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ABSTRACT: A mathematical model of sorption of Zirconium and Hafnium cations mixture and 
elution of these ions from a cation exchange resin bed is developed. Sulfuric acid is selected as the 
eluent for selective separation of Zr and Hf in a packed bed of Dowex cation exchange resin. The 
column model is a dispersed plug flow model,and assumed to consist of randomly packed synthetic 
and spherical resin beads with constant diameter. The beads are assumed to be porous containing 
not only active sites on their solid structure but also solution-filled pores. The model incorporates 
mass transfer resistances including inter and intra-particle effects within the solid and fluid phases. 
Intra-particle diffusion is treated by employing pore diffusion model. The adsorption phenomena of 
the cations on the active sites is expressed by the equilibrium relationship characterized by a form 
of the extended Langmuir equation. The batch experiments are carried out in order to determine 
Langmuir parameters at equilibrium, and pore diffusivity at transitional conditions. These 
parameters are used in the dynamic model of adsorption and desorption of the mentioned cations. 
Unlike a number of earlier models the present mathematical model does not have assumptions such 
as the linearity of the sorption isotherms, uniform concentration profile in the resin particles and 
ideal plug liquid flow along the bed. It is found that the present model predicts the breakthrough 
and chromatographic curves with a fair degree of accuracy. It is concluded that the eluent  acid 
concentration and  flow rate of the liquid along the bed are the most two important variables which 
influence the efficiency of separation. 
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INTRODUCTION 
Zirconium metal has historically been used primarily 

as   an   internal   material   for   nuclear   reactors.   Other 
attractive  applications  of  zirconium are in fabrication of 
corrosion  -  resistant   chemical   process   hardware   and 
advanced ceramics as oxides. Particularly, materials used 
in  nuclear  reactors are  selected for their thermal capture 
 
 
 

cross-sections, along with other properties. Among other 
properties, zirconium is selected in nuclear application 
for  its low average thermal neutron capture cross section 
(approx. 0.18 barns) [1]. 

The two elements zirconium and hafnium, occur 
together naturally,   but   Hf   has   a  substantially   larger 
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thermal neutron capture cross-section (almost 600 times 
that of Zr). Naturally occurring crude Zr minerals contain 
typically about 1 to 5% Hf, thus separation of Zr from  
Hf allows production of nuclear grade Zr with a lower 
average thermal neutron capture cross-section by 
elimination of Hf [2]. 

Recent efforts to minimize organic wastes (from 
solvent extraction processes) have proposed aqueous 
techniques for separation of zirconium and hafnium 
cations [1]. Ion exchange processes can effectively 
separate zirconium and hafnium cations. This process in 
most of its applications uses cylindrical column resin bed 
in which the feed solution is injected in one end and the 
effluent is collected at the other. These processes also 
have found increased applications in a range of diverse 
fields. Ion exchange is primarily used for the removal of 
metal ions from sewage in water treating units. Also ion 
exchange process is used for separation and purification 
of some protein molecules [2], transition and high 
valence metals [3, 4]. 

Mathematical modeling of ion exchange process 
enables one to evaluate the optimum operating  
conditions and other important parameters of the ion 
exchange operation to influence efficiency of separation. 
Many models have been developed to predict ion 
exchange performance in a fixed bed of resin particles  
[5-10]. 

Two theories can describe multi-component ion 
exchange; one with macroscopic view and the other a 
microscopic study; or equilibrium and rate theory, 
respectively. Equilibrium theory assumes that a local 
equilibrium exists between the resin and bulk phases and 
that mass transfer resistance between phases or within  
the resin beads is negligible. Local equilibrium is not 
accurate at high flow rates of the fluid. Rate theory, 
which is based on the rate of diffusion to the exchange 
site, is more appropriate at low concentrations [5]. 
Mathematically, equilibrium models run easily and 
rapidly in simulation programs [6,7]. Rate models, 
however, challenge the abilities of current computer 
technology [8-10]. 

