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Abstract. Linear assignment problem is one of the most important practical
models in the literature of linear programming problems. Input data in
the cost matrix of the linear assignment problem are not always crisp and
sometimes in the practical situations is formulated by the grey systems theory
approach. In this way, some researchers have used a whitening technique
to solve the grey assignment problem. Since the whitening technique only
provides a crisp equivalent model and does not reflect the evolutionary
characteristics of a grey set, it cannot keep the uncertainty properties in an
interval involving the optimal solution. Based on these shortcomings, in this
paper a new direct approach is introduced to solve linear assignment problem
in grey environments. For preparing the mentioned method, some theoretical
results are given to support the methodology. Finally, a numerical example
will be solved to test the validity of the proposed method. Based on the
suggested methodology, we emphasize that the same approach can be used

whenever any linear programming model is formulated in grey environments.
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1 Introduction

The assignment problem refers to a special class of linear programming problem where the
objective is to assign a number of resources to an equal number of activities on a one-to-one
basis to minimize total costs of performing the tasks or maximize total profit of allocation
[24]. Assignment problem is used worldwide in solving the real world problems. An assignment
problem plays an important role in industry and other applications. In an assignment problem,
n jobs are to be performed by n persons depending on their efficiency to do the job. In this
problem, c;; denotes the cost of assigning the j* job to the i'" person. We assume that
one person can be assigned exactly one job; also, each person can do at most one job. The
problem is to find an optimal assignment so that the minimum is the total cost of performing
all jobs or the maximum is total profit [21]. The assignment problem is to resolve the problem
of assigning a number of origins to the equal number of destinations at a minimum cost or
maximum profit. It can assign persons to jobs, classes to rooms, operators to machines, drivers
to trucks, trucks to delivery routes, or problems to research teams, etc. [26]. There are many
other applications of the linear assignment problem, e.g., in locating and tracing objects in
space, scheduling parallel machines, inventory planning, vehicle and crew scheduling, wiring of
typewriters, etc. To find solutions to assignment problems, various algorithms such as linear
programming [20], Hungarian Algorithm [13], Neural Network [12] and Genetic Algorithm [4],
have been developed. Authors have proposed different methods to handle different types of
assignment problems. In this context, Albrecher [1] introduced an asymptotic behavior of
bottleneck problems and Aldous [2] studied asymptotes in the random assignment problem.
Many authors in different approaches [3] have analyzed quadratic assignment. Pardalos and

Pitsoulis [23] developed some works on nonlinear assignment problems.

Recently, the fuzzy generalized assignment problem has become very popular because data
may not be known with certainty in the real life. Therefore, to consider uncertainty in the
real life situations, fuzzy data are more advantageous [25] than crisp data. As a different
model for uncertainty representation, professor Julong Deng [10] proposed grey systems theory
in 1982 [11]. The grey systems theory focuses on the study of such uncertain systems with
partially known and partially unknown information whose matters of the characteristics of poor
information are seen as its research subjects [14]. By combining the grey systems theory with the
principle and method of linear assignment problem, the linear assignment model is established
based on the grey systems theory. Bernardo and Blin [8] developed linear assignment method
as a compensatory model of consumer choice among multi-attribute brands. This method is
further extended and applied in some multi criteria decision-making problems [6]. Bai [5] showed
some methods for solving the grey assignment problems. There are some special methods for
solving a grey assignment problem. So, we can obtain the whitened value of the grey optimal
value of the grey assignment problem and the semi-optimal value, such as the cost of assignment
worker ¢ to job j is given by the time sequence or determining the whitened value of the grey
cost which is difficult. Hence, for overcoming the obvious shortcoming discussed above, here we

propose a direct approach for solving the grey assignment problem based on grey arithmetic.
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We emphasize that the proposed method is easy to understand and apply it for finding an
optimal solution of assignment problem occurring in the real-life situation.

The rest of the paper is organized as follows. Some necessary backgrounds and definitions
to the grey systems theory, which are needed in the next sections, are presented in Section 2.
A definition of the grey linear assignment problem is given in Section 3 and then the proposed
approach and its related issues are explained. An algorithm to solve the grey assignment
problem based on grey arithmetic by using Hungarian method is proposed in Section 4. In
Section 5, a numerical example is solved by the proposed procedure. Finally, Section 6 consists

of conclusions.

