Categories and

General Algebraic Structures +
with Applications

Volume 5, Number 1, July 2016, 131-151

WWW.CGASA.ir

Properties of products for flatness in the
category of S-posets

R. Khosravi and M. Sedaghatjoo

Abstract. This paper is devoted to the study of products of classes of
right S-posets possessing one of the flatness properties and preservation of
such properties under products. Specifically, we characterize a pomonoid
S over which its nonempty products as right S-posets satisfy some known
flatness properties. Generalizing this results, we investigate products of right
S-posets satisfying Condition (PWP). Finally, we investigate pomonoids
over which products of right S-posets transfer an arbitrary flatness property,
projectivity, freeness, and regularity to their components.

1 Introduction

Over the past several decades, a chunk of literatures has been allocated to
the flatness properties of acts over monoids. After switching these properties
to their conterparts in the ordered algebraic structures by Fakhruddin in
1986 ([6, 7]), a great deal of investigation was devoted to the cognition of
these notions in the context of ordered structures and to the results derived
from the former known ones. Following this pattern, in this paper, we
investigate preservation and reflection of some flatness properties such as
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weak flatness, GP-(po-)flatness, Conditions (W P) and (W P),,.

For a monoid S a right S-act is a nonempty set A together with a map

Ax S — A, (a,8) ~ as, such that al = a and a(st) = (as)t. A monoid
S endowed with a partial order, compatible with the binary operation, is
called a pomonoid. For a pomonoid S, a right S-poset is a poset A which is
also a right S-act whose action A x S — A is monotone in both arguments.
Left S-posets are defined analogously. In the sequel, the term S-poset is
used simply to indicate a right S-poset. An S-subposet of an S-poset Ag is a
(nonempty) subset of A which is closed under the action of S and denoted by
B < A. Moreover, S-poset morphisms or simply S-morphisms are monotone
maps between S-posets which preserve actions. The classes of S-posets
and S-morphisms form a category, denoted by S — POS, which comprises
the main background of this work. For an account on this category and
categorical notions used in this paper, the reader is referred to [5].
_}The subkernel of an S-poset morphism f : Ag — Bg is defined by
kerf:={(a,d’) € Ax A: f(a) < f(a')}. An S-poset Ag is called flat (po-
flat) if for every left S-poset ¢B and for all pairs (a,b), (a/,0') in A x B, the
equality (inequality) a®b = /@b (a®b < o’®V') in Ag®g B implies the same
equality (inequality) in Ag®g(SbU SV'). An S-poset Ag is called weakly flat
(po-flat) if for a,b € Ag,s,t € S the equality (inequality) as = bt (as < bt)
in Ag implies a® s =b®t (a®s < b®t) in Ag® g(SsU St). Putting s = ¢
in the foregoing definition yields principally weakly flat (po-flat) notion.

Remark 1.1. It is crucial to notice that for S-posets Ag and g¢B and
(a,b),(a,t)) e AXB,a®b<d @V in Ag @ ¢B if and only if there exists
a scheme of the form

a < ajug
a1v1 < agu urb < v1by
anvp, < a Unbn, < vy b

where for 1 <i<n, a; € A, b; € B,u;,v; € S. In this case we shall call n
the length of the scheme and it should be mention that, by adding iterating
inequalities, the length of the scheme can be increased to m for each natural
number m > n.
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Obviously, a®b and o’ @b are equal in Ag®gB if and only if a®b < a’ b’
and d @b < a®b.

An S-poset Ag satisfies Condition (P,) if, for all a,b € A and s,t € S,
as < bt implies a < d’u, a’v < b,us < vt for some a’ € A, u,v € S. An
S-poset Ag satisfies Condition (P) if, for all a,b € A and s,t € S, as < bt
implies a = a’u,b = a’v,us < vt for some @’ € A, u,v € S, and it satisfies
Condition (F) if, for all a € A and s,t € S, as < at implies a = a’'u,us < ut
for some a’ € A, u € S. An S-poset is called strongly flat if it satisfies both
Conditions (P) and (E). Projectivity is defined in the standard categorical
manner. For a detailed account of the ingredients needed in this paper we
refer the reader to [1, 6, 7, 17].

A pioneering work in the background of this paper goes back to [3],
therein Bulman-Fleming investigated coherent and weakly coherent monoids
in special cases. In [14] Sedaghatjoo et al. characterized principally weakly
and weakly coherent monoids in general case. In [4], Bulman-Fleming char-
acterized monoids over which products of projective acts are projective and
in [2], the authors investigated flatness properties of S x S for a monoid S.
Then in [12] some properties of products of S-acts are discussed. In light of
S-posets as a generalization of S-acts, a large portion of literatures in the
theory of semigroups and their actions has been accumulated to the flatness
properties of S-posets, for instance [1, 5, 11, 15-17].

