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ABSTRACT: In the present study, analytical solutions are obtained for two-dimensional
advection dispersion equation for conservative solute transport in a semi-infinite
heterogeneous porous medium with pulse type input point source of uniform nature. The
change in dispersion parameter due to heterogeneity is considered as linear multiple of
spatially dependent function and seepage velocity whereas seepage velocity is n™ power of
spatially dependent function. Two forms of the seepage velocity namely exponentially
decreasing and sinusoidal form are considered. First order decay and zero order production
are also considered. The geological formation of the porous medium is considered of
heterogeneous and adsorbing nature. Domain of the medium is uniformly polluted initially.
Concentration gradient is considered zero at infinity. Certain new transformations are
introduced to transform the variable coefficients of the advection diffusion equation into
constant coefficients. Laplace Transform Technique (LTT) is used to obtain analytical
solutions of advection-diffusion equation. The solutions in all possible combinations of
temporally and spatially dependence dispersion are demonstrated with the help of graphs.

Keywords: Advection, Dispersion, Retardation factor, Point source, Heterogeneous
medium.

INTRODUCTION differential equation based upon the

The development of mathematical models
plays an important role in understanding and
prediction of solute transport phenomenon in
an aquifer. Prediction of contaminant
transport in porous media is a critical
prerequisite for waste containment blueprint
and evaluation of remediation effort. The rate
of contaminant attenuation in subsurface
depends on mixing process caused by
dispersion which is mainly occurs due to
special variation in aquifer properties like,
variation in hydraulic conductivity. Solute
transport in porous media is mathematically
governed by advection dispersion equation
which is a second order parabolic partial
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conservation of mass and Fick’s first law of
diffusion. A number of analytical solutions
describing groundwater flow and solute
transport in porous media have been
published in literature. Notable analytical
solutions for advection-dispersion equation
are in favor of (Banks & Ali, 1964; Ogata,
1970; Marino, 1974; Al-Niami & Rushton,
1977) considering unsteady seepage velocity,
constant dispersion, adsorption, first order
decay and zero order production, etc. Yates
(1990 & 1992) obtained the analytical
solutions for linearly or exponentially
increasing dispersion coefficient in one-
dimensional porous media. Aral & Liao
(1996) obtained analytical solutions of two-
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dimensional advection dispersion equation
with a time-dependent dispersion coefficient.
Hunt (1998) discussed analytical solutions
for an instantaneous source and for steady
flow with a continuous source in one, two
and three-dimensional advection dispersion
equation with scale-dependent dispersion
coefficients. Chen et al. (2003, 2008)
obtained the analytical solutions in a
cylindrical coordinate system with distance-
dependent dispersion of a tracer in
convergent and divergent radially symmetric
flow fields. Su et al. (2005) obtained
similarity solution using a time and scale-
dependent dispersivity in fractal porous
media. Smedt (2006) presented analytical
solutions for solute transport in rivers
considering the effects of first order decay
and transient storage. Zhan et al. (2009)
obtained an analytical solution for two-
dimensional solute transport using first and
third type boundary conditions. Chen and
Liu (2011) developed analytical solutions for
advection-dispersion  equation in finite
domain with arbitrary time-dependent
boundary conditions. Yadav and Jaiswal
(2011) obtained an analytical solution of
temporally dependent solute dispersion in a
two-dimensional  shallow aquifer while
longitudinal solute transport for a pulse type
source along temporally and spatially
dependent flow was discussed by Yadav et
al. (2012). Singh et al. (2013) discussed
analytical solutions for time-dependent
point-source in two-dimensional
homogeneous porous medium. Bing et al.
(2015) discussed analytical solutions for
solute transport in one-dimension semi-
infinite  porous media using the source
function method. Most of these works have
included the attenuation effect due to
adsorption, first order decay and/or chemical
reactions. Majdalani et al. (2015) obtained
analytical solution of solute transport with
scale  dependent  dispersion in a
heterogeneous porous media. Sanskrityayn et
al. (2016) developed analytical solution of
advection-dispersion equation with space
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and time dependent dispersion using Green’s
function. Djordjevich & Savovic (2017)
developed numerical solution for two-
dimensional solute transport with periodic
flow in homogeneous porous media using
finite difference technique. Das et al. (2018)
discussed analytical and numerical solutions
for solute transport modelling in
homogeneous semi-infinite porous medium
with the variable temporally dependent
boundary. Yadav and Kumar (2018)
developed a mathematical model for two-
dimensional solute transport in a semi-
infinite heterogeneous porous medium with

spatially and  temporally  dependent
coefficients  for pulse type input
concentration of varying nature.

Sanskrityayn et al. (2018) obtained analytical
solution of solute transport due to spatio-
temporally dependent dispersion coefficient
and velocity in a heterogeneous porous
medium.  Two-dimensional  contaminant
transport models have multiple advantages
over one-dimensional models. For example,
two-dimensional models can account for
concentration gradients and contaminant
transport in the direction perpendicular to the
groundwater flow. In previous published
literature almost all solutions derived in two-
dimensions in which only longitudinal
velocity component were  considered,
neglecting transverse velocity component,
while in the present study longitudinal and
lateral directions of dispersion coefficients
and velocity components are considered. The
dispersion parameter is considered as linear
multiple of spatially dependent function and
seepage Vvelocity while the seepage velocity
is the n" power of spatially dependent
function. Two form of ground water velocity
namely sinusoidal form and exponential
decreasing form of time varying function are
taken into account. The concentration of the
inlet stream is not zero it means the chamber
is fed with polluted water. The pulse type
conservative solute is introduced at the origin
of the domain and other end considered of
flux type boundary condition. The first order
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decay and zero order production term are
also considered. Geological formations are
taken semi-infinite and adsorbing nature. The
medium is considered heterogeneous as a
result the velocity of the flow field is
considered a spatially dependent function in
both the directions. Analytical solution is
obtained with the help of Laplace
Transformation Technique for uniform input
point source concentration. Concentration
distributions are demonstrated graphically.