One of macroscopic models such as Thomas model is 
used for prediction of the concentration-time profiles for 
the column effluent. This model assumes exchange/ 
elution process with no axial dispersion and no particle 
concentration gradient [6]. Some macroscopic models are 
used for simulation and scale up chromatographic 

process, in this case; the chromatographic column is 
considered to be a very large extraction column simplified 
by discrete mixing-cell model or by continuous axial-
dispersion model [7]. In this case again concentration 
inside the solid phase is uniform and mass transfer rate is 
fast enough to be ignored. 

In microscopic models, kinetic diffusion mechanism 
inside the resin bead describes dynamic behavior, the 
species diffuse through the liquid filled pores or/and solid 
phase and adsorb/exchange according to a linear or 
nonlinear relationship sorption model [8-10].  

A number of earlier models have some assumptions 
such as linearity of the sorption isotherm and can solve 
analytically [8]. some of the new references use nonlinear 
isotherms such as Langmuir for single component 
adsorption [9], and yet others use stoichiometric 
equilibrium for multicomponent exchanges [10]. 

We found no reference that used the microscopic 
model for the exchange of Zr(IV) and Hf(IV) cations  
in a fixed resin bed, and Langmuir isotherm for these 
mixtures. Additionally the  parameters of existing models 
are not published for sorption of the mentioned cations. 
The aim of this study is to represent a microscopic model 
and its effective parameters which incorporate mass 
transfer terms including intra-particle diffusion and 
solution phase mass transfer, considering flow 
abnormalities that arise from axial dispersion. Many 
experiments are performed in order to determine the 
equilibrium and kinetic parameters of zirconium and 
hafnium cations in Dowex 50W-X8 resin. In this study, 
ion exchange operation is  performed in three ways: 

1- In batch conditions in which the resin phase and 
the feed solution of Zr(IV) and Hf(IV) ions are in contact 
to reach in order to equilibrium. 

2- Dynamics of fixed bed, in which the feed solution 
containing cations are introduced to the resin column to 
be adsorbed to saturate the adsorbent bed, until the 
breakthrough curves appear in effluent stream. 

3- Elution conditions, in which the resin bed is first 
loaded by the feed of Zr and Hf cations mixture and then 
is eluted by suitable eluent. 

 
EXPERIMENTAL 
Apparatus 

Batch experiments are performed using well 
stoppered bottles in a constant temperature water bath 
equipped with a shaker. All experiments are performed at 
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25 oC constant temperature. Also breakthrough sorption 
runs and elution of Zr(IV) and Hf(IV) ions are carried out 
in a glass column with 10 mm internal diameter. The 
schematic diagram of apparatus is presented in Fig 1.  
The concentrations of zirconium and hafnium were 
measured by ICP-AES (Inductively coupled plasma - 
Atomic Emission Spectroscopy, 150 AX Turbo, Varian).  

 
Materials and standards 

Dowex 50WX8 (Mesh size: 100-200, DOW 
company, with 8% degree of crosslinking) cation 
exchanger resin was used and the applicability of this 
adsorbent in hafnium and zirconium separation was 
evaluated. This resin has the apparent density of 800 
kg/m3, particle porosity of εp=0.3 and nominal capacity of 
about 5 meq/g of dry resin. Other characteristics of this 
resin are given in table 1. 

Resin particles were pretreated by washing with 1 
normal sulfuric acid in order to activate particles. Resins 
in the H+-form were washed with deionized distilled 
water in order to remove any excess sulfuric acid.  

Hafnium oxychloride (HfOCl2.8H2O, Aldrich) and 
zirconium oxychloride (ZrOCl2.8H2O, Merck) were used 
to prepare the feed. Stock solutions of these salts were 
prepared in which each solution contained 1000 mg/l of 
metal cations (Zr or Hf). Working standards are prepared 
in 0.1, 0.5, 1 and 1.6 N solutions of sulfuric acid by serial 
dilution of standard solutions of each cation. All solutions 
are prepared with deionized distilled water throughout. 

