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ABSTRACT: In this research, the effect of bubble surface area flux, Sb, and particle size on 

flotation rate constant, k, of pyrite (FeS2) particles was studied using bubble-particle interactions. 

The bubble-particle collision, attachment and detachment efficiencies were calculated under 

different flow regimes. The k increased with increase in the collision efficiency and decrease in the 

detachment efficiency. Also the bubble-particle collection efficiency increased with increase in the Sb. 

Thus difficulty in the floating of fine particles was attributed to low efficiency of the bubble-particle 

collision efficiency while difficulty in the floating of coarse particles was due to high efficiency of 

bubble-particle detachment.  Maximum collision, attachment and detachment efficiencies were 

obtained as 81.57%, 50.60% and 51.89%, respectively. 
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INTRODUCTION 

A key element of the effectiveness of the recovery  

of valuable minerals via the flotation process is  

the interaction between particles and air bubbles.  

The bubble–particle interaction involves a number of micro 

processes, which can be divided into collision, attachment 

and detachment. Despite recent advances, these micro 

processes are still not well understood from a quantitative 

viewpoint [1]. 

 

 

 

Froth flotation is widely used for separating different 

minerals from each other. However, its effectiveness  

is limited to a relatively narrow particle size range of  

10-100 µm [2]. Although the effect of particle size on 

flotation performance has been widely studied and many 

important physico-chemical factors related to particle size 

have been identified [2-10], the net effect of these factors 

is very difficult to predict. For example, in bubble-particle  
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interaction, particle size is known to play a critical role  

in the efficiency of particles colliding with bubbles, 

attachment of particles to bubbles after collision, as well as 

remaining attached in the pulp phase  [11, 12].  

The surface area flux work has been published in a 

series of papers [13-18]. For instance, Gorain et al. (1997) 

have investigated the effect of gas dispersion properties 

on the flotation rate constant, k, in plant and pilot scale 

mechanical cells over a range of operating conditions for 

four impeller types [17]. They found that the k is not 

readily related to the bubble size, gas holdup or superficial  

gas velocity individually, but it is related to the bubble 

surface area flux, Sb, that the relationship is linear  

for shallow froths. It has also been found that Sb was 

strongly related to the k and that the relationship is linear, 

as represented by the following equation [17, 18]: 

f bk R S= α                                                                      (1) 

b g 32S 6J / d=                                                                  (2) 

Where, Jg is the superficial gas velocity, d32 is the 

Sauter mean diameter of the bubbles, α  is the  

floatability factor, which encompasses the contribution of 

particle size and hydrophobicity [19], and Rf is the froth 

recovery factor, which is defined as the ratio of the 

overall flotation rate constant and the collection zone rate 

constant [18].  

In this research, the effect of Sb and particle size  

on the k of pyrite (FeS2) particles is studied.  

So the relationship between k and Sb is studied using 

bubble-particle interactions and, consequently, has 

important implications regarding the optimization, scale-up 

and design of mechanical flotation cells. 

 

EXPERIMENTAL  SECTION 

Flotation experiments were carried out in a 

mechanical laboratory flotation cell. An impeller 

diameter of 0.07 m was used for pulp agitation and a cell 

with square section was used in which the length and 

height were 0.13 and 0.12 m, respectively. The impeller 

rotating speed was 900, 1000, 1100 and 1200 rpm and  

the air flow rate was 120 and 180 l/h. Pyrite (FeS2) particles of 

eight size classes containing -37, -53+37, -75+53,  

-106+75, -212+106, -300+212, -420+300 and -500+420 µm 

were used for flotation experiments. Chemical composition  

of the pyrite sample is given in Table 1. The frother was  
 

Table 1: Chemical composition of Pyrite used in the 

experiments (XRF). 

Wt% Chemical Composition 

45.95 Fe  

43.78 S  

1.19 
2SiO

 

0.38 CaO  

4.03 Cu  

0.45 OK 2  

1.25 32OAl
 

2.97 Loss of  ignition (L.O.I.) 

 

MIBC (methyl iso-butyl carbinol) with the concentration 

of 22.4 ppm. The flotation experiments were carried out 

by potassium amyl xanthate collector (200 g/t) at the pH 

of 9.5 using local tap water. When the Sb values were set, 

all the size fractions were floated together under those 

exact conditions (Table 2). Eq. 1 is not universally 

accepted and certainly can only be valid up to a certain Sb 

(a limit on the Sb before the cell boils). So, in this 

investigation, Sb was 16.77 to 27.43 1/s. Also, in all the 

experiments, the froth depth was shallow and the froth 

recovery factor, Rf, was assumed to be equal to 1. 

The air flow rate and the impeller speed were set and 

the float product was collected at the time intervals of  

2, 4, 6 and 8 minutes. The k was calculated assuming the 

first order rate equation (Eq. 3) for a batch cell and 

plotting Eq. 4 versus t (Fig. 1). According to Fig. 1a, 

flotation recovery after 8 minutes was close to R* 

approximately.  

