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Pressure Dependence of Liquid Vapor Pressure:

An Improved Gibbs Prediction
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ABSTRACT: A new model for the vapor phase of a pressurized liquid called "the cluster

model"' which is originally introduced in this work, along with an accurate equation of

state for the liquid phase called the LIR, is used to derive an accurate equation for the

vapor pressure of liquid as a function of external pressure. The chemical potential of both

phases have been found to be in good agreement with experiment. The calculated vapor

pressure is compared with the Gibbs prediction. Wehave found that the Gibbs prediction

is accurate at-low external pressures and is reasonable at moderate pressures, but has a

significant deviation at high external pressures. The calculated vapor pressure is used to

obtain the vaporization enthalpy in terms of the external pressure. The physical

interpretations for pressure dependence of both the vapor pressure and enthalpy of
vaporization are also given. Compared to the temperature dependence, the pressure

dependence of vapor pressure is insignificant.
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INTRODUCTION

The history of the vapor pressure is old, and its
temperature dependence is fully understood via the
Clausius-Clapeyron equation. Its pressure dependence

is rather convoluted, due to the fact that the vapor

pressure of a pressurized liquid does not behave like
an ordinary gas, and therefore its thermodynamic state

depends on the external pressure on the liquid as well.
The first attempt to calculate the vapor pressure

of a pressurized liquid was made by Gibbs [1], using
the fact that at equilibrium the chemical potential of
both phases must be equal; ,u(l)= ,u(g), where ,u is

the chemical potential. Therefore, "for any change

that preserves equilibrium, the change in ,u(l) must
be equal to the change in ,u(g), Le. d,u(g)= d,u(l). At

constant temperature, when the pressure p on the
liquid is increased by dp, the vapor pressure p' must
increase, in such a way that

vdp = v'dp' (1)

where dp' is the change in the vapor pressure p' of
the liquid, v and v' are the molar volume of the

liquid and vapor, respectively. Gibbs treated the

vapor as a perfect gas, Le.

d,u(g)= RT~p'
P

(2)
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and by equating the two changes in the chemical

potentials, one finds that RTdInp *= vdp, which may
be written as,

In *

RT(Th = v (3a)

Eq. (3a) known as the Poynting equation. Integration
ef Eq. 3a at constant temp~rature gives the following
result:

*

P2 * p+~

RT I* ~ = J velp
Pl P P

where p; is the vapor pressure when there is no addi-

tional pressure acting on the liquid, which is equal to
the pressure experienced by the liquid, p , and p; is

the vapor pressure when there is an additional pres-
sure i\p on the liquid. Gibbs also assumed that the

molar volume of the liquid is independent of the
applied pressure on the liquid and obtained,*

P2
RT In ..= vi\p

Pl
This equation shows the increase of the vapor pres-
sure with the increment of the external pressure on
the liquid.

The two assumptions made in deriving Eq. (4) are
not valid over a wide range oi external pressures, since

(i) the molar volume of the liquid is pressure depen-
dent and (ii) the vapor cannot be treated as a perfect
gas. The main purpose of this work is to derive a

more accurate equation by which the vapor pressure
may be calculated over a wide range of external pres-
sures. To undertake such a derivation, one must modify

the two mentioned assumptions. Thus we may first
calculate the chemical potential of the liquid experi-
encing an external pressure, and then calculate that

for the vapor. Equating these two quantities, we may

obtain an accurate expression, from which the vapor
pressure of the liquid under an external pressure can
be calculated.

(3b)

(4)

Chemical potential of liquids
In this section we want to calculate the chemical

potential of a liquid, ,u(l), without assuming that
volume is pressure independent. In order to take in-
to account the pressure dependence of the liquid
volume, an accurate equation of state for dense fluids

38

is needed.

One of the recent and accurate equations of state
which Canbe applied for all types of dense fluids has
been derived .byParsafar and Mason [2-4],which is
called the LIR (abbreviated for the Linear Isotherm
Regularity). The LIR is stated as:

(Z - 1)y2 = A + Bp2 (5)

where A and B are temperature dependent parame-
ters, and defined as,

Al
A=~-- RT (6)

and

BlB=-
RT

Z is the compressibilityfactorand v= 1/p is the molar
volume. Since the LIR is valid for a wide tempera-
turerange, specificallyT<2TB,where TBis the Boyle
temperature of the fluid, therefore, it is applicable to
all temperatures of interest in work, since the equiJi-
brium between two phases exists only when T<Tc .

