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The overall mechanical properties of composite materials are dependent on the
mechanical response of individual constituents and their interactions while they
may be relatively easy to determine. This paper represents a simulation

process by which the cyclic stresses and fatigue loadings on its constituents could be
predicted for an under fatigue loading lamina. Hence, the unidirectional composites
fatigue would be studied through its constituents. The proposed model introduces a
new coupled stiffness/strength technique by relating lamina stiffness to the stress field
in its constituents. Therefore, the stress field and strength considerations in its con-
stituents could be studied when the lamina stiffness is determined by a non-destruc-
tive process. For representing a complete description of the constituents’ properties
and their interactions, the effect of fibre/matrix interface debonding was introduced
into the model. A number of experiments are conducted to verify the simulated rela-
tions. The comparison of theoretical and experimental predictions shows that the
results are satisfactorily in good agreement.   

INTRODUCTION
Fibrous composites are finding
more and more applications in
aerospace, automotive, and naval
industries. They have high stiffness
and strength to weight ratio and
good rating in regards to life time
fatigue. On the other hand compos-
ite materials are anisotropic and
their fatigue behaviours are very
different from those behaviours

exhibited by conventional materi-
als. This is due to the damage
process in composites which is sig-
nificantly different from that
observed in homogeneous and
isotropic materials. Therefore, it is
necessary to determine the relevant
mechanical material response. The
fatigue response of composite
materials has been a subject of
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stiffness degradation; 
interfacial efficiency; 
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active research in recent years. Four main damage
modes have been observed in composites under
fatigue loading: fibre/matrix debonding, matrix crack-
ing, fibre fracture, and delamination [1].

To attain more efficient use of composite materi-
als, damage models and life time prediction method-
ologies need to be improved continuously. based on
the classification of fatigue criteria by Sendeckyj the
fatigue models and life time predictions methodolo-
gies can be classified in four major categories: the
macroscopic strength fatigue criteria, the criteria
based on residual strength, and those based on resid-
ual stiffness, as well as the criteria based on the actu-
al damage mechanisms [2].

In the last two decates, through the modelling of
strength degradation, Charewicz et al. have assumed
that the rate of reduction of residual strength is a func-
tion of life fraction [3]. Also Hahn et al. have pro-
posed a model based on the assumption that residual
strength degradation rate is inversely proportional to
the residual strength [4]. A power law function of the
number of cycles is assumed for the residual strength
by Reifsnider et al. [5].

In stiffness degradation modelling, Hwang et al.
have proposed a model to evaluate the life time pre-
diction by using the stiffness degradation in a maxi-
mum strain failure criterion [6]. Sidoroff et al. have
proposed a model for damage growth rate, where the
damage variable is related to stiffness degradation [7].
The model was applied to the stress results from three
point bending tests on glass/epoxy unidirectional
composites under fixed load amplitude. Vieillevigne
et al. have been adopted the model of Sidoroff and
Subagio in terms of stress amplitude instead of strain
amplitude [8]. 

Kawai has modified the model for off-axis fatigue
of unidirectional carbon fibre reinforced composites
[9]. Withworth has proposed a residual stiffness
model for graphite/epoxy composites as a function of
the ratio of applied cycles to fatigue life [10]. Yang et
al. have developed a residual stiffness model for fibre
dominated composite laminates [11]. They have also
derived a statistical distribution of residual stiffness
[12]. Indeed the model has been extended for matrix
dominated composites which was applied to the
fatigue behaviour of [±45] graphite/epoxy laminates.
Also, Bröndsted et al. have extended stiffness reduc-

tion to life time prediction [13].  
The predictions were based on experimental obser-

vation from wind turbine materials subjected to con-
stant amplitude loading, variable amplitude block,
and stochastic spectrum loading. Van Paepegem et al.
implemented the model of Sidoroff and Subagio into
a commercial finite element code [14]. To each gauss-
point was assigned a state variable “D” which was
related with the longitudinal stiffness loss. Shokrieh et
al. have modified the residual strength model present-
ed by Harris et al. and proposed a similar model for
residual stiffness model as a function of number of
cycles, applied maximum stress, and stress ratio in a
normalized form [15].