THEORY AND METHODS

The pollutants are entered in subsurface by
mainly two mechanism first one, advection
which is caused by flow of groundwater
and second one, by dispersion which is
caused by mechanical mixing and
molecular diffusion. Molecular diffusions
are not taken into consideration due to
small seepage velocity. The mathematical
form of the advection-diffusion equation in
two-dimensions can be given by a second

order partial differential equation of
parabolic type which is written as:

oc of_ oC o[, aC
R—=—|D,—-uC|+—|D,—-vC |-yC

at ax[ X j+6y( oy ] e (@)

In which c[ML3] is the solute
concentration of the pollutant transporting
along the flow field through the medium at
any position (x,y) and time t. D,[L*T] and
D,[L*T*1are the longitudinal and transverse

dispersion coefficient respectively while
u[LT*] and v[LT*]are the unsteady uniform

seepage Vvelocity along longitudinal and
transverse directions respectively. y[T™] is
the first order decay constant and x[ML>T™]
is the zero order production rate coefficient
for solute which represents internal/external
production of the solute in the medium. First
term on the left hand side of the Eq.(1) is
represent change in concentration with time
in liquid phase and R is the retardation factor
which is a dimensionless quantity. First term
on the right-hand side of the Eq.(1) describes
the influence of the dispersion on the
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concentration distribution in longitudinal
direction while second term is the change of
concentration due to advective transport in
longitudinal direction. Third term on the
right-hand side of the Equation (1) describes
the influence of the dispersion on the
concentration  distribution in  transverse
direction while fourth term is the change of
concentration due to advective transport in
transverse direction. Fifth and sixth term on
the right-hand side of the Eq.(1) describe the
first order decay and zero order production
respectively.

The medium through which the solute
dispersion occurs is supposed to be of semi-
infinite extended along the longitudinal
0<x(m)<5 and transverse 0<y(m)<3

directions. Let the ground water velocity
components of the flow satisfy the Darcy’s
law in both directions. Let pollutant enter in
the medium continuously at a uniform rate
up to a certain time period and just after, it
becomes zero. In other words, the source of
pollution is invariably uniform pulse-type
point source. A set of initial and boundary
conditions are assumed to solve the
advection-dispersion equation. Initially the
semi-infinite medium is considered not
solute free. Let the medium be horizontal and
solute particle entered from the origin. Let
t, be the time of elimination of the point

source. Flux type homogeneous conditions
are assumed at far ends of the medium, along
both the directions. Mathematically initial
and boundary conditions may be written as:

C(x,y,)=C; ; t=0,x=0,y=0 (2)
Co ; O<t<t
C(xy,t)= : x=0,y=0 (3)
0 ; t>t,
aC(x,y,t) aC(x,y,t)
—:O, —:O;
OX oy (4)

t>0,X—> oo,y >0
Equation (2) represents initially there is
some concentration present in the domain. c,

is the initial concentration present in the
domain. A pulse-type input condition
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represented by Equation (3), in which t, is
the time span of the contaminant release
(assuming release starts at time zero) and c, is
the constant concentration of the pulse at the
inlet boundary. Equation (4) indicates that
concentration gradient is zero at infinity. The
medium is considered heterogeneous. The
temporal variation in velocity is the result of
temporal variation in the hydraulic gradient.
Sykes et al., (1982) and Sudicky, (1986) have
concluded that the magnitude and direction of
the spatial mean hydraulic gradient fluctuate
over time. In natural flow systems these are
rarely in a steady state. Dispersion coefficient
and velocity both are considered spatially and
temporally dependent in general form. Some
particular expressions are chosen. In the
present study retardation factor is also
considered in degenerate form. Thus the
expressions for velocity and dispersion
coefficient components are written in the
general form as:

u=u,(1+ax)" (1+by)"" f (mt),
v=v,(1+by) (1+ax)"™ f(mt),

D, =D, (1+ax)"" (1+by)"" f (mt),
D, =D, (1+ by)™" (1+ax)"" f (mt),
7 =7 (1+ax)"" (1+by)"" f (mt),

u =y (1+ax)" " (L+by)"" £ (mt),
R=R,(1+ax)"" (1+by)"",

where n e I (Setof integers)

Q)

oC 1 , 0%C
= - -D, 1+ax)’—+D, (L+b

o’C oC
2

——{u, —a (n+1)D 1+ax)—
5yr W02 (+DD} ara) T

where a,b are the heterogeneity
parameters along longitudinal and lateral
directions, respectively, have dimension
inverse of space variable (Kumar et al.,
2010). The various value of (a,h)
represents different heterogeneity.
Heterogeneity of the porous medium
means porosity or hydraulic conductivity is
dependent upon position. D, ,D,, ,u, and
v, are initial dispersion coefficients and
unsteady uniform seepage velocities along
longitudinal and transverse directions
respectively. y,, u,and R, are the initial
first order decay, zero order production and
retardation ~ factor,  respectively. m
represents unsteady parameter whose
dimension is inverse of time variable t .
m=0 corresponds to the temporally
independent parameters. It is assumed that
f(mt)=1 for m=0ort=0. The first case
represents the steady flow and second case
represents the initial state. Thus f(mt) is a
non-dimensional expression. In the
proposed problem two form of f(mt)
namely sinusoidal form of time varying
f (mt) =1-sin(mt) and exponential
decreasing form of time varying
f (mt) =exp (—mt) are taken.