Meanwhile, pursuing the investigations, in [9] Khosravi studied pomonoids
over which flatness properties such as strong flatness, Condition (P), Con-
dition (£), Condition (P,), weak po-flatness and principal weak po-flatness
of S-posets are preserved under products. In [10] products of S-posets sat-
isfying Condition (PW P),, are discussed.

Hereby, continuing these researches, in this paper we investigate prod-
ucts of GP-po-flat, GP-flat, and weakly flat S-posets. Besides, preservation
of Conditions (PW P), (W P), and (W P),, under products are investigated.
Ultimately, we reply to the question of when products of S-posets transfer
flatness properties, projectivity, freeness, and regularity to their compo-
nents.

If S is a pomonoid, the cartesian product ST is an S-poset equipped with
the componentwise order and action, where I' is a nonempty set. Moreover,
(84)yer € S' is denoted simply by (s,), and the S-poset S x S will be
denoted by D(S5).
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2 GP-po-flat, GP-flat, weakly flat

We recall, from [13], that an S-poset Ag is called GP-po-flat, if for every
s€S,and a,d € Ag, a®s < ad ®sin Ag ® ¢S implies the existence of
a natural number m such that a ® s™ < a’ ® s™ in Ag ® 5Ss™. Similarly,
GP-flat can be defined by replacing < by = in the foregoing definition. It is
obvious that every principally weakly po-flat S-poset is GP-po-flat, but not
the converse. In this section we first concentrate on products of GP-po-flat
and GP-flat S-posets over left PSF pomonoids. Then we give equivalent
conditions for ST, for each nonempty set I', to be GP-(po-)flat or weakly
flat. The following is needed to characterize GP-po-flatness.

Lemma 2.1. ([13]) An S-poset Ag is GP-po-flat if and only if for every
se€S,and a,d € Ag, a®s < d ®s in Ag ® gS implies that there exist
m,n € N,ay,....,an € A, u1,..., Up, V1, ..., 0, €S such that

a < ajug
a1v1 < asug u1s™" < vys™
anvn, < a Ups™ < v,s™.

Recall that a pomonoid S is called left PSF' if all principal left ideals
of S are strongly flat. For a pomonoid S an element v € S is called right
semi-po-cancellable if for s;t € S, su < tu implies that there exists r € S
such that ru = u, sr < tr. It can be readily checked that a pomonoid S is
left PSF' if and only if every element of S is right semi-po-cancellable.

Lemma 2.2. Quver a left PSF pomonoid S an S-poset Ag is GP-po-flat if
and only if for any a,a’ € Ag,s € S, if as < a’s, then there exist r € S and
m € N such that rs"™ = s™ and ar < a'r.

Proof. Let Ag be GP-po-flat and as < a’s for s € S,a,a’ € Ag. So a® s <
a’'®sin As®gS and Lemma 2.1 implies that there exist m,n € N, aq, ..., a, €
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A Ui, ..., Uy, V1, ..., Uy € S such that

a < ajug

arv; < agug  urs" < wps™

/
anty, < a Ups™" < v,s".

Regarding the inequality u;s™ < v1s™, there exists r; € S such that r1s™ =
s™ and uiry < v17r1. So ugris™ < worys™ implies that there exists ro € S
such that ros™ = s and usrire < worire. Carrying this process on we
reach to r = r1...r,, € S such that rs™ = s and w;r < v;r for 1 < i < n.
Therefore,

ar < ajurr < ajoir < aguor < ... < d'r,
as desired. The converse is obvious. ]

Lemma 2.3. Over a left PSF pomonoid S an S-poset Ag is GP-flat if and
only if for any a,a’ € Ag,s € S, if as = a's, there exist r € S and m € N
such that rs™ = s"™ and ar = da'r.

Proof. Let as = a's for s € S,a,a’ € Ag. Since Ag is GP-flat, a ® s™ =
a'®s™in Ag®gSs™. So there exist k,n € N, a;,a’; € A and u;, u, v;, v} € S,
for 1 <v<n, 1 <j <k such that

a < ajug

a1v1 < asu9 s < wvys™

anvy < a Ups™" < v,s"
/ !
a < ajuy
!,/ ! ! / /
ayvy < asuy  uys™t < wvps™
) / /
av, < a ups™ < vps™.