Most of the proposed residual stiffness models are
not valid in all three stages of stiffness degradation,
especially if the stage of final failure is concerned
[16]. In the residual stiffness approach, fatigue failure
occurs when the modulus has degraded to a critical
level which has been defined differently by many
investigators. Therefore, to simulate the final failure,
the strength properties must be included. On the other
hand, destructive tests must be conducted for deter-
mining the residual strength of a lamina hence; vari-
ous samples must be examined at different cycle num-
bers. Since the samples are not completely the same,
there will be inherent dispersions in the test results
and determination of the residual strength degradation
behaviour. Therefore, coupling of these two approach-
es will be very useful and important in utilizing their
advantages and removing the difficulties associated
with each of them.

There are limited research works in the literature
for stiffness/strength coupled models to use the stiff-
ness degradation behaviour as a non-destructive
fatigue parameter to overcome the final failure instant
determination problem. Subramanian et al. have stud-
ied the concept of stiffness degradation behaviour
[17]. They have shown that stiffness degradation
could be quantitatively related to the residual strength
of composite laminates through various models based
on the observed damage. They have also used a
micromechanics model in conjunction with the criti-
cal element scheme to predict the tensile fatigue life
of laminated composites including the influence of
fibre/matrix interface. This is one of the first known
successful attempts to model the effect of fibre/matrix
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interface on the tensile fatigue behaviour of compos-
ite laminates through stiffness/strength coupling.

Van Paepegem et al. have proposed a new coupled
approach of residual stiffness and strength [16]. The
stiffness/strength coupling is provided by introducing
a modified static failure criterion and a macroscopic
measure for damage in which composite material
strength values are directly obtained from experi-
ments on the lamina. Hence, the fatigue behaviour
models can be classified in three major categories:
fatigue life models; residual stiffness/strength models;
fatigue damage modelling [18]. 

Fibre/matrix interface controls stress transfer
between fibres and matrix, stress redistribution and
hence mechanism of damage accumulation. It is
shown that poor fibre/matrix bonding quality pro-
duces composite materials with poor mechanical
properties [19]. Several studies have been conducted
in recent years to determine the influence of
fibre/matrix interface on the performance of fibre
reinforced composites. The results of these studies
show that interface affects composites toughness,
strength, stiffness, fatigue resistance, and environ-
mental stability [20-22]. In these investigations fibre
surface treatment and fibre sizing have been consid-
ered to produce different levels of interface properties.   

Afaghi-Khatibi et al. have investigated the effects
of fibre/matrix interfacial adhesion on the fatigue
residual strength of notched polymer matrix compos-
ite laminates [23]. They showed that the fatigue life of
notched cross-ply laminates is sensitive to the level of
adhesion between fibre and matrix. Gassan has stud-
ied the influence of interphase properties on the
fatigue behaviour of composites [24]. The composites
used were made of flax and jute yarns and wovens as
reinforcements for epoxy resins, polyester resins, and
polypropylene. High level of moisture absorption,
poor wettability by non-polar plastics and insufficient
adhesion between untreated fibres and the polymer
resin in these natural fibre composites can lead to
fibre/matrix debonding with aging.

Experimental studies have demonstrated the effect
of fibre/matrix interface on the fatigue behaviour of
carbon fibre and glass/epoxy cross-ply composites. It
was found that fatigue performance is improved by
increasing interface properties [25]. The quality of
fibre/matrix adhesion was shown to have a significant

effect on the fatigue behaviour of both reinforced brit-
tle polyesters and ductile polypropylene. For both, the
critical load for damage initiation was lower and dam-
age propagation was more rapid for composites with
untreated jute wovens. Also, Jia et al. have investigat-
ed the response of the interface bond under cyclic
loading in fibre reinforced plastics by the ANN
(Artificial Neural Network) method [25]. The model
predictions and the results from experiments are satis-
factorily in good agreement.