 
Batch experiments 

The equilibrium parameters measurements were made 
by standard shaker tests in which known weights of resin 
were agitated with Zr(IV) and Hf(IV) solutions of known 
composition in 0.5 , 1 N and 1.6 N sulfuric acid in a 
water bath at 25 oC for about 1 hr to reach to equilibrium 
condition. the samples were then filtered and  Zr(IV) and 
Hf(IV) content in the filtrate were determined by ICP-
AES analyzer. Some of these experiments were done for 
analysis of a single component adsorption and some other 
runs were performed on two component mixtures. 

The experimental equilibrium data of each single 
component were fitted to Langmuir equation to derive the 
single component equilibrium parameters. The other 
equilibrium experimental runs of Zr and Hf mixture were 
carried  out  to  compare  the  adsorbed amount of cations 

Table 1: Properties of ion exchange resin Dowex 50W X8. 
 

Type Polymeric resin 

Material Sulfonated polystyrene 

Counter-ion H+ 

Particle Diameter 120 μm 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1: Schematic diagram of the experimental set up. 
 
with extended Langmuir model (Eq. (8)) replacing the 
single component parameters of adsorption isotherm [11].  

Another series of batch experiments were performed 
in order to evaluate the effective pore diffusion 
coefficient. It was found that in weak acid solution  
(0.1 N sulfuric acid) kinetic conditions dominated the 
equilibrium conditions, it means bulk and resin phases do 
not reach to the equilibrium in short time, contrast to the 
higher acid concentrations such as 0.5 and 1 N. The acid 
concentration of 0.1 N was selected to perform some 
batch experiments in order to derive concentration-time 
data for each cation and then evaluate average cation 
transfer flux to the particle pores by the following 
equation: 

Rpri
i AJ

t
CV =−=
∂

∂                                                         (1)  

Rpr
Pi

Rpriه r
CDj == ∂

∂
=                                                 (2) 

V is solution volume and A is the total external 
surface of the particles, Ci is the solution concentration 
and CPi is pore concentration at the particle surface which  

Glassy column 

Feed solution 

Resin bed 

Glass wool (as support) 

Peristaltic pump 

Gathered sample 
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is assumed equal to the solution concentration at each 
time ,when there is no film resistance. 

The batch experiments were carried out at tran-
sitional condition with agitation of the solution, and 
concentration-time data were obtained for three different 
initial concentrations of each single component (20 and 
40 and 60 ppm). Using Lump formulation of each species 
in solution, the ion transfer flux (J) was derived, and 
diffusivity was calculated by Ficks' equation for each 
initial concentration then averaging the results [11]. 
 
Column bed runs 

The column breakthrough measurements were carried 
out at 25 oC in a glass column packed with Dowex 50 W 
X8. A peristaltic pump was used for feeding Zr(IV) and 
Hf(IV) solutions in different sulfuric acid concentration 
to the column. The column effluent was sampled at 
regular intervals and was analyzed by ICP-AES analyzer. 

Chromatographic curves were obtained after loading 
the resin bed with a known concentration and known 
volume of solution, followed by acid elution. Elution of 
the loaded resin bed performed in column experimental 
runs; by sulfuric acid with different concentrations, to 
achieve a higher efficiency of separation [11,12]. 
 
DYNAMIC  MODEL 

Mathematical modeling for packed bed ion exchange 
column has two main parts: column model and particle 
model (included equilibrium model). Following assum-
eptions are implicit in this model: 

- The liquid flow is considered as axial dispersion 
model and may be characterized by the axial diffusion 
coefficient. 

- The effective pore diffusion coefficient inside the 
particles is independent to the concentration of ions, 
because of very low concentrations. 

- The adsorption sorption and desorption process of 
the ions is isothermal, because of low adsorption 
enthalpies. 

- Mass transfer term in the liquid film is represented 
by a linear relationship. 

- The resin bed is homogeneous with uniform 
porosity. 

- The resin particles are spherical and uniform in 
density and radius and porosity. 

- The solid phase is in equilibrium with filled liquid in  

the pores and the equilibrium model is represented by 
extended Langmuir equation for mixture of cations. 
 