The changein the chemical potential of the liquid,
I:¥t, is given as,

P+~P

I:¥t=I ~
P p

which by applying the LIR (Eq. 5), one gets

{3 2 2 5 4 4 P2 }
I:¥t=RT "2 A(P2 - Pl)+ 4" B(P2 - Pl)+ In Pl

(9)
In order to check the validity of this equation, Eq.
(9) may be written as,

fr - In(p/po)= p2P~] + p4[5:] + constant
(10)

where pO=1 mole. dm-3,according to which ,u/RT -
In(p /pO)versus p2 is a quadratic function. For this
purpose, the experimental data of argon [5] have been

used to plot ,u/RT -In(p /pO) against p2, the results is
shown in Fig. 1.As shown, the experimental points are
fitted on a quadratic function very well.

(7)

(8)

Chemical potential of vapor
It is evident that the external pressure is applied

solely on the surface of the liquid and the vapor may
experiencea much lower pressure than the surface of
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Pig. 1: Test of Eq. (10), as predicted by the LIR, for Ar. The

density, p , is in terms of moLL -1

the liquid. However, the vapor remains at equili-
brium with the liquid. Even though the supersatura-
ted vapor (SV) exists at low temperatures and high

pressures, no condensation occurs. If the external
pressure is removed, the SV will be condensed, as

much as the pressure is reduced to the vapor pres-
sure (VP). In other words, SV is not a stable phase
in the absence of the external pressure. Due to the
fact that the external pressure prevents the conden-

sation of the SV, therefore the thermodynamic state

of the SV depends on the external pressure on the
liquid, as well as the ordinary variables, like density

(or temperature). Due to the absence of any conden-
sation, we may postulate that there is no attraction
among the particles in the SV (note that condensa-
tion arises from attractions). In the absence of any

attraction, the perfect gas model seems to be appro-
priate for describing the SV. However, one must bear
in mind that the SV is denser than the VP, and we

may expect that the probability of cluster formation
is more probable in the SV (by cluster we mean

dimers, trimers, ... in the vapor without any attraction
among them).

In order to include the effect of cluster formation

on pressure, we may use the virial coefficients of the

vapor. The abundance of monomer, dimer, ...clusters
may be related to the absolute values of the first,

second,... coefficients of the virial equation of state,
respectively (This conclusion is in accordance with

the Dalton's partial pressure law. Note that the minus

and plus signs are attributed to the net attractive and
repulsive interactio'ns,respectively.).For example,the
number of dimers is related to [Bz]p* of the virial
expansion, where Bz is the second virial coefficient of

the vapor. Let us initially assume that the vapor
consists of monomer and dimer clusters only, then, the

fraction of particles as dimer is given by ad , where:

r

,

IBzlp*
ad = *

1 + IBzlp

Of course 1/(1 + IBzlP*) is the fraction for monomer.
The following equilibrium may be considered in the

vapor,
2A . )Az

1 - 2ad ad

where A stands for the monomer. According to the
clustermodel,the vapor pressure can be calculated as,

(11)
'-

* * *
[ Bzp * ]P =P (1 - ad)RT = P RT 1 - , * (12)

1 + IBzlp

where p * is the monomer density and p*(1 - ad) is

the effective particle density of the vapor. As expec-
ted, the formation of clusters will reduce the vapor

pressure.
Now suppose that the trimer clusters are also

formed in the vapor, then the following equilibria
may be considered:

2A.3Az
and

3A. 3 A3
The monomer fraction is equal to 1 - ad - 2at ,
where ad and at are the fraction of dimer and trimer
clusters in the vapor, respectively, which are given by,

where B3 is the third virial coefficient. The vapor
pressure is then given as,

1 IB I *Z

* - * RT( - 3 P
) (15)

P - p 1 + IBzlp* + IB31p*z

Using the same argument, we may calculate the
vapor pressure if larger clusters are also taken into

39
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ad = IBzlp*
1 + IBzlp* + IB Ip*z

(13)

and 3
,.

at = IB31p*z
1 + IBzlp* +IB3Ip*z

(14)
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account. For example, if tetramer clusters are also
formed, the vapor pressurecan be obtained as,

*2 *3* *
( 1 - IB31p - 21 B41p

)
p = P RT 1 + IB21p* + IB3Ip*2+IB41p*3 (16)
where B4is the fourth virial coefficient.

In order to test the accuracyof the cluster model,
we have used the model to calculate the vapor pres-
sure of water at different temperatures. the calcu-
lated results are compared with experiment data [6]
in Table 1. The calculations are based on the cluster

modelwiththe maximumsize of monomer (or perfect
gas model), dimer (Eq. 12), trimer (Eq. 15), and
tetramer (Eq. 16). As shown in Table 1, Eq. 12 is
adequate at all temperatures, except in the vicinityof
the critical temperature. In other words, the assump-
tion of existence of molecules in vapor either as
monomer or dimer clusters is sufficient, except for
temperatures close to Tc . Such an assumption is
reasonable due to the fact that the vapOl:density is
high at temperatures close to Tc , and therefore the
formation of larger clusters are more probable.