Substituting values from Equation (5)
in Equation (1), we have

(6)

oC
—{vg—-b (n+1)DY0}(1+by)a—y—nauoC—nbVOC—y0C+;¢0

Let us introduce new independent space
variables X and Y defined as (Kumar et
al., 2010);

X:Iog(1+ax):di: 1
a dx (1+ax) .
y:Iog(1+by):>dL= 1 ()
b dy (1+by)
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With the help of these transformations,
Equation (6) can be written as:

o 1 _,oc 5 oc
‘ot f(mt) *ox? T ay?
oC aC (8)
(uo—naDXO)a—x—(vO—anyo)a—Y—

nau,C —nbv,C —,C + 4,
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Equations (2-4) may be written in terms
of new independent space variables, X and
Y as follows:

C(X,Y,t)=C; t=0,X>0Y>0  (9)
Co ; O<t<ty
C(X,Y,1)= . X=0,Y=0 (10)
0 ; >t
XYY o BN 6150 X S ¥ s (11)
oX o

Let a new independent space variable,
Z be introduced as (Carnahan & Remer,
1984):
Z=X+Y (12)
Using this transformation, Equation (8)
may be written as:

oac 1 o%C ac
0~ = o_z_Uo—
ot f(mt) oz oz

—71C+ﬂ0 (13)

where
Dy =D, +D,,Uy=Us+v, -
(aD +hD, ) =7, +n(au, +bv,)

Equation (9-11) may be written in terms
of new independent space variable z as:

C(Z.t)=C; ; t=0,Z2>0 (14)

C@Z.b)= C, ; 0O<t<ty 720 15
o t>t, (15)

€LY _y 120, Zow (16)
i

Let us introduce a new time variable, T by
the following transformation (Crank, 1975):

T=[fmdt (17)

where f(mt) is taken as two form of time
varying function, namely exponential
decreasing and sinusoidal. Therefore from
this transformation Equation (17), we have

1
T _E{l—exp (-mt)} (17.3)
f (mt) =exp (—mt)
T:%[mt—{l—cos(mt)}] for (17.b)
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f(mt)=1-sin(mt)
Using transformation Equation (17) in
Equation (13), it reduces into
o _p oc, oc
05T  °az2 ‘oz
Equations (14-16) may be written in
terms of new time variable T as:

—nC+ o (18)

C(z,T)=C; T=0, Z>0 (19)
Co 0<T<T,
c(Z,T)= ,Z2=0 (20)
0 ; T>T,
acg'tLo L T20, Z>w 1)
Now we take another transformation
Uz T(U P
CZ,T)=K(, T)exp{ZD0 RO(M;JO nJ} yf (22)
Equations (18-21) becomes
aK a K 23)
K(z, T)=( -——Jexp[ Yo ZJ T=0,220 (24)
-2 exp ; 0<T<T,
K(z, T)— ,Z=0 (25)
exp T >Ty
oK(Z,T) U }
~ +ﬁ}<:o ; T20,Z->%  (26)
where

2 1 UO
“ R0(4D0+}/ 1]
Applying the Laplace Transformation on

Equations (23-26) , one can find transformed
equation and boundary condition as:

d’K PRy Rof _ oo Yo
27 D, K = Do(C' yl]exp[ 20, Zj (27)
CO
K(Z,p) p_az[l—exp{—(p a?) }]
(28)
e z=0
}/1<p—0£)
dK  Ug 7 _ : o
22 K0 N (29)
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where K:fK(z,T)e—PTdT and p Laplace
parameter.

PRy +C, exp| Z PRy
DO DO

and ¢, & c, are

K(Z,p)=c, exp(— ya

U2
where p?=—=09
4R, D,

arbitrary constants.

][C

and Kumar, L. K.

Now the general solution of Equation
(27) may be written as:
(p-5%)

)
7
With the help of Equation (28) and
Equation (29), one can get particular
solution of Equation (30) as:

exp(—UOZ/Z DO)

(30)

_ C R
K(Z,p)= 5 ‘;2 b—exp{—(p—az)To}]expL—Z | FI)DO }— p (:0 p exp(—ZJpRo/Do)
_ o L (p-
(1)
—[C- _&j exp(—ZJpRo/D0 )+(C- —ﬂJ exp(-U, 2/2D,)
Con) o (-8 S on) o (-8
Now, Applying inverse Laplace (12) and Equation (7) as (Van Genuchten

Transformation and back transformations
Equation (22), Equation (17), Equation

& Alves, 1982),

c(z,T) =ﬂ+[co —ﬂJF(z,T)J{ci —ﬂ]G(Z,T) 0<T <T, (32.9)
7 71 71
c@z T )=t co—ﬂJF(z,T)—coF(z,T—To)+[ci—ﬂJG(Z,T) D T>T, (32.b)
71 71 "
where
{Uo—(U§+4yl DO)%}Z I ) )y
RyZ-(U2+4y,D,)2T
F(Z,T)=£exp erfc| —2 ( 0 T 2o
2 2 D, 2Dy R, T
{UO+(U§+471 DO)%}Z I ) )y
RyZ+UZ2+4y,D,)2T
+£exp erfc| —2 +( 0 T8 2o
2 2 D, 2./Dgy R,T

RyZ-U,T | 1

71 1
G(Z,T)= — AT 1= Zerf
z,7) exp[ ) ]{ S C(

_ logl+ax) . logl+by)
a b

z

Solution obtained in Equation (32.a)
represents the solute concentration in the
presence of source, in the time domain t<t,
beyond this time the concentration values
are evaluated from the solution obtained in
Equation (32.b). The obtained solutions
have several application and extension.