The most efforts being made, in the past were
essentially macromechanical to simulate the fatigue
behaviour. The main drawback in these models is that
they cannot show the effect of interface imperfection
in the selection of their constituents unless numerous
fatigue tests were done on composites. Although sev-
eral micromechanical simulations were performed
previously for fatigue behaviour of unidirectional
composites, these simulations ignored interface
debonding effects and were not easy to apply [17,26]. 

This work presents a simulation process in which
variation of stress fields in constituents can be predict-
ed including the effect of fibre/matrix interface
debonding under cyclic loading. In this way, a new
coupled approach including the effect of fibre/matrix
interface is proposed while it is easy to apply either.

MODELLING PROCEDURE

To investigate the fatigue of unidirectional composites
through its constituents, a micromechanical approach
was developed. By such a simulation procedure, the
cyclic stresses induced in the constituents of a lamina
could be determined when the lamina is subjected to
fatigue loading.

The micromechanics approach was established
based on bridging model however; the interfacial effi-
ciency effect was not included in this model before.
For this modelling we considered a conformation
process in which lamina stiffness from the best
described residual stiffness model would conform to
that of the bridging micromechanics model. In this
way, the parametric elements of the bridging matrix
could be simulated as a function of cycle number,
stress ratio, fibre volume fraction, stiffness of con-
stituents, and interfacial efficiency. Therefore, a path
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from lamina stiffness to the stresses (strength) of its
constituents was introduced and a coupling
stiffness/strength was established.

Micromechanical Simulation
The overall mechanical properties of composite mate-
rials are dependent on mechanical response of the
individual constituents and their interactions, while it
may be relatively easy to determine the mechanical
properties of the individual constituents, as well as the
comprehensive understanding and accurate considera-
tion of their interactions. To determine such interac-
tions, the following micromechanical simulation is
used.

In the simulation process, the bridging microme-
chanics model is considered as a basis, in which the
incremental stresses in the fibres are correlated with
those in the matrix via eqn (1) [27].

(1)

also, we have considered that for volume averaged
stresses in a representative volume element ( RVE ) of
the lamina [27] are determined by eqn (2).

(2)

by virtue of eqns (1) and (2) we can have:

(3)

now, suppose that the fibres used are transversely
isotropic and linearly elastic until rupture which have
an incremental stress-strain relationship given by
eqn (4) [28]:

(4)

for the isotropic matrix, the constitutive equations are
determined as in eqn (5) [28]:

(5)

in which, [Sf] and [Sm] are the compliance of fibres
and matrix, respectively. whereas the overall instanta-
neous compliance matrix of the lamina reads as eqn
(6) [27]:

(6)

and the bridging matrix [A] is defined in the follow-
ing form [26] in eqn (7):

(7)

the independent elements of the bridging matrix are
defined as follows [27]:

(8)

(9)

(10)

the dependent (off-diagonal) elements of the bridging
matrix are determined by substitution of [A] into [S]
and requiring the resulting overall compliance matrix
of the composite [S] to be symmetric, i.e., Sij=Sji and
i,j= 1, 2, ..., 6 where the relations for the elements are
developed for perfect bonding assumption.

According to the bridging micromechanics model,
lamina mechanical properties could be explicitly
determined based on the elements of the bridging
matrix (aij). Since these relations are in general form
based on aij, it is reasonable to modify the model for
the imperfect bonding case through a new definition
for aij based on the constituents properties and imper-
fection parameters. 

First, it is necessary to modify the relations for ele-
ments which are affected by interface debonding
through stiffness conformation process. Then re-
assembling modified bridging matrix, the stress field
in the constituents will be obtained.

The following relation is derived for stiffness of the
lamina with unidirectional fibre from the bridging
micromechanics model [26]:
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10 ≤≤ k

(11)

for a laminate which is subjected to cyclic loading,
E11 varies as a function of n: cycle number, ó: stress
level, and R: stress ratio, hence,  E11 = E11(n,ó,R).