Table 1: The experimental vapor pressure of water (pexp*; at
given temperatures compared with the cakuloted values, using*
the perfect gas mode~ Pt , and the cluster model with the

maximum cluster size of 2,3, and 4 which is shown by p;, p;,*
and P4respectively. AU vaporpressures are in MPa units. The

values of virial coefficients are taken from reference 7.
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Now we use the cluster model to calculate the

chemicalpotential of the vapor for a liquid subjected
to an external pressure. The change of the chemical
potential of the vapor may be given as,

* *

I I
*

g P2* * P2df¥t = * v dp = * ~
Pt Pt P

Using Eq. 12 we obtain,
*

p* - p
- RT - I,B2Ip*

using Eqs. (17) and (18), we fbund*
P2 * *

f¥tg = RT In ~ - IB21(P2- Pt)
Pt

As it was mentioned before, including the cluster
with a maximum size of dimer is enough for all tem-
peratures, except in the vicinity of Tc .

(17)

(18)

(19)

Calculation of vapor pressure
At equilibrium,the chemicalpotential of the liquid

under external pressure has to be equal to that of the
vapor. Using Eqs. (9) and (19) gives,

[ 3 2 2 5 4 4 P2 ]RT -(P2 - Pt) + _2 B(P2 - Pt) + In - =
2 Pt*

P2 * *
RT In ~ - IB21(p2 - Pt)

Pt

where p~ and p;are the vapor pressure of the liquid
with density Pt and P2 , respectively.A and B are the
LIR parameters (Eq. 5) and B2 is the second virial
coefficient of the vapor.

From practical point of view, knowing the molar

density of the liquid at the normal boiling point (at
which vapor pressure, p~= 0.1 MPa) enables us to
calculate the vapor pressure at any applied external
pressure. Eq. (5) can be used to calculate the liquid
density,P2 , at any given applied pressure and tem-
perature.The resultsgivenbyEq. (20)are compared
with those given by Eq. (4) in Fig. 2 for H2O at
393.15 K. Even though, the results are the same for
low external pressures, however, the deviation be-
comes significantat high external pressures.

It must also be noted that Eq. (20) may not be
used for cases that the vapor density is high, espe-
cially in the vicinity of Tc , where the formation of
trimer and tetramer clusters are more probable.

(20)

T/K
a * * * * *
Pexp Pt P2 P3 P4

313.15 0.0074 0.0074 0.0074
333.15 0.0199 0.0200 0.0199
353.15 0.0474 0.0478 0.0472
373.15 0.101 0.103 0.101
393.15 0.199 0.203 0.199
413.15 0.361 0.375 0.362
433.15 0.618 0.651 0.620
453.15 1.003 1.079 1.003
473.15 1.555 1.717 1.581
493.15 2.320 2.647 2.377
513.15 3.348 3.971 3.436 3.397
533.15 4.694 5.839 4.955 4.887
597.15 11.90 19.48 13.96 13.42 11.90'-

aReference 6
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0
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p/MPa

Fig. 2: Calculated vaporpressure of H2O aJ 393.15 K in terms

of the' externoJ pressure by the Gihbs prediction, Eq. (4) (/:1),

and the cluster model, Eq. (20)(0).

40 50

P7!!ssure dependence of vaporization enthalpy

The enthalpy of vaporization of a liquid under an

external pressure, .Mivap, can be obtained by plotting
the logarithm of the vapor pressure of the liquid
(using Eq. 20) versus 1IT. At any applied external

pressure, ~lIvap , can be calculated using the slope of
such a plot. The logarithm of the calculated vapor
pressure of water versus liT at some given external

pressure is plotted in Fig. 3 in the temperature range
of 393 K - 473 K The linearity of such plots may be
justified by the Clausius-Clapeyron equation, such a

linearity is, almost true from the triple point up to
critical temperature [8],

In P* = - ~lIvap 1- + constantR T

which is derived, assuming that: (i) ~lIvap is inde-
pendent of both T and p, (H) the molar volume of

liquid is negligible with respect to that of the vapor,

which is assumed to be an ideal gas. Such assump-
tions are not valid, especially around Tc , where the

temperature dependence of ~lIvap and of ~vvap are
remarkable. However, there is some compensation of
errors, in such a way that Eq. (21) is found to be

valid from the triple point to critical temperature.
As far as we know the pressure dependence of

.Mivap has not been investigated before. Eq. (21)

along with Fig. 3 have been used to calculate ~lIvap
with respect to p for water which is shown in Fig. 4.
As shown for pressure range of 1-300 MPa, the vari-

(21)

-2
2.0 2.2 2.4

(l/T)XIO\K-I)
Fig. 3: A test of the CIausius-ClapeyronequaJionfor waJeraJ

givenexternalpressures,usingEq. (20) (thenumbersshowthe

pressurein MPa).
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Fig. 4: The enthaIpy of vaporizaJionof water as a function of

the external pressure, p.