2 Notations and Preliminaries

In this section, some definitions, notions and results are introduced which are useful to our
further consideration of grey systems theory and to arithmetic on the grey numbers calculus as
a tool for solving the grey assignment problem [14, 15, 16, 17, 18, 28, 29, 30].

2.1 Grey system theory and grey numbers

Grey system theory is one of the convenient tools as well as fuzzy set theory, which is used
to study uncertainty, being superior in the mathematical analysis of systems with uncertain

information.

Definition 1. A grey system is defined as a system containing uncertain information presented

by a grey number and grey variables.

Definition 2. Let X be the universal set X = R, the set of all real numbers. Then grey system
G of X is defined by two maps 7ig;(2) and p (), where fig(z) : X — [0,1] and p,(2) : X —
[0,1], p,(z) < Rg(x), where Fig(2) and p () are the upper and lower membership functions
in G, respectively.

Remark 1. When fig(z) = p,(z), grey set G becomes a fuzzy set. Thus, the grey theory
considers the condition of the fuzziness and can deal with the fuzziness situation.

Grey systems theory introduces the concept of interval grey numbers. Grey numbers are
regarded as the basic unit of grey systems to participate in the construction of grey model. It
plays an important role in grey system theory [27]. Let X denote a closed and bounded set
of real numbers. Grey number is the basic unit of the grey system and the operations of grey
numbers are different from regular interval numbers. Interval number refers to a special one in

grey number conception terms [29]. It is easy to prove the following results.

Definition 3. A grey number is a number with clear upper and lower boundaries, yet with

an unknown position within the boundaries. A grey number in the system is expressed mathe-
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matically as ®x € [z,T] = {& <t < T} where ®x is a grey number, ¢ is information, z and T

are the lower and upper limits of the information [9].

There are several types of grey numbers (See [17]), but the interval grey numbers are
considered here as the convenient kind in the literature among them. In fact, the grey number
is a number whose exact value is unknown, but a range within which the value lies in is known
[16].

Definition 4. Interval grey number is the number with both lower limit x and upper limit z:
Qz € [z,T].

Definition 5. (Black and white numbers)When ®z € (—oo, +00), i.e., when ®z has neither
an upper limit nor lower limit or the upper and the lower limits are all grey numbers, ®x is

called a black number. When ®z € [z,7] and z = T, Q@ is called a white number.

In the rest of the paper, we consider interval grey numbers; for the sake of simplicity, we

hasve shortly called it grey number.

Remark 2. We denote the set of all grey numbers by R(®). We also show an element of R(®)
that is ®z € [z, 7] by [z, T]q-

Remark 3. The transformation of an interval grey number to the appropriate crisp value can
be done by using the whitening function, which can be shown as ®G = AT + (1 — \)z with as
whitening coefficient and A € [0, 1] (See [17]).

2.2 Grey degree and kernel

In this subsection, the concepts and definitions are taken from [22, 28, 30].

Definition 6. Suppose that the grey number ®x € [z, T], where x < T, in the case of the lack
of the distributing information about the values of grey number ®x, if a grey number ®x is

- 1
continuous, then ®z = 5@ + ) is called kernel of grey number ®z.

Definition 7. Suppose that the background, which makes grey number ®x come into being is
Q and p(®2) is the measure of Q, then ¢g°(®x) = p(®x),/u(Q) is called the degree of greyness
of grey number ®x (denoted as ¢°).

Definition 8. Let @z and ¢g°(®x) be respectively the kernel and the degree of greyness of a

grey number ®z. Then, ®z = <§§m(go) is seen as a simple form of grey number ®zx.

The main arithmetic operations can be defined in a simple form of the grey numbers. Let
®1x(go) and ®§x(go) be two simple forms of grey numbers. The following operations can be
defined:

®12(g9) + @20 (gg) = (R12 + @) (g5vgs5)

®1T(g9) — B2 (g3) = (R17 — ®22)(g3v3)
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Proposition 1. For grey numbers, there is a one-to-one correspondence between the simplified

forms @z = ®z(go) and grey numbers ®x € [z, T| where z < 7.