As it is known, the geometrical properties of a lam-
inate, i.e., the fibre volume fraction, the fibre arrange-
ment in the matrix, the fibre cross sectional shape,
etc., do not change or only vary by negligibly small
amounts [26]. Also it is reasonable to assume that the
matrix and the fibre moduli do not change significant-
ly [18,26]. Therefore, when E11 drops vs. cycles of
loading, it may be assumed that Vf, Ef, and Em are
constant. Hence, based on the eqn (11), only a11 could
be considered responsible for the lamina stiffness
degradation under fatigue loading.

Stiffness Degradation Behaviour
Among the various stiffness degradation models the
model proposed by Shokrieh et al. is a suitable choice.
Because by using the normalization technique associ-
ated with this model, all different curves for different
states of stress collapse to a single master curve [15].

According to this model, the stiffness degradation
of the unidirectional lamina under fatigue loading is
presented in the eqn (12):

(12)

where,
E11: longitudinal stiffness of lamina at cycle number  n
E110: longitudinal stiffness of lamina at cycle number n0

Efi : longitudinal stiffness of lamina at final failure
instant nfi

ë and ã: experimental curve fitting parameters
For simplicity let ì =1/ã and E11 = E11(n,ó,R). All

states of stress could be incorporated by adjustment of
the curve fitting parameters ë and ã (or µ).

Conformation Process 
In this section the main part of our work is explained.
We have considered that the stiffness predictions from
the residual stiffness model must be in conformance
with those from the bridging model under fatigue

loading. The left-hand side of eqn (12) shows normal-
ized form of stiffness. This normalized stiffness could
be obtained as a function of bridging matrix element
“a11” by substitution of stiffness prediction from the
bridging model.

(13)

The interfacial efficiency determines how well the
load is transferred from the matrix to the fibre. If the
bonding is perfect and there is efficient load transfer
from the matrix to the fibre, then k → 1.To extend the
bridging micromechanics model to include the effect of
fibre/matrix interface imperfection, it is necessary to
determine a11 vs. imperfection parameter which is
defined as interfacial efficiency “k” in the literature.
The left-hand side of eqn (12) is expressed vs. a11 in
eqn (13). Hence to find a11 vs. k, we must determine the
right-hand side of eqn (12) vs. “k”. In this way, suppose
that the fibre/matrix interfacial bonding efficiency
varies vs. the loading cycle in the following form [17]:

(14)

where “k” denotes interfacial efficiency as               ,
n is cycle number, and A and B are constant values.

Determination of Boundary Conditions
Reifsnider et al. have shown that as k → 1, the stiff-
ness of the unidirectional lamina approaches the value
predicted by the rule of mixtures (R.O.M) and as k →
0, it approaches the matrix modulus [17]. Thus, the
interfacial efficiency manifests itself in the form of
stiffness reduction in the unidirectional lamina.
Therefore, the boundary conditions are:

k = 0 (full debonding)     E11 → Em (15)
k = 1 (perfect bonding)   E11 = Em Vm + Ef Vf (16)

also, let us define:
k =k0 at        n = n0 (17)
k =kfi at        n = nfi (18)
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substitution of eqns (17) and (18) into eqn (14) gives

(19)

and

(20)

finally,

(21)

assuming that failure corresponds to full debonding,
then Kfi = 0

(22)

by re-arranging the eqn (22) we get eqn (23).

(23)

Simulation of Bridging Matrix Element
The right-hand side of eqn (23) completely appears in
eqn (12) therefore, it is simple to re-arrange it versus
“k” as follows 

(24)

for finding the solution (a11 vs. k), let us assume
power law function for a11= a11(k)

(25)

where “k” is the interfacial bonding efficiency and D,
µ, and C are constants. Again, considering boundary
conditions determined in the previous section:

(a) E11 approaches Em when     k→0 [17]     (26)

on the other hand from the bridging micromechanics
model: 

E11→Em only when      a11→ ∝ (27)

therefore when “k” approaches zero; a11→ ∝, substi-
tution this condition into eqn (25) indicates that the
value of “µ” is negative, hence

(28)

in which “µ” is redefined as a positive valued param-
eter.