Column model 

Consider a fixed and vertical cylindrical bed made up 
of spherical resin beads. A material balance for each 
cation in bulk liquid phase yields: 

=−
ε
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∂
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The first term on the left hand side arises from 
accumulation of ions in the solution. The second term on 
the left arises from the effect of film mass transfer on the 
particle surface. The first term on the right hand is due to 
axial dispersion of flow and the second one arises from 
bulk convection. The following boundary and initial 
conditions were applied for the fixed bed ion exchange 
column: 
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Particle model 

The mole balance in resin particles expressed by the 
following equation: 
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The term ∂qi/∂t on the left side arises from 
accumulation  of  ions  in  the  solid resin phase, which  is 

explained by Langmuir equilibrium model for 
mixtures. The extended Langmuir isotherm for a mixture 
of two components is presented as following: 
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Table 2: Parameters of the Langmuir sorption isotherm for single  components on Dowex 50W X8 resin at 25 oC. 

0.5 N sulfuric acid 1 N sulfuric acid 1.6 N sulfuric acid 
 

 
Cation 

qm 

(μg/ml) 
b 

(ml/μg) 
qm 

(μg/ml) 
b 

(ml/μg) 
qm 

(μg/ml) 
b 

(ml/μg) 

Zr (IV) 743 0.110 63 0.108 31 0.02 

Hf (IV) 1394 0.530 120 0.500 62 0.052 

 
Thus ∂qi/∂t can be replaced by differentiation of  

Eq. (8) with respect to time such as Eq. (9): 
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The boundary and initial conditions for the particle 
model are as follows: 
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Equations (3) and (7) with their respective initial and 
boundary conditions constitute the model required for the 
prediction of the dynamics of fixed bed ion exchange. 
These two equations are bounded together by the boundary 
condition of Eq. (11). The ion exchange parabolic PDE 
equations described by the represented model have been  
solved  by finite difference method in this work. The 
numerical algorithm is presented in appendix. 
 
Column Model Parameters 

The axial dispersion coefficient, DL, is calculated by 
equation (13) and the liquid film mass transfer coefficient 
is calculated by equation (14). The effective pore 
diffusion is related to the molecular diffusion coefficient 
and tortousity factor, using equation (15) [13]. The 
physical properties of the solution are similar to water 
which are substituted into the model equations. 
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RESULTS  AND  DISCUSSION 
Langmuir parameters 

Linear regression of the experimental one-component 
equilibrium data to the Langmuir isotherm leads to 
Langmuir model constants with 0.96 and 0.92 correlation 
coefficient (R2)  for Zr and Hf, respectively. The derived 
constants are presented in table 2 for different sulfuric 
acid concentrations. 

These equilibrium constants have been used to 
simulate the two-component extended Langmuir isotherm 
(Eq. (8)) in 0.5 N sulfuric acid at 25 °C, and the results 
are compared with experimental data obtained from the 
equilibrium mixture, such as  Fig. 2. It is found that 
average absolute relative deviations (AARD) are 9% for 
Zr and 16% for  Hf in binary equilibrium adsorption.  

 
Effective pore diffusion coefficients 

The diffusion coefficients are evaluated by calculating 
average ion transfer flux and using concentration 
gradient, then using tortousity factor of 6 in Eq. (15).  
The minimum and maximum calculated effective 
diffusivities with respect to different solution concent-
rations are presented in table 3. The mean value of  
Dp=8.85x10-7 cm2/m is in reasonable agreement  with 
data reported for the the resin exchange of Zr(IV) [14].  
Pore diffusion coefficients of zirconium and hafnium ions 
at the same conditions must be equal because these ions 
have similar ionic radius. 

 
Breakthrough  curves 

The column breakthrough experiments were con-
ducted  at  conditions  as reported in table 4. Figs. 3 and 4 
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are a comparison of the experimental breakthrough curve 
data with prediction made by the model described above. 
The figures show that the model is able to predict the 
breakthrough curves with an acceptable accuracy. Com-
parison of the two figures reveals the  effect of sulfuric 
acid concentration on the shape of breakthrough curves.  