0”0 |_Zexp Yo 7 lerfe
2,/DyR,T | 2 Do

t
, T=]1mvdt, Dy =D, +D,, ,Us=u +v, ~n(aDy, +bDy,)

RyZ +U,T

2/DoR,T

J}

Some known solutions are derived as
particular case from the obtained solution
of the present study. It accomplishes the
validation of the mathematical formulation
and analytical procedure obtaining the
solution.

If we put x=0,a=0,b=0andm=o0, in
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the Equation (32a, b) it has good
agreement to the result obtained by Yadav

C(Z,t) =C, F(Z,1)+C, G(Z,1)

et al. (2011) for two dimensional steady
flow solute transport and may be given as:

(33.2)
C(Z,t) =CyF(Z,t)~Cy F(Z,t —ty)+C; G(Z,1) ;> (33.b)
where

O<t<t,

2D, 2./Dy Ryt

{Uo_(U§+47’o Do)%}z 2 2
F(Z,t):%exp erfc ROZ_(UO 4% Do)y !

2 Dy 2./Dg Rt

G(Z,t) =exp _7/_0t l_lerfc M _lexp U_OZ erfc M
Ro 2 2/DyRot | 2 D

Z=x+Y,Dy =D, +Dy ,Ug=uy+Vq.

{U0+(Ug+470 DO)%}Z ) )y
Ry Z 4y, D, )2
+%exp erfc| —2 +(U° 470 Do/t

If we extend in x=0,y=0,a=0 and by Yadav et al. (2011) for one-dimensional

f(mt) =exp(-mt) in Equation (32a,b) it unsteady flow and may be written as:
shows good agreement with result obtained

C(x,T)=CoF(x,T)+C;G(x,T) ; 0<T<T, (34.9)
C(X,T)=CoF(X, T)-CoF(X,T —Tp)+C,G(x,T) ; T>T, (34.b)
where

{Uo_(Ung"'?’o Do)%}x 2 2
F(x,T)zéexp erfc Rox—(U0+470 DO)}/T

G(xT)=exp Slog 1—lerfc Rox=UoT —lexp XU erfc Rox+UqgT
Ro 27 | 2/DyR,T | 2\ Dy 2 JDoReT

T =i{1—exp(—mt)}, Dy =D, Ug=Uo.
m

{U0+(U§+47/0 DO)%}X 5 4
+%exp erfc R0x+(U0+47/0 DO)yT

If we put u4=0,a=0,b=0 and

with the result derived by Yadav et al.
f(mt) =exp(-mt) , in the Equation (32a,b),

(2011) for two-dimensional unsteady flow

the obtained result again fully matched and may be written as:
C(Z,T)=C,F(Z,T)+C,G(Z,T) ; O0O<T<T, (35.8)
C(Z,T)=CyF(Z,T)-Co F(Z,T-Ty)+C,G(Z,T) ; T>T, (35.h)
where
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F(z,T)= %exp

{UO —(Ug +4y, Do)%}z erfcli ROZ—(Ug +470 Do)% T ]

2 D, 2./Dg R,T

2 D, 2./Dy R,T

G(Z,T)=9Xp _7_0T _lerfc M _lexp ﬁz erfc M

Z=x+y,T =%{l—exp(—mt)}, Do =Dy, + Dy, , Ug=Ug +Vq.

{uo+(u§+4yo DO)%}Z 5 4
+%exp orfc ROZ+(UO+47/O DOVT

If we put parameters and variable again fully matched with the result derived by
n=-1,y=0,m=0and y=0, u=0,C; =0 , Kumar & Yadav (2015) for one-dimensional
in the Equation (32a, b) the obtained result steady flow and may be given as:

C(X,t)=Cy F(X,t) ; 0<t<t, (36.3)
C(X,t) =Cy F(X,1)=Cy F(X,t—1y) ; t>t, (36.b)
where

F(X,t):%exp

{UO _(Ug +4n DO)%}X erfC[Ro X _(Ug +4n DO)% t:l

2 D, 2./Dg Rt

{u0+(u§+4yloo)%}x ) A
+%exp erfc R0X+(UO+4;/1DO)}/t

2 D, 2./Dg Rot

X :M, Dy =Dy, Up=Up+aD,, 71 =7o—au

If we put the parameters and variable of the result obtained by Jaiswal et al.
n=1,m=0, R=1,y=0and =0 , in the (2011) for two-dimensional steady flow
Equation (32a,b), it shows good agreement solution and may be given as:
C(Z,t)=CoF(Z,t) +C;G(Z,t) ; O<t<t, (37.3)
C(Z,t)=Cy F(Z,1)—Cy F(Z,t —t5)+C; G(Z,1) ; t >t (37.b)
where

F(Z,t):lexp
2 2 Dy 2,/Dyt

UO—U§+4;/1DO)%}Z )y
{ ( erfe z-(u§+4y1DO 2 t

+—ex
5 p

{UO+(U§+471D°)%}Z z+(UZ+4y,D )%t
erfc 0 1 -0
2 D, 2/Dot

G(Z,t) =exp(—y;t 1—1erfc Z—Uot —lexp ﬁZ erfc Z+Uot
2 2Dt | 2 (Do 2/Dyt
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logl+ax) logl+b
Z= g(a ), g(b Y by =D, +D,, Up=tp +V,
If we put n=1,y=0,m=0 and

R=1,y=0,u=0,C, =0, in the Equation
(32a,b) it shows good agreement with the
result obtained by Kumar et al. (2010) for
one-dimensional steady flow solution with

~(@D,, +bD,),

71 =(aug +bvy)
continuous input concentration of uniform
nature and may be written as:

C(X,t)=CoF(X,1) (38)

where
t]

Uy -UZ+4y,D,)2 X
) { o~ g +an O)y} X—(U§+4yloo)}/2
F(X.0)=exp erfc
2 D, 2./Dyt
Ug+UZg+4y,Dy )2 X
{ 0 (0 n OV} X+(U§+471D0)%t
+=exp erfc
2 2 D, 2,/Dgt
log(l+ax
X:M, D0=Dx07 Uozuo—aDXO, 71 =aug.

a
If we extend m=0 in Equation (32a, b),
then two-dimensional solution for steady

C(Z,t):&+ Co _ﬂJF(Z,t)+[ i
71

_ﬁ%Gan
71 71

where

{u (u0 +4y D0

|

flow and continuous input concentration of
uniform nature may be given as:

(39)

Uo +47 Do)y

1
F(Z,t)=—ex
(Z,0)=5exp 7,

}rfc RO

Do RoT

.