(b) When k = 1 (perfect bonding) →

E11=Em Vm+ Ef Vf (R.O.M.)[17]                   (29)

from the bridging model for “E11”:

E11=Em Vm+ Ef Vf when       a11= Em/Ef               (30)

substitution in eqn (25) gives

(31)

(32)

re-writing for a11 reduces eqn (31) to eqn (33)

(33)

now, by substitution of a11 from eqn (33) into the
eqn (13) gives

(34)

set the right-hand side of the eqn (34) vs. “k/k0” (as
an assumption) gives eqn (35)

(35)

by solving this equation, the two other simple equa-
tions will be obtained as follows:

(36)

(37)

where U1=1/Ef and U2=Vm/Em. Both of the eqns (36)
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and (37) give the same  following result:

(38)

also, from eqn (32) we can deduce

(39)

by comparing the eqns (35) and (24) for the case in
which k0=1, it is evident that if “k” is substituted by
[1-(1-k) λ] thus, a11 will be changed as follows:

(40)

by this conversion, the stiffness degradation model
fully conforms to the bridging micromechanics model
with a modified relation for a bridging matrix ele-
ment.

(41)

therefore, the main relation derived from this study
will be as follows:  

(42)

since, the two other models for a11 were as follow as:

(bridging micromechanics model      

and perfect bonding) [26] (43)

(general model of a11) [29] (44)

EXPERIMENTAL

In this section a short description is given of the stat-
ic and fatigue experiments, whose results will be com-
pared against the proposed modelling.

Test Programme 
To verify the simulated relation, it is necessary to con-
duct some experiments. A number of static tensile
tests were performed to determine mechanical proper-
ty of manufactured unidirectional composites in fibre

direction. Then, tension-tension fatigue tests were
conducted for the same composite material, through
which stiffness degradation of the material could be
determined experimentally. As another result of the
fatigue tests performed, the constants ã, ë, ì in stiff-
ness model may be calculated. Therefore, the values
of the bridging matrix element a11 could be predicted
both from the proposed model and from the substitu-
tion of experimental stiffness in bridging microme-
chanics model. The comparisons represent the accura-
cy of the simulated relation and predicted behaviour.
Hence, the power law relation suggested for a11 would
be approved. 

Materials
The material used was a unidirectional glass/epoxy
composite. The fibre is E-glass 92145 Cs-Interglass
and the epoxy is Rutapox L20 with the hardener SL
(Bakelite EPR L20-EPH 960). The main sheet of the
test samples is stacked in ten layers. The fibres direc-
tion of all layers is aligned in the same direction of the
applied load. Mechanical properties of the unidirec-
tional glass/epoxy (92145/L20-SL) composite and its
constituents are obtained through material characteri-
zation tests are listed in Table 1.

For such a material, the thickness of ten layers lam-
inate after curing is equal to 2 mm. This thickness
value is in the standard range which is recommended
in ASTM D 3039 for composites tension tests. All
composite specimens are manufactured using hand
lay-up method. The samples were cut to dimensions
recommended in ASTM D 3039 by a diamond saw.
The dimensions and configuration of samples are pre-
sented in Table 2 and Figure 1, respectively. Figure 2
shows a unidirectional test sample before static tensile
and fatigue tests.

Static tensile tests were conducted for characteriz-
ing the manufactured unidirectional laminate. Based
on such tests, the unidirectional lamina initial stiffness
and strength were determined (Table 1). More than
five specimens were used for static tests. All test
requirements were considered for static tests accord-
ing to ASTM D 3039. 