Applying the argument used in the proof of the foregoing lemma for the
right column of the scheme we get r € S such that rs™ = s, u;s™ < v;8™
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and u}sm < U}Sm for 1 <i<mn, 1<j<k. Therefore,
ar < aqurr < aqorr < aguar < ... < d'r < djujr < dpir < .. <ar,
and so ar = a’r. The converse is clear. ]

As a result of the above lemma we deduce the following corollary.

Corollary 2.4. Let S be a left PSF pomonoid and A;,;1 < i < n be S-
posets. Then [[;_, A; is GP-po-flat if and only if the inequality (a1, ..., an)s <
(ai,...,al)s, for a;,a; € A;, 1 <i<mn,seS, implies the existence of r € S
and m € N such that rs"™ = s™ and (a1, ..., an)r < (af,...,al)r.

The next theorem states that, for left PSF pomonoids, flatness proper-
ties such as GP-flatness, GP-po-flatness, principal weak flatness and prin-
cipal weak po-flatness are preserved under finite products.

Theorem 2.5. Let S be a left PSF pomonoid and A;,1 < i < n be S-posets.
Then we have the following assertions.

(i) If A; is GP-po-flat for 1 <i <mn, then [[;—, A; is GP-po-flat.
(ii) If A; is GP-flat for 1 <1 <mn, then [[;_, A; is GP-flat.

(iii) If A; is principally weakly po-flat for 1 < i < n, then [['_ | A; is
principally weakly po-flat.

(iv) If A; is principally weakly flat for 1 <i <mn, then [[_; A; is princi-
pally weakly flat.

Proof. (i): Suppose that (ai,...,an)s < (a},...,a,)s, for s € S a;,a, €

A;, 1 < i < n. Then a1s < as, and since S is a left PSF pomonoid,
there exist 7 € S and m; € N such that rs™ = s and a;r; < ajr.
The inequality agris™ < abris™ gives 1o € S and mg € N such that
ro(s™)™2 = (s™1)™2 and agrire < ahrire. Continuing this process, we ob-

tainry,...,r, € S,mq,...,my € Nwith r;s™t" = g™ and a;ry...1; <
afry...r; foreach 1 <4 <n. Put r = r;...7r, and m = my...my. Thus
(a1,...,an)r < (a},...,a),)r and rs™ = ™.

Applying Lemma 2.3(ii) is proved analogously.
Putting m; = 1,1 < i < n, (iii) and (iv) are proved in the same manners
used for (i) and (ii). O
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Now, Theorem 2.5 provides another approach to Proposition 2.3 in [9].

Corollary 2.6. If S is a left PSF pomonoid, then the S-poset S™ is prin-
cipally weakly flat (GP-po-flat) for each n € N.

Now, we engage in GP-po-flatness, GP-flatness and weak flatness of ST.

Proposition 2.7. Let S be a pomonoid. Then S' is GP-po-flat for each
nonempty set I if and only if for any s € S there exist (s1,t1),...,(Sn,tn) €
D(S) and m € N such that s;s™ < t;s™ for all 1 <i <mn, and
for (u,v) € D(S), us < vs implies the existence of ui,...,u, € S such that
u < u1sy
uity < u2sg

Uptn < 0.

Proof. Necessity. Let L = {(u,v) € D(S)| us < vs}, and index it by a
set I as L = {(uy,vy)| v € T'}. Since (uy)s < (vy)s in ST, by assumption
(uy) ® s™ < (vy) ® s™ in ST ® Ss™ for some m € N, which implies that
there exist s1,...,8n,t1,...,tp €S, (u,ly), s (ul) € ST such that

(uy) < (u3)s1

(ui)tl < (U%)SQ 518 < t18™

(uy)tn < (vy) Sps"™ < tps™.

Now the result follows immediately.

Sufficiency. Let I' # (0 and (uy)s < (vy)s for (uy),(vy) € ST. Our
assumption implies the existence of m € N and (s1,%1), ..., (Sp,tn) € D(S)
such that for 1 < i < n, ;8™ < t;8™ and for each v € I' there exist

1
Uy, ..., uy € S such that
Uy < uisl

1 2
U7t1 < U552

n
uvtn < Uy
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Thus (u,) ®@s™ < (u#)sl ® s < (u,ly) ®s18™ < (u,ly) ®t18™ < (U}Y)h ® s <
(U,QY)SQ ®s™ < ... < (vy) ® 8™ in ST ® Ss™, as required. O

Similar to the proof of the previous proposition and in light of the Re-
mark 1.1, the following result is obtained.