It is observed that kinetic mechanism is dominated 
with low acid concentrations in the resin bed but in 
higher acid concentrations saturation of the bed  plays the 
main role. As a result the bed with lower acid 
concentration (0.5 N) saturates later by the metal cations, 
and more effective separation is obvious in presence of 
low sulfuric acid concentration. 

 
Elution process 

Finally the resin bed elution experiments were 
conducted at conditions as reported in table 5. In the 
elution process the bed is first loaded by a known volume 
of the solution at the top of the bed, then the eluent is 
subjected to the column. The elution process is carried 
out by the solution of sulfuric acid to derive 
chromatographic curves of Zr and Hf. 

Experimental and predicted chromatographic curves 
are evaluated and compared in Fig. 5. which has 
employed sulfuric acid as the eluent. This figure indicates 
that using 1.6 N sulfuric acid can not effectively separate 
two metal ions but using lower concentration of sulfuric 
acid (0.5 N) improves the separation efficiency [12]. 
Theoretically, high concentration of acid causes higher 
rate of reaching to the equilibrium condition, and because 
most sites of the cation exchange resin is occupied by 
hydrogen ions, not by Zr nor by Hf, performance of the 
resin decreases considerably. In contrast to the higher 
water acid concentrations, highest separation factor has 
been observed in batch experiments at 25 °C in presence 
of 0.5 N sulfuric acid [12], also the dynamic run in Fig. 3 
indicates high separation efficiency of Zr from Hf. 
 
Sensitivity analysis 

Comparison of breakthrough curves of Fig. 3 and  
Fig. 4, with different sulfuric acid concentrations in the 
mobile phase, shows that sulfuric acid concentration has 
significant effect on the residence behavior of the cations, 
which was mentioned earlier. It is concluded that lower 
concentration of sulfuric acid causes higher purity of Zr 
in the outlet. 

Table 3: Effective pore diffusion coefficient for diffusion of 
zirconium cation in Dowex 50W X8 at 25 oC. 

 
DP ×10-7 (cm2/s) 

Minimum 1.12 

Maximum 16.6 

Average 8.85 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2: Experimental and predicted two components 
equilibrium isotherms for Zr(IV) and Hf(IV) on Dowex 50W 
X8 at 25 oC, in 0.5 N sulfuric acid solution. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 3: Comparison of experimental and predicted 
breakthrough curves (at 25 oC, 0.5 N Sulfuric acid has been 
used as mobile phase, other conditions according to table 4). 
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Table 4: Operating conditions of two component column breakthrough runs  in sulfuric acid at 25 oC. 
 

Acid concentration UL 
(cm/s) 

Resin weight 
(g) 

CF, Zr 

(μg/ml) 

CF, Hf 

(μg/ml) 
DL, 

(cm2/s) 
Kf, 

(cm/s) 

0.5 N 0.013 2.5 19.6 4.2 7.7x10-4 9.5x10-4 

1 N 0.013 7.2 16.0 3.1 " " 

 
Table 5: Operating conditions of elution of the loaded resin bed by Zr(IV) and Hf(IV) cations at 25 oC. 

 
Eluent UL 

(cm/s) 
Resin weight 

(g) 
Cinjection, Zr 

(μg/ml) 

Cinjection, Hf 

(μg/ml) 
Volume of injection 

(ml) 

1.6 N Sulfuric 
acid 0.0080 10 1695 364 2.5 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4: Comparison of experimental and predicted break-
through curves (at 25 oC, 1 N Sulfuric acid has been used as 
mobile phase, other conditions according to table 4). 
 

Fig. 6 (a-c), represents running numerical program of 
the chromatographic curves in different conditions of 
mobile phase velocity and injection concentrations of 
Zr(IV) and Hf(IV) at 1.6 N sulfuric acid. Comparison of 
these varying conditions indicates that liquid velocity and 
injection concentration of the metal ions are important 
factors in improving ion exchange performance. 