The laminate (lamina) fibre volume fraction was
determined by the ignition loss method (ASTM D
2584). The value of fibre volume fraction was
obtained as Vf = 0.45 as mentioned in Table 1. Similar
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samples were used to determine the stiffness degrada-
tion versus cycles. All fatigue tests requirements were
based on ASTMs D 3479 and D 3039.

Testing Machine
An Instron testing machine (series 8500) was
employed for performing static and fatigue tests. This
type of testing machine was equipped with hydraulic
grips. The grip pressure was set at 20 bars for static
and fatigue tests on the tabs of the samples. 

The speed of cross-head of the machine was
1.5 mm/min for static and 5.8 Hz for fatigue loading.
The wave form of loading in fatigue tests was select-
ed to be sine wave with the stress ratio R = 0.1.

RESULTS AND DISCUSSION

It is advantageous to use stiffness changes in the sim-
ulation procedure because determination of stiffness
is a non-destructive process in any instant and can
remove the necessity of conducting tests on various
samples. Hence, this may decrease the scattering of
the test results. In this way, the cost and time needed
for conducting the tests will be diminished.

In this work, the framework for deviation of an
extended micromechanics model conforms to the the-
oretical stiffness degradation on an experimental stiff-
ness degradation model. The final relations for the
bridging matrix element yield complete conformance
between theoretical and experimental stiffness
changes. Also this relation (a11 vs. k) includes the
same constant parameters introduced in the experi-

mental stiffness degradation model, and no additional
constant appears in the simulated relation. Hence, no
further experiments are needed in order to determine
a11 values. Using the proposed model, lamina stiffness
relates to stress field in constituents. Hence, a new
coupled stiffness/strength model is introduced. 

Although the equatios are a little more complex
than before, they are yet easy to apply. Figures 3 and
4 represent the curves which are provided on the basis
of  the recent simulation of a11 and a general relation
of a11 vs. k. Mechanical properties of constituents are
selected from reference  No. 30 in which  Em = 4.6
GPa for epoxy matrix  and Ef = 235 GPa for AS4
fibres. Also, the value of fibre volume fraction in the
lamina is equal to Vf = 0.4. On the other hand the val-
ues of experimental curve fitting parameters for such
a material system are extracted from reference No. 15
where ë = 14.573 and ì = 3.3069. To show the sensi-
tivity of the model predictions with respect to varia-
tions of ë and µ, the curves are drawn for different
values of ë and a constant value of µ in Figure 3.
Similarly, the curves are plotted for different values of
µ and a constant value of ë. 
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Table 2. Dimensions of test samples (in mm, angle in
degree).

LT Ltab W tspecimen  ttab θ 

350 60 12.7 1.9 5 15 
Figure 1. Configuration of test samples.
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Table 1. Results of static tensile tests on the unidirectional glass/epoxy (92145/L20-SL) composite and its
constituents.
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Based on the curves shown in Figures 3 and 4, a11

values are more sensitive to λ than µ. By decreasing

the value of λ or increasing the value of µ, the curves

move to the left as well as upwards. Moreover, the

value of “kg” increases while the value of λ decreases

or the value of µ increases, where “kg” is the value of

“k” corresponding to the point at which the change in

the a11 value starts.

By  applying this model, the stress field would be

predicted in the composite’s constituents. Also, resid-

ual strength “RS” of the composite material could be

found based on the failure criteria of fibres or matrix.
However, the assumption of “the final failure corre-

sponds to interface debonding” gives an upper band

value of “RS”. As is shown in Figures 3 and 4 there are

great differences between the a11 values which are

obtained from two different models. Hence, corrected

a11 values could result in significantly different cyclic

stress fields in composite’s constituents through mod-

ified bridging matrix [A].

It is of interest to note that in the basic bridging

model a11 is only a function of Em and Ef , i.e., a11=

a11 (Em, Ef). In the general linear model, a11 is depend-

ent on Em, Ef, and also “k”, i.e., a11= a11 (Em, Ef, k).