Based on the simplified form ®x = ®x(go) of grey numbers, we can obtain the following

properties of the arithmetic operations of grey numbers:
®1x(gf) = ®§x(gg) = @17 = ®ox and ¢°(®17) = ¢°(®91)

With the increasing development of grey system theory in various scientific fields.and the need
to compare grey numbers in different areas, ranking of grey numbers plays a very important
role in decision-making and some other grey system applications. Several strategies have been
proposed to rank grey numbers. In this paper, we reviewed a recent ranking method, which
will be useful for the researchers who are interested in this area.

Definition 9. For any grey number ®x we have ®x — ®x = ®0.

Definition 10. Suppose that ®x and ®y, are two grey numbers and ®% and ®q are the kernel
of ®z and ®y, respectively, ¢°(®z) and ¢°(®y) are the degrees of greyness of ®z and ®y,
respectively. so

if % < ®y then Rz <g u;

if & = ®7y then

if g°(®2) = g°(®y) then @z =g ®y;
if ¢°(®x) < ¢°(®y) then ®x >¢ Vy;
if ¢°(®x) > ¢°(®y) then Rz <g Ry.

Now, we are established a direct approach to solved a grey assignment problem.

3 Grey Assignment Problem

In this section, we give some essential concepts and definitions, which are taken from [5, 6, 7,
19, 26]. Let there be n jobs and n persons available with different skills. Assume that each
person can do each work at a time, though with an unreliable grade of efficiency. If the grey
cost of doing the j** work by the i*" person is ®cij,1,5 = 1,2,...,n. Now the problem is which
work is to be assigned to whom so that the grey cost of completion of work will be minimized.
The grey assignment problem with grey cost is represented in Table 1.

It is assumed that the cost of assigning worker 7 to job j is a grey number ®c;j,7,7 =

1,2,...,n, and the grey assignment problem is
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Table 1: Cost matrix of the grey assignment problem

works /persons 1 2 .. i . n
1 ®c11 ®c12 e ®cyj . RcCln
2 ®c21 ®c22 e ®c; . Rcan
i ®ci Xci2 e ®cij . RcCin
n ®cn1 &cn2 e RCnj _ RCnn

min  ®Z =gy ., Z;;l ®CijTij
subject to: 0wy =1, i=1,2,.0m,

Z?:lxij:L j:1,2,...,n,

x5 =0o0r1 ,i,j=12,..:,n,

where x;; = 1 if the i'" person is assigned the j" work and z;; = 0 if the i'" person is not
assigned the j** work with the restrictions.

If grey number ®c;; € [c;;,Cij], ¢;; < Cijy then the following assignment problem (2) is said

to be a lower limit assignment problem of the grey assignment problem (1):

min Z =Y, E;}Zl Cijij
subject to : Z?:l ri; =1, i=12...,n,
Srimy=1,j7=12...,n,

zi; =0 or 1 ,i,7=1,2,...,n.

The following assignment problem (3) is said to be an upper limit assignment problem of

the grey assignment problem (2).
min  Z =331, 30 CijTi
subject to : Z?’:l zi; =1, i=12...,n,

Srimy=1,j=12...,n,

zi; =0 or 1 ,i,7=1,2,...,n.

Theorem 1. In the grey assignment problem (1), if the optimal values of (2) and (3) are «
and [ respectively, then a < .
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Proof. Tt is straightforward as given in [6]. O

Definition 11. Suppose that in a grey assignment problem, the number of rows (persons) is

equal to the number of columns (works); then this problem is the balanced assignment problem.

Theorem 2. Let a and S be the optimal values of (2) and (3) respectively, if x?j =

(@9y,...,29,,29,,...,2%,) is a synchronal optimal solution to the grey assignment problem

(1), then for every ¢, 0 < ¢ < 1, x?j is also an optimal solution to the following assignment

problem.

subject to: 30 wij =1, i=1,2, .y,
Y wi;=1,5=1,2,...,n,

zi;=00r1 ,i,7=12,...,n
The optimal value of assignment problem (4) is equal to o+ t(8 — «).
Proof. Tt is straightforward as given in [6]. O

Definition 12. Let grey number ®c;; € [a, 8] be a grey optimal value of the grey assignment

problem (1). If for some n x n real numbers ;;, Cii < vij < Cijyt,J = 1,2,...,n, there exists
0 _ (.0 0 .0 0 0 no0 _ noo0 1 s
T3 = (@15 Tl To1s oo Ty ), Ty 2 0, 300 g, = 1, 35 2, = 1,4, = 1,...,nsuch that

a<> Z?Zl %jx% < [B'then x?j is said to be a semi-optimal solution to the grey assignment
problem (1) and 7L, >0 Yijad; is said to be the semi-optimal value corresponding to the
semi-optimal solution.