Uy, +lUj +4 D
{ o+l 470, ROZ+(U0+4y1D0)yt
+=exp erfc
RyZ —U,t U RyZ +U,t
G(Z,T)=exp| - L1t [l1- L eric| Do 0 —lexp 20 7 lerfe| 02 -0t
logl+ax) logl+by)
Z= 2 + 5 yDg =D, +Dy Ug=Uy +vo—n(aD, +bD, ),

71 =70 +n(@uy +bvy) .
If we put a=0,b=0 andm=o0, in the
Equation (32a,b) it shows good agreement
with result obtained by Al-Niami &

C(z.1) :ﬂ{co —ﬂjlr(z,m(ci —&jo(z,t)
70 7o 70

czty=£4
Yo

(CO JF(Z t)-Cy F(Z,t— t0)+(C
70
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Rushton (1977) for constant coefficients
and may be written as:

0<t<t, (40.9)

0]G(z,t) Dot>t, (40.b)
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where

{uo —z+ay, Do)%}z

erfc

RoZ (U2 474Dy )2 t

1
F(Z,t) ==ex
(Z,1) = oxp T

{UO +(U§ +4y, DO)%}Z

+=exp erfc
2 2 D,

G(Z,t) =exp (— g_o ]{l - 23 erfc[M] _1 exp

0 2 /DgRet | 2
Z=x+Yy, Dy =D, +Dy ,Ug=uq +Vq

If we put y=o0 in Equation (32a,b) i.e. all
terms corresponding to y axis are taken to be
zero, the solution may be written in one-

2./D, Rt

f Ro Z +(UZ + 47, Dy ) 21

&

dimension for pulse type input point source
as:

2./D, Ryt

Z lerfc M

C(x,T):ﬂ+(c0 —&jF(X,T)+(Ci —&]G(X,T) 0<T <T, (41.2)
7 71 71
c(x,Ty=40 co—ﬂJF(x,T)—c0 F(X,T -Tp) +(ci —ﬂjo(x,T) D T>T, (41.h)
71 71 71
where
{UO—(U§+47/1DO)%}X ) A
F(X,T):lexp erfc ROX_(UO t4n DO)}/ T
2 2 D, 2./Dy R,T
{UO+(U§+4;/1DO)%}X ) 4
Lo oric R0X+(U0+4;/1DO)yT
2 2 Dy 2./Dy R,T

2

G(X,T)= exp[— g—lT}{l— %erfC[M] - 1exp

X - log(l+ax)
a

RESULTS AND DISCUSSIONS

The concentration values obtained from the
solution Equation (32.a) in the presence of
the source, in the time domain t<t, is
discussed graphically for a chosen set of
data taken from the published experimental
and theoretical literatures. The
concentration values c/c, are evaluated

assuming reference concentration as

62

Uo

|

— X Jerfc M

t
, T:Lf(mt)dt,D0=DXO Ug=Ug—naD, , y =y, +naug.

Cy=10 , in a finite domain along
longitudinal and transverse directions
0<x(m)<5 and 0<y(m)<3 respectively. The
medium is supposed to be heterogeneous
along both the directions. The source of the
input pollutant is assumed to be eliminated
at t,=6 day, beyond this time the
concentrations values evaluated from the
Equation (32.b). The obtained solution is
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demonstrated graphically with two forms
of ground water velocity namely sinusoidal
time varying velocity f(mt)=1—sin(mt)

and  exponential  decreasing  form
f(mt)=exp(-mt) . In ground water, water
level may demonstrate  seasonally

sinusoidal behaviour (Kumar & Kumar,
1998). In real scenario, the solute mass
dissipates in both directions longitudinal as
well as lateral direction but the dissipation
along the lateral direction may be much
less than in comparison to the longitudinal

Ry=LIS
D, =125 (m’/day),
. D, =0125 (m®/ day),
4 e
iy ii++ + +++++ m=01(day”).
IR o f(mt) = exp(-mt),
ettt 4t 4
087 e T
i+ tatt
o T g
06 et e
¢ T, Tl
ot Lt T R .
04 +
o PRI
ok ++¢++++**++
024 s t=2day SR e
It =5day 3
[J'?

Fig. 1(a): Comparison of solution Eq.(32.a), for

different time for exponentially decreasing velocity

f(mt)=expEmt).

Figure 1(a) and 1(b) are drawn for
exponentially decreasing and sinusoidal
form of velocity respectively at different
time t(days)=2 and 5 . In both figures it

reveals that concentration profiles at
particular  position for exponentially
decreasing form of groundwater velocity
are lower for smaller time and higher for
larger time, but in comparison to
sinusoidal form velocity the concentration
levels are higher for all time at the same

position. It also illustrates that in the
exponential form of velocity, the
rehabilitation process is faster than

sinusoidal form. In both form of velocity
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direction. Considering this fact lateral
velocity is considered one-tenth of
longitudinal.  The  common input

parameters are taken c,=1, C;=0.1 ,
a=0.01(m™?) , b=0.01(m™) :
U, =1.05(m/day) , vy =0.105(m/day) ,
7o =0.04(day™) and g, =0.0021(kg / m*day) .
The common input parameters for Figure
la, 1b, 2a and 2b are D, =1.25(m?/day) ,

D,, =0.125(m*/day) and m=0.1(day™").