300

ation of ~lIvap is less than 10%. The important point
is that ~lIvap versus p goes through a minimum, which
may be justified thermodynamically.

Thermodynamically, the pressure dependence of

~lIvap at constant temperature is given by,

[a(~lIvap] = [(as:)-(~) ]+ v*(-~i) - v (22)
ap T ap apT apT

where s* denotes the molar entropy of the vapor,
(Note that ~lIvap = Hg - HI and dH= vdp + TdS).
At equilibrium,

(~)T = v*ap v
and, therefore, Eq. (22) reduces to

[a(~lIvap] = T[(
as*

) - (~ ) ]ap T ,apT apT

(23)

(24)
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or,

[o(Mlvap] - T[(
i)s.

) (~ ) - (~ ) ]
Op T - Op.T op T op T

Due to the fact that,

(25)

(:)T = -( :;)p = -ay where a = ~ (:;)p
(26)

Eq. (25) may be written as,

[o(Mlva ) ]P T = Tv(al - a~ap
where al and ag are the thermal expansivity of the
liquid and vapor, respectively. At ordinary pressures,

aI < ag and Al\.ap decreases with the increment of p
which is in accordance with Fig. 4.

The thermal expansivity of fluids decreases when
the pressure increases [9]. Using the cluster model,

Eq. (12), ag can be calculated as,

p.IB'zl-Ra -
g - p.IBzl-RT

(27)

(28)

where B'z is dB/dT. Since at low temperatures, T<Tc,
the change of B2 with T is very steep, Eq. (28) may
be written as,

1-=~-~(1-)
ag B'z IB'zl p'
Therefore ag also decreases with pressure. The pres-

sure dependence of ag - al is not clearly known.
However, at ordinary pressures where al<ag we may

except from Eq. 27 Al\.ap reduces with the pressure,
which is in accordance with Fig. 4. It seems from this

figure that the decreasing rate of ag with pressure is
greater than that of al . In such a case, Al\.ap must
go through a minimum when pressure increases.

(29)

CONCLUSIONS

Although the vapor pressure of liquids increase
when an external pressure is applied on the liquid
surface at constant temperature, the increment is not
significantexcept near Tc . At equilibrium, we nave,.
~=x..
dp v.
Except neaI Tc , v«v', then the change of the
vapor pressure with the external pressure is very
small. As noted before, this increase is about 10

percent for water when p increasesby as much as 300

(30)

42

MPa. However around Tc at which v:::::v.,such depen-

dence is quite significant.
In order to calculate the vapor pressure, the pres-

sure variation ,of molar volume of both phases must
be known. Gibbs assumed that the liquid volume is

independent of the external pressure, he also
assumed that the vapor behaves as a perfect gas.
With such assumptions, he found,.

P2 pz
f vdp = f. v' dp.
PI PI
or, .pz
v(pz- Pt)= RT ln-.

Pt
We here investigate first the effect of liquid

volume correction and then the effect of supersatu-
rated volume correction on the vapor pressure indivi-
dually as follows:

(31)

(32)

i) Co"ection of liquid volume
If we use the actual volume of the liquid (i.e.

from LIR, Eq. 5), the value of integral on the left
hand side of Eq. (31) decreases and therefore p;must
also be less than that of the Gibbs equation (Eq..4).

ii) Co"ection of supersaturated volume
In order to correct the pressure dependence of the

vapor volume, we have used the cluster model, from
which (in the simplest case),. RT
v =~- IBzl

P
Sucha correction reduces the value ofv' (compare to
the perfect gas). In a given pressure range, in order
for Eq. (31) to be valid, the pressure range ofinteg-
ration, p; - p;, must be increased (compare to the
Gibbs, Eq. 4), therefore p; must increase.

The above conclusionsare in accordancewith the

resultsshown in Fig.5 forHzO at 393 K..When v and
v' are simultaneouslycorrected (by the LIR and the
cluster model, respectively) the calculated result is
compared with those in which the individual correc-
tions are taken into account (Fig. 5). In summary,the
followingconclusionsmay be drawn:
1) The correction made for the vapor volume is more
important than that for the liquid phase.
2) Gibbs prediction, Eq. (4), is accurate at low pres-

(33)
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Fig. 5: Variation of the vClfJOrpressure of HzO at 393 K versus

p, given by the GibbspredidiDn (11),LIR for the correction of

Uquid volume (0), cbe cblster model for correction of vapor

volume (11),and for both corrections (.).

sures . and is reasonable at moderate pressures, in
which some compensation of errors occurs. However,
the result given by Eq. (4) has significant deviations
at high (external) pressures.
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