Proposition 2.8. Let S be a pomonoid. Then S is GP-flat for each
nonempty set ' if and only if for any s € S there exist (s;,t;), (s;,t,) €
D(S), 1 < i < n and m € N such that s;s™ < t;s™,s,s™ < t.s™ for
all 1 < i < n and for (u,v) € D(S), us = vs implies the existence of
ULy eeey Uy, V1, - .., Uy €S such that
u < U8y
urty < u2so

Uptn <v < wv18)
vit) < vash

vt < u.

If Ssn(St] #0, {(as,d’t)] as < a't} is denoted by H(s,t). Recall that
finitely generated left S-poset gB is called finitely definable (FD) if the S-
morphism S* ® B — B, given by (s,)r ® b~ (s,b)r, is order-embedding
for all nonempty sets I'. Theorem 2.7 of [9], using finitely definable left
ideals, gives the equivalent conditions for which ST is weakly po-flat S-poset
for each I # (). Similar considerations can be applied to weak flatness.

Definition 2.9. Let S be a pomonoid. A finitely generated left S-poset ¢B
is called weakly finitely definable (WFD) if the S-morphism S* @ B — B
is a monomorphism for each nonempty set I'.

The next theorem gives characterization of pomonoids over which ST is
weakly flat for each nonempty set T'.

Theorem 2.10. For a pomonoid S, the following are equivalent:
(i) SY is a weakly flat S-poset for each T # (.

(ii) Ewvery finitely generated left ideal of S is WFD.
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(iii) Ss is WFED for each s € S, and

for every s,t € S, if SsN St # 0, then Agsnst € S(p,q) NS(¢,p") for
some (p,q) € H(s,t) and (¢',p') € H(t,s).

Proof. The equivalence of (i) and (ii) is clear.

(i)=(iii): The first part is obvious. Let s,t € S such that Ss N St # .
Index the set SsN St by a set I' as {u,s(=v,t)| v € I'}. Since ST ® (Ss U
St) — (SsU St)! is a monomorphism and (u,)s = (v,)t, then (uy) ® s =
(vy)®tin ST ® (SsUSt). So there exist s;,t;, s, t; €5, (ul), (v%) esh 1<
i<n,1<j<m,by,...,bn,co,...,cpy € SsU St such that

(uy) < (u3)s1

(u#)tl < (U,QY)SQ 518 < t1by

(uy)tn < (vy)  spbn <tnt

(v3) < (v3)5)

(v%)t'l < (vﬁ)s; sit < theo

(V) < (Uy)  SppCm < tys.
Let k and r be the smallest integers such that by € St and ¢, € Ss. So
bg—1 € Ss and ¢,_1 € St. Take p = sp_1bx—1, ¢ = tp—1bk, ¢ = s._jc—1 and
p =t _ic. . Thus
(uy)s < (u,ly)sls < (u,ly)tlbg < (u%)szbg <. <

(uE D) sp_1bp—r < (W N)tp_1by < .. < (vy)t < (v))s)s

<< e < (W e << (uy)s.
Then (u,)s = (u,";_l)p = (u,]‘;_l)q = (7 Hp" = (v)7)q¢" = (vy)t. Now it can
be easily checked that Agsns: € S(p,q) N S(¢,p") for (p,q) € H(s,t) and
(¢",p') € H(t,s).

(iii)=(i): Let I be aleft ideal of S and (u)s = (vy)t for some (u,), (vy) €

ST s,t € I. Since Agsns: € S(p,q) N S(q,p') for some (p,q) € H(s,t)
and (¢',p’) € H(t,s), for each v € T' there exist w,,w/, € S such that

5
Uys = wyp = wyq = wip' = whq = vyt. Take p = cs,q = dt, p' = c's and
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q = d't for some c¢,d,c’,d € S. Since Ss and St are WFD, the equalities
uy)s = (w~c)s = (wl,)p’ and (wd)t = (w!)q = (vy)t imply the equalities
(uy)s = (wyc)s = (w), y y y

(Uy) @ s = (wyc) ® s = (wd') @ s and (wyd) @t = (w,d') @t = (v,) @1 in

ST ® Ss and ST ® St, respectively. Therefore

(uy) ® 5 = (Wye) @5 = (wy) D es < (wy) @dt = (wyd) @t = (vy) D
= (wid) @t = (w)) @dt < () ® s = (W) & 8=( ) @5
in ST ® (SsU St). Thus (u,y)®s—(Uﬁy)®t1nSF ® (SsU St). O