Ry =115,

D, =125 (m?/day),

D,, =0.125 (m® / day).
=0.1(day™).

+ m ¥

gian & AR f(mt ) =1 —sin (mt),

n
4+
+
+
+
+
+
+

Fig. 1(b): Comparison of solution Eq.(32.a), for
different time for sinusoidal velocity
f(mt)=1-sin(mt).

the concentration at origin x=0and y=0
are equals to 1.

Figure 2(a) and 2(b) illustrate the effect
of various retardation factor R, =1.15 and
1.85 on the concentration profile at time
t =5 (day) and ground water velocities are
taken same as in Figure la and 1b,
respectively. In both form of velocity the
concentration profile are lower for higher
and higher for lower retardation factor. It
means that pollutant rehabilitate slowly for
higher retardation value.

The common input parameters values
considered for Figure 3a, 3b, 4a and 4b are
t=5 (day)and R, =1.15
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t =5day, ,

D, =125 (m"/day).

D, =0125(m?/day).
I U Yo ¥

Treuesd, !

m=01(day ).
++1_+++ + ++++ + 4 f(mt) =exp(—mt),
¥
0.5+ jnd‘:tt*;3+
AP drs
#*P&*+++++
0.6 A vty
o i +"+++
T trdad
° drrreddi
044 Frrre ity
+ T4+t
i+ + 4+ +
+++++++++++
12 1ERy=115 et
11 R=185 :
0

xm) —»

Fig. 2(a): Comparison of solution Eq.(32.a), for
different retardation factor for exponentially
decreasing velocity f(mt)=exp(-mt).

and Kumar, L. K.

t=iday.
D, =125 (m’/day)
Dy, =0.125 ('’ day).

T4+ 4 =
oy m=0.1(day™),
ot e f(mt) =1 -sin {mf),
T 4, {
0.8 4y
H e
et Tt
gt w1
0.8 +++ + +++ *
Qa -|+++++ ++++++++
© L Y
0.4 +++++++ #+++++++ +
+ +
FHA T e e 4
¥ Ry=1.15 P T
02 i Rp=11¢ +++++++++++
, + 1+
I Ry=185 3
0l 2
0 1 2 1 /
3 4 5 O

Fig. 2(b): Comparison of solution Eq. (32.a), for
different retardation factor for sinusoidal form of
velocity f(mt)=1-sin(mt).

t=S5dav, o
R, =115, =Sy,
m=0.1(day) sty 01y
+ o+ - . :
*i++ + o+ 4+ fimt) =exp(-mt), y *¢+4+14_1++++ il .=[E} 1.
T §t++++ N L4+ f{mt)=1-sm (mf)
MR $+*+++++++ ity
081 st g L fhhe sy
++++t#++++ ng ++3_+++++++++
0.8+ P LT vt
T &y ot
AT A+ i
071 At oo Faeiiifre,,
RS R T S
" 064 LT T T+ % FEESy ++
3 0e +7.+ + + +
7, T & PN,
e T Frres
+TL o+ 0.4 FHaat
054 + + F.
. +++++++ . 4+t
3 g 5 : —1 %% — A4
044 | $¥ Dw=125 Dy=0.125 ++++:+++ . o Du=1.25, Dy=0.125
- - + 404 | c o ros
031| T T Du=185 Dy=0.185 3 T T Dy=1.85, Dyp=0.185 3
025 2

Fig. 3(a): Effect of different dispersion coefficienton  Fig. 3(b): Effect of different dispersion coefficient

solute transport described by solution Eq.(32.a).
where f(mt)=exp(-mt).

Figure 3(a) and 3(b) demonstrates effect
of  different  dispersion  coefficient

D,, =1.25(m? / day),

D,, =0.125(m?/day) andp, -185(m?/day),
D, =0.185(m?/day) ~on  concentration
profiles at unsteady parameter

on solute transport described by solution
Eq.(32.a). where f(mt)=1-sin(mt).

m=0.1(day ) and ground water velocity

are taken same form as in Figure la and
1b, respectively. It reveals that for both
form of seepage velocity the concentration
levels are lower for lower and higher for
higher dispersion coefficient.
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t=>5day

Ro =115,

D,, =125 (m*/day),
Dy =0125 (m* /day).
+ f{mt) =exp (—mt).

0.8 +t
4

t
054 L

cic, >
-\‘1;+
T
++ %
)
A
¢++
+
HF
+

+ 4+
0.4 RGN
4 m=0.1(day™) +

11 m=0.3(day™)

0.2+

Am) ——

Figure 4(a): Effect of for different unsteady

parameter on solute transport described by solution

Eq.(32.a). where f(mt)=exp(—-mt).

t = to =6 day
R f’; ii + ¥f t=7day
06 L R T+ t=10 day
R R v, k
e o2 R e
R
o R REY
' + + Y B +
+ R T < i
+ + + + +
% R OL R R TRY oy
04+ L% 3o+ 1 +
= + hoF + 4
(4] * + Y
= T3
o + + ok +
0.3+ + L .
+ tr Ry =115,
N i D, =125 (m? /day).
o2 * "4_;_ * D, —0.125 (m?/day).
L m=0.1(day™).
p f(mt) =exp(—mt),
3
0.1 3
0 1 3 3 1
" — /r
yim)

xm) ———>=

Fig. 5(a): Comparison of solute concentration for

different time due to f(mt) =exp(—mt) described

by solution Eq.(32.b).