Finally in the modified model, a11 is introduced as a

function of Em, Ef, k, and Vf , i.e., a11= a11 (Em, Ef, k,

Vf) which may be considered as a complete descrip-

tion of a11. Also for all models aij elements are non-

dimensional parameters. To explain the effect of Vf in

a11 values, the model is rewritten in the following

form,  let us define 

(45)

in which 

(46)

hence, a11 will be expressed vs. S, Vm(or Vf), Em and

Ef  as:

(47)

substituting Vm= 1-Vf in eqn (47) gives

(48)

for convenience 

(49)

therefore, 

(50)

by decomposing a11 in two distinct parts 

(51)

in which  

(according to Huang’s Model for 

perfect bonding)                                                (52)  
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Figure 3. The plot of  a11 vs. k for two different models

(µ=cote and different values of λ).

Figure 4. The plot of a11 vs. k for two different models

(λ=cote and different values of µ).
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11proga

and 

(53)

Finally Normalized a11 could be defined as

(54)

The above expression explains the effect of inter-

face debonding progress.  We named the coefficient

“η” as “interface imperfection effect”. Figure 5 shows

the plot of normalized a11 vs. Vf and describes the

dependency of a11 to V11. The graph in this figure indi-

cates that a11 is highly dependent on Vf especially for

higher values of “S” which correspond to lower values

of interface bonding efficiency “k”. On the other hand,

lower values of “k” produce higher values of “S” and

finally higher values of interface imperfection coeffi-

cient “η”. This means that the dependency of a11 on Vf

increases while interface debonding grows. Therefore,  

is an important term which must be considered

in the calculations. The simulated relation in this paper

involves such considerations and gives a complete

description of a11.

As it is mentioned, λ and γ are important parame-

ters for the stiffness degradation model. The stiffness

degradation dependencies on λ and γ (µ) are shown in

Figures 6 and 7. However, by comparing Figures 6

and 7 with Figures 3 and 4 it can be inferred that the

sensitivity of the simulated behaviour of a11 with

respect to variations of λ and µ is not as much as that

for stiffness degradation. Therefore, the values of λ

and µ are less important for a11 than for stiffness

degradation behaviour. This could be explained by the

level of sensitivity of E11 to a11 as follows, the

dependency of E11 to a11 as was described in the

micromechanics model by eqn (11) magnifies the

effects of λ and µ in the determination of E11. Hence,

it is acceptable to obtain these values through approx-

imations when these parameters cannot be determined

precisely. It is interesting to note that 

k=1  ⇒ [1−(1−k)λ] = 1 (55)

and 

k=0  ⇒ [1−(1−k)λ] =  0                                    (56)

therefore, the limits of previous and current variables

“k” and “1-(1-k)λ” remain unchanged.

By the recent relation for a11, boundary values of
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Figure 5. The plot of normalized a11 vs. Vf .

Figure 6. Stiffness degradation vs. k for different values of λ

and a typical value of µ. Figure 8. Unidirectional test sample after tensile static test.

Figure 7. Stiffness degradation vs. k for different values of

µ and a typical value of λ.
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E11 are fully satisfied and the values of µ, λ, and Vf

determine the rate of variations, but none of them

were incorporated in general modification. 

As explained in the experimental section, to verify

the simulated behaviour of a11, a number of static and

fatigue tests were conducted. The results of static ten-

sile and volume fraction tests on the unidirectional

glass/epoxy composite are listed in Table 1, where

EExp(0.25) corresponds to experimental lamina stiffness

from static test n = 0.25.

Figure 8 shows the sample test after tensile static

tests. As the observed fibre/matrix debonding is the

primary failure mode of the sample. Thus, the materi-

al selected will be a good candidate for evaluating the

proposed model if the same failure mode occurs for

the material under fatigue loading.

The stiffness degradation of the unidirectional com-

posite is presented in Figure 9 in which normalized

residual stiffness and normalized number of cycles are

the normalized terms in left- and right-hand sides of

eqn (12), respectively. Through fatigue experiments

and the behaviour shown, the material constants λ and

µ are obtained as 16.984 and 4.7619, respectively.