3 Conditions (PWP), (WP), (WP),

Conditions (PWP), (WP), and (WP),, were introduced in [8] which we
need to recall them here. An S-poset Ag satisfies Condition (PW P) if for
all a,a’ € A,t € S, the inequality at < a’t implies the existence of a” € A,
u,v € S such that a = a’u, d’ = ad’v,ut < vt. An S-poset Ag satisfies
Condition (W P) if for all s,t € S,a,a’ € Ag and any homomorphism f :
$Ss U St — ¢S, the inequality af(s) < o f(t) implies the existence of
a’ € Ag, p,q € Ss U St such that f(p) < f(¢), a®s = a’ ® p, and
ad®@t=ad"®qin Ag® (SsUSt). Moreover, Ag satisfies Condition (W P),,
if for all s,t € S,a,a’ € Ag and any homomorphism f : gSsU St — ¢S,
the inequality af(s) < @’ f(t) implies the existence of a” € Ag, p,q € SsUSt
such that f(p) < f(¢), a®s <d"®p,and a" ®q < d @t in Ag® (SsUSt).
In this section we focus our attention on products of S-posets satisfying
Conditions (PWP), (WP), and (W P),,.

The ordered version of a locally cyclic act is called a weakly locally cyclic
S-poset for which every finitely generated S-subposet is contained in a cyclic
S-subposet. Moreover, a left ideal of S which is also weakly locally cyclic is
called weakly locally principal left ideal. By virtue of the terminology used
n [9], the set L(a,a) = {(u,v) € D(S)| ua < va} is a left S-subposet of
D(S).

Proposition 3.1. For any pomonoid S, the following are equivalent:

(i) Any finite product of S-posets satisfying Condition (PW P) satisfies
Condition (PW P).

(ii) The diagonal S-poset D(S) satisfies Condition (PW P).

(iii) For every a € S the set L(a,a) is a weakly locally cyclic left S-poset.
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Proof. (i)=-(ii) is clear.

(il)=(iii): Let (u,v),(v/,v") € L(a,a), for a € S. Since ua < va and
uw'a < v'a, we have (u,u')a < (v,v")a, and our assumption implies that there
exist (w,w’) € D(S),p,q € S such that (w,w")p = (u, '), (w,w")g = (v,v)
and pa < qa. So (u,v), (u',v") € S(p,q) C L(a,a), and it follows that L(a,a)
is weakly locally cyclic.

(iii)=(i): Suppose that Ai,..., A, are S-posets each satisfying Condi-
tion (PWP). Let (a1,...,an)u < (df,...,al)u for (a1,...,a,),(a},...,a,) €
Iy Ai,u € S. For each 1 < i < n, aju < aju implies the existence
al! € Ai,pi,q € S such that afp; = a;, aq; = a}, and p;u < gu. Then
(pi,qi) € L(u,u) for each 1 < i < n. Now, by assumption, there exists
(p,q) € L(u,u) such that (p;,q;) € S(p,q). Suppose that (p;,q;) = wi(p,q)
for w; € S, 1 <i <n. Then (ai,...,a,) = (afwi,...,alw,)p, (a},...,a)) =
(afwr,...,alwy)q, and pu < qu, proving that [[;" , A; satisfies Condition
(PWP). O

The next theorem presents equivalent conditions on a pomonoid S for
products of nonempty families of S-posets to satisfy Condition (PW P).

Theorem 3.2. For a pomonoid S, the following are equivalent:

(i) Products of nonempty families of S-posets satisfying Condition (PW P)
satisfy Condition (PW P).

(i) SU satisfies Condition (PW P) for each nonempty set I'.
(iii) For every a € S the set L(a,a) is a cyclic left S-poset.

Proof. (i)=-(ii) is clear. (ii)=-(iii): Suppose that a € S and index the set
L(a,a) by {(u,vy)| v € I'}. Since (u,)a < (vy)a and ST satisfies Condition
(PW P), there exist p,q € S, (z,) € S such that pa < ga, (uy) = (2,)p and
(vy) = (24)g. Thus (p,q) € L(a,a) and for each v € I, (uy,vy) = 24(p,q),
which prove that L(a,a) is cyclic.

(iii)=(i): Let {A; | ¢ € I} be a family of S-posets satisfying Condition
(PWP) and A = [[;c; Ai. Suppose that (z;)a < (y;)a where a € S and
(), (y;) € A. For each i € I, since A; satisfies Condition (PW P), the
inequality x;a < y;a implies the existence of u;,v; € S, z; € A; providing
wia < via, T = ziu;, Yi = ziv;. S0 (ui,v;) € L(a,a) = S(p,q). Thus for
each i € I there exists r; € S such that (u;,v;) = r;(p,q) and hence z; =
ziTip, Yi = z;riq. Therefore (x;) = (zir:)p, (yi) = (zir3)q and pa < ga. [
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In what follows we present the equivalent conditions for ST to satisfy
Condition (W P) or (W P),,.

