Pa s− 310 .Pa s−
3950 kg

m 31000 kg
m

0.2 1 1m 1m 350 kPa 0.2

As it is clear from Fig. 11, M3GM results are in the same pattern as the fine scale solution. Figure 13 also 

shows the deformation of the formation after 0.132 PVI. The maximum deformations take place above the 

injection well where the pressure and effective stress changes is on the peak.

Figure 12:  comparison of pressure filed saturation front between M3GM and fine scale solution after 0.132 PVI

All Dimension are in meter.
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