Theorem 3. A balanced grey assignment problem always has semi-optimal solutions and grey

optimal value.
Proof. See [6]. O

It is easy to see that the grey assignment problem is not only suitable to study static,
but also suitable to study dynamic assignment problems. The solution to the grey assignment
problem is fundamentally based on the following two theorems.

Theorem 4. The grey assignment minimizes the total grey cost of the new grey cost matrix; it
also minimizes the total grey cost of the original grey cost matrix. If the addition (subtraction)
of a constant grey number to an every grey element of a row (or column) of the grey cost
matrix ®c;; ,then the results of the new assignment problem are the same as the previous

optimal solution.

Proof. Let x;; = X;; minimizes the total grey cost:
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®Z= ZZ QCijTij (5)

i=1 j=1

over all z;; > 0 and

n n
dwy =Y x;=1 (6)
i=1 j=1
It is shown that assignment x;; = X;; also minimizes the new total grey cost
®Z = Yy Y (®ci; — @u; — @uy)ay

For all 4,5 = 1,2,,n, where ® 7 and ®Z are grey constants subtracted from the i** row and

the j* column of the cost matrix ®C;y;. To prove this, it may be written as

®Z = 351 Do ®CijTij — Doy QUi Y5y Tij =005 ®V; D Ly Tij

using equations 5 and 6, we get

n n
®Z:®Z—Z®ui—2®vj (7)
i=1 j=1
The terms that are subtracted from ®Z to present ®Z are independent of z;; and it follows
that ®Z is minimized whenever ®Z is minimized, and conversely. O

Theorem 5. If x;;,%,j = 1,2, .4,n is an optimal solution to an assignment problem with cost
®c;;, then it is also optimal for the problem with cost ®¢;; when

1)®c;; = @65 for i,j =1,2,...,n5.# k

2) ®c;j = ®@¢;; — ®a where ®a is a grey constant.

Proof. We have

®Z =31 Y ®é;mi
= 21 (X k ®Cis + ®in) T
= 21 (X ak ®Eij + @Cik — ®a)zi;
= Dlis1 21 ®CiTij — ®a Y T
=®7 — ®a.

Thus, if z;; minimizes ®7, ®Z is also minimized. O

Theorem 6. If all ®c;; > ®0 in an assignment problem with the cost ®c;;, then a feasible

solution x;; which satisfies Z?:l Z;-lzl ®cijri; = ®0 is optimal for the problem.
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Proof. Since all ®@c;; and z;; > 0, objective function >, Z;Lzl ®c;;7;; cannot be negative.
The minimum possible value that ®Z attained is zero. Thus, any feasible solution z;; that
satisfies > i D07 @cijai; = @0, will be optimal. O

Now based on the above theoretical discussion, we are going to present the solution method

in the next section.

4 Solving Process

To solve the assignment problems there are different methods. Among them, Hungarian method
[13] is simple and easy to understand. The Hungarian method is an algorithm which finds
an optimal assignment for a given cost matrix. In this section, an algorithm to solve grey
assignment problem with grey arithmetic by using Hungarian method is proposed. For obtaining
the minimum total grey cost, we use Algorithm 4.1 which is established as follows.

4.1 Algorithm: The main steps of algorithm

Assumption. Suppose that an assignment. problem, which is formulated in grey environment,
is given to solve.

Stepl: First test whether the given grey cost matrix of a grey assignment problem is a
balanced one or not. If balanced then go to step 3.

Step2: Introduce dummy rows or columns with zero grey costs so, as to form a balanced
one.

Step3: Find out the kernel'and the degree of greenness of a grey number for the simplest
form of each jury number in the cost matrix as mentioned in section 3 and obtain the minimum
grey number- of each row according to Definition 10.

Step4: Subtract the minimum grey number in each row from all the entries of its row by
using the grey arithmetic to get the reduced grey cost matrix.

Step5: Obtain the minimum grey number of each column according to Definition 10 and
subtract these grey numbers of the reduced grey cost matrix from those columns which have
no grey numbers containing zero from all the entries of its column to get the first modified grey
cost matrix.