Proposition 3.3. For a pomonoid S, the following are equivalent:
(i) SY satisfies Condition (W P) for each T # ().

(ii) Ewvery finitely generated left ideal of S is WFD, and for any s,t € S
and homomorphism f : ¢SsUSt — g5, if

Li(s,t) = {(us, vt)| (us,vt) € ker-f} # 0,

then L¢(s,t) C S(p,q) for some (p,q) € lg“f.

Proof. (i)=(ii): By Theorem 2.10, the first part is immediate. Let f : gSsU
St — 55 be a homomorphism for s,¢ € S. Suppose that L¢(s,t) # 0 and
index it by the set {(uys,v,t)] v € I'}. Since S' satisfies Condition (W P),
the inequality (u)f(s) < (vy)f(t) implies that there exist (z,) € S*,p,q €
SsU St such that f(p) < f(q), (uy) ®s = (2y) ®p and (v,) ¥t = (2,) ®¢q in
ST ® (SsUSt). Clearly (uy)s = (24)p and (v,)t = (24)q in ST, which imply
that L¢(s,t) C S(p,q).

(ii)=(1): Let s,t € S and f : gSsU St — ¢S be a homomorphism.
Suppose that (uy)f(s) < (vy)f(t) in ST. So (u,s,v4t) € Ly(s,t) # 0
and, by assumption, L¢(s,t) € S(p,q) for some (p,q) € kerf. Clearly
f(p) < f(q), and (uys,vyt) = 24(p, q) for each v € I'. Thus, (uy)s = (2y)p
and (vy)t = (24)g in (SsUSH)L. Since (Ss U St) is WFD we deduce that
(uy) ®s = (2¢)@p and (v,) ®t = (2,) @ ¢ in ST ® (SsUSt), as required. [

An adaptation of Proposition 3.3 in the category of S-acts gives the
following proposition.

Proposition 3.4. For a monoid S, the following are equivalent:
(i) The S-act ST satisfies Condition (W P) for each T # .

(ii) Ewvery finitely generated left ideal of S is FD, and for any s,t € S and
homomorphism f : SsUSt — ¢S, if L(s,t) = (SsxSt)Nkerf # 0,
then L¢(s,t) C S(p,q) for some (p,q) € kerf.
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—

Herein, we need to use the term S(p,q) for a pair (p,q) in D(S), in-
troduced in [9], indicating the left S-poset {(u,v) € D(S)| Jw € S,u <
wp, wq < v} containing the cyclic S-poset S(p, q).

Proposition 3.5. For a pomonoid S, the following are equivalent:
(i) SU satisfies Condition (W P),, for each T # ().

(ii) Ewvery finitely generated left ideal of S is FD, and for any s,t € S and
homomorphzsm f:sSsUSt — SS if L¢(s,t) = {(us vt)| (us,vt) €

kerf} # 0, then L¢(s,t) C S(p, q) for some (p,q) € kerf

Proof. The proof is similar to the proof of Proposition 3.3. ]

4 Transferring flatness properties from products to their
components

This section is allocated to reply the question of when products of S-posets
transfer flatness properties such as projectivity, freeness, and regularity to
their components. The following lemma is an updated version of Remark
3.1 in [14] for S-posets, needed in the sequel.

Lemma 4.1. Let {A; | i € I} be a family of S-posets and sB be a left
S-poset. Suppose that (a;) @b < (a}) @b for (a;), (a)) € []; Ai,b, b € ¢B.
Then a; @b < a, @b for each i € I.

We begin our investigation with (po-)torsion freeness. An element c of a
pomonoid S is called right po-cancellable if for any s,t € S, sc < tc implies
s < t. An S-poset Ag is called (po-)torsion free if for any a,a’ € A and
right (po-)cancellable element ¢ of S, from (ac < d’c) ac = dc it follows
that (a < a') a =a’. The proof of the next lemma is straightforward.

Lemma 4.2. Let S be a pomonoid and {A; | i € I} be a family of S-posets.
Then [[; A; is (po-)torsion free if and only if A; is (po-)torsion free for each
1€ 1.

For GP-po-flatness we have the following result.