Figure 4(a) and 4(b) illustrate the effect
of various unsteady parameter
m(day ) =0.1 and 0.3 on the concentration
profiles at particular dispersion coefficient
D,, =1.25(m” /day), D, =0.125(m?/day) . It

demonstrates that concentration level at
particular position is lower for higher
unsteady parameter and higher for lower
unsteady parameter. This phenomenon
remains same for both form of velocity but
sinusoidal  form  of  velocity the
rehabilitation rate are faster than
exponential form.
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t=5day

R, =115,

D, =125 (m®/day).
D,, =0.125 (m” /day).
f(mt)=1—sm(mt),

i
++

-
+

084 trtb T

0.6+

CIC,

+
0.4 R A A

£ m=01(day’")

0.24 + +
11 m=03(day * ++++

Fig. 4(b): Effect of for different unsteady
parameter on solute transport described by
solution Eq.(32.a). where f(mt)=1-sin(mt).

t = tg =6 day
1% t=7day
s s T1 +=10day
+ o+ T+
% + o+
0.6 +, +  + +.+;.+
AR -t
R A T
+ ¥ ¥
5 *, Fo ot AR e
o R/ TR o R T
R T TR TS i & 3T
+ e+ T
+ P
+ v it
044 + + + e+t
g *, s M +
s + - + +
g 5 +
0.3 . Rp=115,
. D, —125 (m?/day),
_ + T+ D, =0125 (m>/ day).
024 & b a -
+ m=0.1{day"").
f(mt) =1—sin (mt), 3
0.1

Fig. 5(b): Comparison of solute concentration for
different time due to f(mt)=1-sin(mt)

described by solution Eq.(32.b).

Figure 5(a), 5(b), 6(a), 6(b), 7(a), 7(b) and
8(a), 8(b) are drawn for the solution in
Eq.(32.b) when pollutants are not entering in
the domain. Figure 5(a) and 5(b) are drawn
at different time t(day)=7 and 10 and rest

parameters and ground water velocity are
taken same form same as Figure 1(a) and
1(b), respectively. It reveals that near the
source boundary the concentration levels
initially increases for both form of
groundwater velocity up to certain distance
and then it deceases slowly with space.


www.sid.ir
www.sid.ir

Yadav, R. R. and Kumar, L. K.

t=10day,

) 1>10=5 day D, =125 (m’ /day).
t=10day. i1 Ro=115 D,, =0125 (m®/day).
D, =125 (m- /day). y, =0.125 ),

= A R 1t Ro—185 m=0.1{day™).
D, =0.125 (m~ /day). + o=18> Y=l N
¥ Y f(mt)=1—sm (mt)
m=01(day™")
fi{mt) =exp(—mt) .
+ +
+ o+ + t+ 4+
. + RS TR R *,_ 0.5 o ot
LRI ¢¢+ *y e et ey et " +I*+ DR
0.45 RPN TR R AARA g 0.5 PR i T
P R 4+t O T L
0.4 - 4 ++ .t +I + + ++++ **4_ +++ +* +I+# LN ++~+1r .
0.354 Lt * +++‘::+ . _ 04+ RS * +++++ . t o4
. + +p o+ +
¢ g3 ST+ FE g S e .
< + o+ g 03 o+ o+ +tr
e T Sl * ) S RN

o t = tg=6 day R RS
0.2 + - i
. T+ FE Ro=115 , 027+, -

4+
u.15: T 1 Ry=185 D1; 2
U.Ev 1 > 1
3 4 / 3 4 5 0
s 0 yim)
yim)
x(m) ——» *(m) 3

Fig. 6(a): Comparison of solute concentration for

different retardation coefficient due to

f(mt) =exp(—mt) described by solution Eq.(32.b).

Figure 6(a) and 6(b) are drawn at
different retardation factors at time
t =10 (day) and rest parameters and ground
water velocity are taken same form as
Figure 2(@) and 2(b), respectively. It
reveals that near source boundary the
concentration levels initially increases for
both form and then deceases slowly with
space, but for higher retardation factor the

Fig. 6(b): Comparison of solute concentration for
different retardation coefficient due to
f(mt)=1-sin(mt) described by solution

Eq.(32.b).

pollutants rehabilitates faster. At particular
position the concentration level near the
boundary is lower for higher retardation
factor and higher for lower retardation
factor in both forms of velocity but after
certain distance travelled from boundary
the concentration level is also lower for
higher retardation factor and higher for
lower retardation factor.

11 Du=185 Dy=0.185

t=10day.

t> tp=6 day _11=
. 710"_ T Ry=1.15, .
#4 Dw=125 Dyw=0125 m=01(day ),

f(mt) =1-sin (mt),

t = tp=06 day t =10day.
% Dum125 Dy=0125 R, =olil<; .
m=0. ¥
T Dy f(mt) =exp(—mt).
0.6+
+ +
4, +++ +++++ + +
3
054 I++ 4,
+, ‘*‘*+_'_++ ¥+ +++1_
EE L TR - T,
o+,
0.4 Hehy Tl +
5 AR "
oty Tt
o ++++ 4+,
0.2 PO
T T
4+, TTE T4
Ty T
i+t
0.2 :t** +
.
0.1 //""2- 3
T 1
! 2 3 4 50 L4
yim)

H{m) ————=

Fig. 7(a): Comparison of solute concentration for

different dispersion coefficient due to

f(mt)=exp(—mt) described by solution Eq.(32.b).

o F
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Fig. 7(b): Comparison of solute concentration for
different dispersion coefficient due to
f(mt)=1-sin(mt) described by solution Eq.(32.b).
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Figure 7(a) and 7(b) are drawn at various
dispersion  coefficient D, =1.25(m? /day) ,