Step6: Draw the minimum number of horizontal and vertical lines through appropriate
rows and columns so that all the grey numbers containing zero of the cost matrix are covered
and the minimum number of such lines is used.

StepT7: Test for optimality: If the minimum number of covering lines is equal to the order
of the cost matrix then optimality is reached and then stop.

Step8: Determine the smallest kernel value of the grey number, which is not covered by
any lines. Subtract this entry from all uncrossed elements and add it to the crossing having a

grey number containing zero and then go to step 6.


www.sid.ir

24 A New Approach for Solving Grey ... / COAM, 2(1), Spring-Summer 2017

5 Numerical Example

In this section, for an illustration of the above approach, a numerical example of the grey
assignment problem will be solved based on the proposed method.

Example 1. Let us consider a grey assignment problem with 3 rows representing 3 jobs, Ji,
Jo and J3 and 3 columns representing 3 persons A, B and C. Cost matrix ®c;; is given which
is grey numbers. The problem is to find the optimal assignment so that the total cost of job

assignment becomes minimum. Cost matrix ®c;; is shown in Table 2.

Table 2: Cost matrix with grey entries

works /persons 1 2 3
A [2,6]c [7,12]¢ [4,8]a
B 8, 13 10, 15]¢ [5,10]¢
C 2,6]¢ 6,10]¢ 9,12

Find out a simple form of each grey number in the cost matrix based on the kernel and the

degree of greenness. Determine minimum grey number of each row in the cost matrix.

Table 3:_Simple form of grey number in cost matrix

works/persons 1 2 3 minimum of row
A 40,08 9.50.1 60.08 40.08
B 10.50.1 12.501 7.50.1 7.50.1
a 40.08 80.08 10.50.06 40.08

Subtract the minimum grey number of each row from all the entries of its row to get the

reduced grey cost matrix.

Table 4: Reduced grey cost matrix

works /persons 1 2 3
A ®0 [17 10]@ [_27 6]G
B [—2,8]¢ [0, 10]¢ ®0

c ®0 [0,8]¢ 3,10]¢
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Subtract the minimum grey number of each column of the reduced grey cost matrix from

all the entries of its column to get the first modified grey cost matrix.

Table 5: First modified grey cost matrix

works/persons 1 2 3
A ®0 5.50.18 20.16
B 30.1 90.1 ®0
C ®0 40.16 6-50.14
minimum of column ®0 4016 ®0

Draw three vertical lines to cover all the grey numbers containing zero of the first modified

grey matrix.

Table 6: Optimal assignment matrix

works /persons 1 2 3
A ®0 [—7,10]¢ [—2,6]¢
B [—2,8]¢ [—8,10]a ®0
c ®0 ®0 3,10]¢

Since the minimum number of covering lines is equal to the order of the cost matrix, then
solve it by Hungarian method to get the optimal solution as follows: optimal assignment as A,
B, C persons are assigned to 1, 3, 2 jobs, respectively. Also, the optimum assignment cost as

follows:

®z =¢ [2,6] + [5,10] + [6,10] =¢ [13,26].

According to Table 7, an optimum assignment cost of the lower limit assignment problem

is 13 and optimal assignments as A, B, C persons are assigned to 1, 3, 2 jobs, respectively.

According to Table 8, we get an optimum assignment cost of the upper limit assignment
problem as 26 and optimal assignments as A, B and C persons are assigned to 1, 3 and 2 jobs,

respectively.
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Table 7: Lower limit assignment problem

works /persons 1 2 3
A 2
B 8 10 5
C 2 6 9

Table 8: Upper limit assignment problem

works/persons 1 2
A 6 12
B 13 15 10
C 6 10 12

6 Conclusion

In this paper, we investigated a practical problem, which was formulated in grey environments.
We observed that the grey kind of ambiguity of parameters is concentrated in a convenient
linear programming model such as assignment problem. Unlike the existing method for solving
these problems,<in this study, we suggested a new approach that can solve the grey linear
assignment: problem directly without converting it to a classical equivalent crisp model. In
particular, the mentioned approach keeps greyness of all parameters in the solving process. We
finally emphasize that the given approach can be also used for other convenient models, such
as Transportation, Network Flows and assignment problem in the grey environment, which is

discussed in the paper.
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