Lemma 4.3. Let S be a pomonoid and {A; | i € I} be a family of S-posets
such that [[; Ai is GP-po-flat. Then A; is GP-po-flat for each i € I.
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Proof. Suppose that j € I and as < d's for s € S, a,d’ € Aj. For each
i # j in I, choose a; € A; and define

CZ':{ai Z#]
a 1=]
and
I _ a; 7'7&]
7 a/ Z:]

Thus (¢;)s < (¢})s and, by assumption, (¢;)®s™ < (¢;)@s™in [[; A;®gSs™
for some m € N. The result now follows by Lemma 4.1. ]

The following result could be proved by letting m = 1 in the proof of
the previous lemma.

Corollary 4.4. Let S be a pomonoid and {A; | i € I} be a family of S-
posets such that [[; A; is principally weakly po-flat. Then A; is principally
weakly po-flat for each i € I.

Substituting < by = in the proofs of Lemma 4.3 and Corollary 4.4, leads
us to the following results respectively.

Lemma 4.5. Let S be a pomonoid and {A; | i € I} be a family of S-posets
such that [[; Ai is GP-flat. Then A; is GP-flat for eachi € 1.

Corollary 4.6. Let S be a pomonoid and {A; | i € I} be a family of S-
posets such that [[; A; is principally weakly flat. Then A; is principally
weakly flat for each i € I.

The following arguments are about Conditions (PW P) and (PW P),.

Proposition 4.7. Let S be a pomonoid and {A; | i € I} be a family of
S-posets. The following statements are verified.

(i) If 1]; Ai satisfies Condition (PWP), then A; satisfies Condition
(PWP) for each i€ I.

(i) If [I; Ai satisfies Condition (PWP),, then A; satisfies Condition
(PWP)y, for each i e I.
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Proof. (i): Let {A; | i € I} be a family of S-posets such that [[; A; satisfies
Condition (PW P). Suppose that at < da't for a,a’ € Aj,t € S. Fix a; € 4;
for each ¢ # j in I and define

o — a 1=
o la i#]

a i1=7

di = { ai 1F#]
Thus, (¢;)t < (d;)t and, by assumption, there exist (a) € [[; 4; and u,v €
S such that (¢;) = (a])u, (d;) = (aj')v and ut < vt. So a = aju, a’ = ajv,

J
and the result follows. By a similar argument, part (ii) is verified. []

and

Recall from [1] that a pomonoid S is called weakly right reversible in
case Ss N (St] # 0 for each s,t € S. In what follows, we investigate flatness
properties for which transferring from products to their components meets
additional conditions on the pomonoid S.

Theorem 4.8. For a pomonoid S, the following conditions are equivalent:

(i) Po-flatness transfers from products to their components.
(ii

)

) Weak po-flatness transfers from products to their components.
(iii) Flatness transfers from products to their components.
)

)

(iv) Weak flatness transfers from products to their components.

(v

The one-element S-poset ©g meets one of the Conditions (P), (Py),
po-flatness, flatness, weak po-flatness or weak flatness.

(vi) S is weakly right reversible.

Proof. The equivalence of conditions (v) and (vi) is shown in [1, Theorem
1].
(1),(ii),(iii),(iv)=(v): Since Sg = Sg x Og, all implications are verified.
(vi)=(i): Suppose that [[; A; is po-flat for a family {A; | i € I} of
S-posets. Let gB be a left S-poset and a @ b < a’ ® ¥ in A; ® B for some
JjeI, a,d € Aj, b)b € gB. Thus, there exists a scheme such as:
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a < ajuy
a1v1 < agu urhb < v1by
anvy, < a' Unby < vpb

where a; € A, b; € B,u;,v; € S for 1 < ¢ < n. Putting vg = u,41 = 1, our
assumption implies the existence of ¢y, dy € S with covg < dpu;. Proceeding

inductively, we get c1,...,¢cp, d1,...,d, € S such that ¢;d;—1v; < d;u;qq for
each 1 <i<n+1. Fix a} € A4, for each j # i € I. Define
ai:{a;cn...clco zf]7 a;:{a%dn Z7_éj
a 1= a 1=
and

Y

Bl__{ aken...qdi—y i # g
;=

aj i:j

for each i € 1,1 <1 <n—1. Thus (o) @b < (a}) ® " in [[; A; ® B by the
scheme:

(i) < (Bry)wa
(B1s)1v1 < (B2;)ue u1rh < vibg

(ﬁnz‘)vn < (Oé;) Upby, < Unbl.

Therefore, by our assumption, (a;) @ b < (af) @ b in [[; 4; ® (SbU SV')
which gives a @b < d ® b in A; ® (SbU SV'), using Lemma 4.1.

The implications (vi)=-(ii), (vi)=-(iii) and (vi)=-(iv) follow analogously.