Higher liquid flow rate and higher inlet 
concentrations of the cations are the worst conditions and 
show lowest purity of the effluent in Fig. 6a. Lower flow 
rate  and  feed concentration shows the capability of the 
high separation efficiency as  Fig. 6c. It is concluded that 
for effective separation of these cations low liquid 
velocity is required to reach to high degree of separation, 
so this procedure could not be used for high capacities of 
effluents. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5: Comparison of experimental and predicted chromato-
graphic curves at 25 oC, 1.6 N Sulfuric acid has been used as 
eluent, other conditions according to table 5. 

 
CONCLUSIONS 

The ion exchange process by Dowex 50W X8 cation 
exchange resins has shown effective separation of 
zirconium and hafnium ions at low sulfuric acid 
concentration (0.5 N), high residence times (more than  
10 min) and low cation concentrations (less than 300 
ppm) in the present research. 

The ion exchange isotherm data of sorption of the 
cations on these resins can be represented by Langmuir 
two-component isotherm. The equilibrium constants 
depend on the concentration of the presented sulfuric acid 
in the feed. Column breakthrough and chromatographic 
experiments can be simulated by an axial-dispersed flow 
model accompanied with pore diffusion model inside the 
resin   particle.   It  was  found  that  the  presented  model 
predicts  the  breakthrough  and  chromatographic  curves 
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Fig. 6 (a-c): Model predictions under varying mobile phase 
velocity and injection concentrations of Zr(IV) and Hf(IV). 

with an acceptable degree of accuracy. There was about 
4-20% AARD between experimental and predicted data. 
The experimental and predicted data indicate that 
concentration of sulfuric acid used as mobile phase, 
liquid velocity in the ion exchange column and injection 
concentrations of cations are important parameters in 
improving separation efficiency. 
 
APPENDIX 
Particle Model 

For simultaneous solution of particle and bed 
equations, the solid phase concentration (qi) was replaced  
by the function of pore concentration (Cpj) using  
Langmuir isotherm for each species as follows: 
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the term ∂qi/∂t in Eq. (7) was substituted by: 
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from differentiation of Langmuir isotherm for each cation; 
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After substitution of A-4 and A-5 in A-3, then in  
Eq. (7), the following equations are derived for  i=Zr: 
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function F is shown as the following: 
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similar equations has been  derived  for  i=Hf . 
The initial and boundary conditions of particles are: 

0C0t i,p =⇒=  , (for breakthrough curve)               (A-9) 
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Bed model 

Liquid concentration of each species (i) depends on 
the particle surface concentration and  film mass transfer 
coefficient which is presented below with respective 
boundary and initial conditions: 
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Finite difference algorithm 

Equations    (A-7)    and    (A-12)   were     rearranged  
numerically by explicit finite difference method for each 
species at each point (rm, zk, tn) as following : 

At each point of the particle radius (rm) and each point 
of the bed (zk): (i=Zr) 
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At each point of the bed length (zk): 
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n,MZr,PC = concentration at particle surface    
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Bed Initial and boundary conditions: 

0C 0,ki =                                                                 (A-22) 
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Fig. 7: The flow chart of the numerical solution. 
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The general algorithm of numerical solution is 
presented in Fig. 7. 
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Nomenclatures 

b                                             Langmuir constant (mL/ μg) 
C                                  Fluid phase concentration (μg/mL) 
Cp          Concentration in liquid inside the pores (μg/mL) 
Dm         Molecular diffusion coefficient in solution (m2/s) 
dp                                                       Particle diameter (m) 
Dp                     Effective pore diffusion coefficient (m2/s) 
DL                                                   Axial diffusivity (m2/s) 

kf                     Liquid film mass transfer coefficient (m/s)  
H                                                           Column height (m) 
q                                  Resin phase concentration (μg/mL) 
qm                                            Langmuir constant (μg/mL) 
Rp                                                         Particle Radius (m) 
t                                                                              Time (s) 
UL                                               Superficial velocity (m/s) 
z                                      Axial distance along column (m) 
 
Greek Symbols 
ε                                                                      Bed voidage 
εp                                                               Particle voidage 
µ                                                    Fluid viscosity (kg/m s) 
ρ                                                        Fluid density (kg/m3)  
τ                                                           Dimensionless time 
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