These values of material constants are used in the pro-

posed model for predicting the values of a11. On the

other hand, by substitution of the stiffness value of the

laminate at any cycle in eqn(11) (the relation of E11

vs. a11), the value of a11 at corresponding cycle would

be found. Hence, the variation of a11 vs. n could be

drawn according to experimental stiffness and model

predictions. Figure 10 represents the comparisons of

a11 obtained form the model predictions and the

experiments.

As it can be observed, the behaviours predicted by

the model are similar to the experimental ones.

Therefore, the power law assumed for a11 is approved

here. The small differences between a11 values from

theoretical and experimental methods are mainly due

to approximate values of material constants λ and µ

from experimental stiffness degradation. Since, the

inherent scatterings in test results are involved in the

process of determination of these constants. 

Figure 11 represents the unidirectional test sample

data after fatigue test. As it is shown, similar to static

tests, the primary failure mode in the material system

is fibre/matrix debonding. Thus, the response of the

selected material under fatigue loading could be used

to evaluate successfully the simulated relation and the

assumptions associated with the model which is close

to real state occurred for the material in experiments. 

CONCLUSION

A micromechanics model for fatigue of unidirectional

composites has been proposed. The simulated relation

represents complete description of bridging matrix

element versus constituents modulus, interfacial effi-

ciency, and fibre volume fraction. The model was

derived from average stresses in constituents and gave
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Figure 9. Stiffness degradation of the unidirectional com-

posites during experiments.

Figure 10. Variation of a11 vs. k (comparisons of experi-

ments and model predictions).

Figure 11. Unidirectional test sample after tension-tension

fatigue test.
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an upper band value for residual strength. Complete

conformation of extended bridging matrix element

with empirical stiffness degradation model indicates

that both could predict similar mechanical behaviour

of materials. Sensitivity of the model to the values of

material constants (λ and µ) are less than for stiffness

degradation behaviour. Also, highly nonlinear behav-

iour has been observed in extended bridging matrix

element a11 vs. k. The proposed model introduces a

new coupled stiffness/strength technique by relating

lamina stiffness to stress field in constituents. Hence,

the stress field and strength consideration in con-

stituents could be studied when the lamina stiffness

was determined by a non-destructive process.

Comparisons of the theoretical and the experimental

predictions indicate that the results are satisfactorily

in good agreement with each other which approves

the power law assumption in the model. 
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NOMENCLATURE

A, B, C, D    Constant values

aij Elements in bridging matrix  

a11 at n0

a11 for perfect bonding assumption

a11 as debanding grows

Ef Fibre elastic modulus

Efi Longitudinal stiffness of lamina cycle “nfi”

Em Matrix elastic modulus

E11 Lamina longitudinal elastic modulus

E110 Static elastic modulus( E11 at n0 )

Gf
12 Fibre shear modulus

Gm Matrix shear modulus

k Interfacial efficiency

kfi Interfacial efficiency at “nfi”

kg Corresponding “k” to the point at which the 

change in the a11 value starts 

k0 Interfacial bonding efficiency corresponding 

to “n0”  

n                  Cycle number 

nfi Number of cycles to failure 

n0 Initial number of cycles 

R                  Stress ratio; R= σmin/ σmax

RS Residual strength 

S                  Intermediate parameter related to “k”

U1 Intermediate parameter related to “Ef” 

U2 Intermediate parameter related to “Em, Vm” 

Vf Fibre volume fraction

Vm Matrix volume fraction

[A]               Bridging matrix

[S] Overall instantaneous compliance matrix

[Sf] Compliance of fibre

[Sm] Compliance of matrix

γ, λ, µ Material constants 

η Interface imperfection effect 

σ Stress level 

dσ Incremental stress in the lamina 

dσf Incremental stress in the fibre  

dσm Incremental stress in the matrix 

R.O.M          Rule of mixtures 

RVE             Representative volume element 
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