]

Proposition 4.9. For a pomonoid S, the following are equivalent:
(i
(ii

) Condition (P) transfers from products to their components.
)

(iii) ©g satisfies Condition (P) or Condition (P,).
)

Condition (Py) transfers from products to their components.

(iv) S is weakly right reversible.
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Proof. According to the proof of Theorem 4.8, it is enough to prove the
implication (iv)=-(i). Let {A4; | i« € I} be a family of S-posets such that
[1; A; satisfies Condition (P). Let as < d’t for a,a’ € A;, s,t € S. Fix
a; € A; for each i # j in I. Since S is weakly right reversible, there exist
u1,v1 € S such that uys < vit. Define

o — a 1=
R R
and

a i=7
dl_{ avy 1FG

So (¢i)s < (d;)t and by assumption there exist (a}) € [[; Ai,u,v € S such
that (c;) = (af )u, (d;) = (a;)v, and us < vt. Hence a = aju, o’ = ajjv, and
the result follows. O

Theorem 4.10. For a pomonoid S, the following statements are equivalent:

(i) Condition (W P) transfers from products to their components.
(i

) Condition (W P),, transfers from products to their components.
(iii) Og satisfies Condition (W P) or Condition (W P),,.
)

(iv) S is weakly right reversible.

Proof. Since Conditions (W P) and (W P),, both imply weak po-flatness, the
implications (iii)=-(iv) is valid. Besides, according to the proof of Theorem
4.8 we have the implications (i)=-(iii) and (ii)=-(iii).

(iv)=(): Let {A4; | ¢ € I} be a family of S-posets such that []; A;
satisfies Condition (WP). Let s,t € S and f : (SsU St) — S be a
homomorphism such that af(s) < da'f(t) for a,a’ € Aj, j € I. Since S is
weakly right reversible, there exist u1,v; € S such that uy f(s) < vy f(¢).
Fix a; € A; for j #1i € I. Let

o la 1=7
N

a 1=7
d; = .,
’ {awl P F ]

and
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Then (¢;)f(s) < (d;) f(t). By assumption, there exist (a)) € []; 4i, p,q €
SsUSt such that (¢;)®s = (a])®@p, (d;) @t = (a )®qin [[; As®@5(Ss U St)
and f(p) < f(g). Thus, thanks to Lemma 4.1, a®s = aj ®@p, '@t = aj ®q
in A; ® g(SsU St) and hence A; satisfies Condition (W P).
The implication (iv)=-(ii) is followed analogously. O
Theorem 4.11. For a pomonoid S, the following assertions are equivalent:
(i) Condition (E) transfers from products to their components.
(ii) Strong flatness transfers from products to their components.
)
)

(iii) Og is strongly flat or satisfies Condition (F).
(iv) S is left collapsible.

Proof. The equivalence of (iii) and (iv) is shown in [1, Theorem 1]. The
implications (i)=-(iii) and (ii)=-(iii) are similar to their peer in the foregoing
theorem. (iv)=-(i): It is similar to the proof of (iii)=-(i) in Proposition 4.9.
(iv)=-(ii) follows by (iv)=-(i) and Proposition 4.9. O

Concerning properties projectivity, freeness and regularity, the results
are proved similar to the act case ([14]), so their proofs are omitted.

Proposition 4.12. For a pomonoid S, the following are equivalent:
(i) Projectivity transfers from products to their components.
(ii) Og is projective.
(iii) S contains a left zero.

Proposition 4.13. Let S be a pomonoid on which there exists a reqular
S-poset. The following are equivalent:

(i) Regularity transfers from products to their components.
(ii) Og is regular.
(iii) S contains a left zero.

Proposition 4.14. For a pomonoid S, the following are equivalent:
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(i) Freeness transfers from products to their components.
(ii) Og is free.
(iii) S = {1}.

Concluding this section, we summarize the results in the following table.

The necessary and sufficient
Property condition on S for transferring
a flatness property from
products to their components

Torsion freeness
GP-po-flatness
GP-flatness
Principal weak po-flatness | S needs no condition.
Principal weak flatness
Condition (PW P)
Condition (PW P),,

Weak flatness
Weak po-flatness
Flatness
Po-flatness S is weakly right reversible.
Condition (P)
Condition (P,)
Condition (W P)
Condition (W P),,

Condition (F) S is left collapsible.
Strong flatness

Projectivity S contains a left zero.
Regularity S contains a left zero.
(if there exists a regular S-

poset)

Freeness S ={1}.

Table 1: Classification of pomonoids by transferring a flatness property from
products of S-posets to their components.
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