D,, =0.125(m*/day) and D, =185(m’/day),
D, =0185(m*/day) on  concentration
0

profiles at particular timet =10 (day)and rest
parameters and ground water velocity are

t=10day
t = to=06 day Ry =115,
5 - -1 z 2,
¥¥m=0.1(day™) Dy, =125 (m” /day).
/ -1y D, =0125 (m~ /day).
11+ m=0.2(day™) %o ¥)
J f(mt ) =exp (—mt).
0.6+ .
+ 3
+ o+ i + 4
ot +
0.5+ "4. 4 +++;_ 'ES- ++ + +
T, T AR TR h % 4
R R T R
Oy IR A 4
04| LA *t o+ +
+ o+ 3 ++ +
& + + o F T
5 e+ o
Y Yot
0.3 . + 4 £
+ .
+% %
+ o+
+* +
02+ 1 Y
+
3

x(m) ————

Fig. 8(a): Comparison of solute concentration for

different unsteady parameter due to

f(mt) =exp(—mt) described by solution Eq.(32.b).

Figure 8(a) and 8(b) are drawn at
various unsteady parameter m(day ) =0.1
and 0.2 on concentration profiles at
particular time t=10(day) and rest

parameters and ground water velocity are
taken same form are same as Figure 4a and
4b, respectively. It reveals that near the
source boundary the concentration levels
initially increases up to certain distance for
both function then deceases but decrease
level of concentration are lower for higher
unsteady parameter. This phenomenon
remains same for both form of
groundwater velocity but sinusoidal form
of velocity the rehabilitation rate are faster
than exponential form. It is ascertained that

C(Z,T)=&+(CO—&]F(Z,TH(Q—&jG(Z,T) . 0<T<T,

71 71 71
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taken same form as Figure 3a and 3b,
respectively. It reveals that near the source
boundary the concentration levels initially
increases for both functions and after some
distance travelled it deceases but decreasing
levels of concentration are lower for lower
dispersion coefficient.

t =10day
Ry =115

D, =125 (m®/day).
D,, =0.125 (m* /day)

t = 1p=06 day
TEm=0.1(day™)

+ m=0.2(dav ! .
TT m=0.2(day") f(mt ) =1—sin (mt),
0.7 o P
+
e T S T
+ 4+ 1 + +
0.6 + t¥ AP .
AL A ¢1t+ o T s
0.5 AR ¢¢++ PSS
+ o+ + + + 4+ 4+
4 * + EUR AL PRI
P T .+ L+
(8] + + + + +T Tt
o + + ot
0.3 +  * +r et
+ * PR
oz * + + +
-
014 2
N T /2
] P T - 1
4 5 0
yim

Fig. 8(b): Comparison of solute concentration for
different unsteady parameter due to
f(mt)=1-sin(mt) described by solution
Eq.(32.b).

the contaminant concentration decreases in
both longitudinal and lateral directions
with time and distance travelled in
presence of source contaminant. While in
the absence of source contaminants, it
increases and goes on increasing which
arrive towards maximum and then starts
decreases and goes on decreasing which
arrive towards minimum or harmless
concentration. This decreasing inclination
of contaminant concentration with time and
distance travelled may help to rehabilitate
the contaminated ground water table.

The derived mathematical model can be
extended in three dimensions which may
be given by Equations (42.a, b) as

(42.a8)
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c@z =40, CO—&jF(Z,T)—COF(Z,T—T0)+(Ci—ﬂJG(Z,T) D T>T, (42.b)
71 71 71
where
{UO—(U§+47/1DO>%}Z ‘ , y
F(Z,T):lexp erfc ROZ_(U°+471DO) T
2 2 Dg 2,/Dg R T
Uy +WUZ+4y,D,)2}2
{ o +lud +an O)y} RyZ +(U2 + 47, D, V2T
+=exp erfc
2 2 Dy 2,/Dy RT

G(Z,T):exp _ﬁ _lerfc M _lexp
RO 2 2 DoRoT 2

_log(1+ax) . log(L+by) N log(l+cz)
a b c ’

t
T=[f(mdt, Do =D, +D, +D,,

z

ﬁz erfc M
DO 2 DO RoT

Ug=Ug +Vg +Wo —n(@D,, +bDy +cD, ) , 1 =0 +n(auy +bvy +cwy).

where new notations D, , w, and ¢

represents initial dispersion coefficient,
unsteady uniform seepage velocity and
heterogeneity parameter respectively, along
the direction perpendicular to both
longitudinal and transverse directions or
water table.

CONCLUSIONS

This study mainly concerns the development
of a new analytical solution of the advection-
dispersion equation in two-dimensions by
taking into account a semi-infinite porous
domain and a point-like injection, with a
variable dispersion coefficient for non-
reactive contaminant transport. The pulse
type boundary conditions are considered in
the aquifer system. Due to the effects of the
boundary condition and flow velocity, the
amount of solute retained decreases with
time and position. The solutions are obtained
for sinusoidal and exponential decreasing
form of velocity which represents the
seasonal pattern in tropical regions.
Analytical solution for this hypothetical
scenario, which is based on the assumption
that the contaminant is distributed
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exponentially decreasing function of position
throughout the domain, can be used as a
benchmark tool for analytical analyses and
may helpful to predict the concentration
levels at space and time which may help to
reduce/eliminate the concentration. Some
known solutions are derived as particular
cases from the solutions of the present paper.
It accomplishes the validation of the
mathematical formulations and analytical
procedures obtaining the solutions. The
obtained solutions show a good applicability
to real cases of solute transport phenomenon.
An analytical solution is very important and
economical because it provide better
physical insight into the water and solute
transport phenomenon and it is also needed
as validation test for numerical schemes. The
analytical solutions developed in the present
study are apropos to more general
hydrological conditions influencing the
solute transport in groundwater originating
from pulse type input point sources.
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