*R R (1 exp( kt))= − −                                                      (3) 

*ln(1 R R )−                                                                   (4) 

Where R* is infinite recovery. According to Fig. 2, 

bubble size distribution was measured in a device similar 

to the McGill’s bubble viewer [20]. It consisted of  

a sampling tube attached to a viewing chamber with 

a window inclined 15o from vertical. The closed assembly 

was filled with water of a similar nature to that  

in the flotation cell (to limit changes in the bubble 

environment during the sampling). Then the tube was immersed 

in the desired location below the froth. Bubbles rose  

into the viewing chamber and were imaged by a digital camera  
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Table 2: The conditions of flotation experiments. 

180 180 180 180 120 120 120 120 Gas Flow Rate (L/h) 

1200 1100 1000 900 1200 1100 1000 900 Impeller Speed (rpm) 

620 680 750 820 620 680 750 830 )m(db µ
 

8.17 6.65 5.29 4.08 7.30 5.93 4.71 3.62 *εg (%) 

0.3 0.3 0.3 0.3 0.2 0.2 0.2 0.2 Jg (cm/s) 

27.43 25.89 24.31 22.69 20.19 19.08 17.94 16.77 Sb (1/s) 

130 170 224 301 131 171 226 303 Reb 

5.98 4.18 2.95 2.15 5.98 4.18 2.95 2.15 **ε (W/kg) 

*εg is gas holdup        **ε is energy dissipation 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1: Calculation of the flotation rate constant base on R* (Sb = 19.08 1/s ) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2: Bubble diameter measurement for different impeller speeds and air flow rates. 

0                  2                  4                  6                  8 

Time (min) 

0                    2                     4                     6                     8 

Time (min) 

100 

 
80 

 
60 

 
40 

 
20��

 
0 

0 

��

��

��
 

2 

��

��

��

 

4 

��

��

��

 

6 

R
ec

o
v

er
y

 (
%

) 

L
n

(1
-R

/R
*
) 

-500+4200                   -420+300                   -300+212                   -212+106                   -106+75                   -75+53                   -53+37                   -37 



www.SID.ir

Arc
hive

 of
 S

ID

Iran. J. Chem. Chem. Eng. Shahbazi B. et al. Vol. 32, No. 2, 2013 

��

112 

as they slid up the inclined window, which was 

illuminated from behind [20].  

The Washburn method was used to measure contact 

angle on the powder. Contact angle of pyrite particles 

was measured using Lauda tensiometer (TE3) after 

flotation tests. The Lauda tensiometer simplifies the 

characterization of wetting behavior of the whole surface. 

The contact angle was measured by means of the precise 

adjustment of the immersion/receding rate and 

micrometer-accurate measurement of the immersion dept. 

Contact angle of the pyrite sample was obtained as 80.7o 

using Lauda tensiometer (TE3).  

Superficial gas velocity was calculated using the air 

flow rate and the area cross section of the cell with 

consideration of the area occupied by the impeller shaft. 

The input power was inferred from the electrical 

measurements and measuring the entrance amperage and 

voltage to the electrical motor of the flotation equipment. 

 

THEORITICAL  SECTION 

The flotation rate constant is proportional to the 

collection efficiency [21]. This equation can be seen  

as the equation below [22]: 

col c a dE E E (1 E )= −                                                        (5) 

Where, Ec is the bubble-particle collision efficiency, 

Ea is the bubble-particle attachment efficiency and Ed is 

the bubble-particle detachment efficiency. Equations of 

the bubble-particle collision, attachment and detachment 

efficiencies under different flow conditions are given in 

Table 3. The five parameters of db, vb, vp, Reb and ti are 

necessary for calculating the collision, attachment and 

detachment efficiencies that these parameters are  

obtained using following equations (Eqs. 6-11). The mean 

bubble diameter adopted was the Sauter diameter, 

calculated by the equation below [29]: 

3
i i

b 32 2
i i

n d
d or d

n d
=
�
�

                                                      (6) 

Where, n is the number of bubbles and d is the bubble 

diameter. If the surface of a drop or bubble is immobile 

for any reason, the floating velocity is the same as that  

of a solid sphere and the bubble raise velocity can be 

described by the Stokes' equation [30]: 

2
b

b

d
v g

18
=

ν
                                                                     (7) 

where ν is kinematic viscosity. Also particle settling 

velocity can be described by the equation below [31]: 

( )s p

p

3g d
v

ρ − ρ
=

ρ
                                                     (8) 

Where, neither Newton's nor Stokes' laws apply, 

rather there is another equation for calculating the particle 

settling velocity as follows [32]: 

( )
2

0.5
0.5

3
p s

p 2
p

d g20.52
V 1 0.0921 1

d 0.75

� �� �� �ρ − ρ ρ� �η � 	= + −� �� �� �� 	ρ η
 �� �� 
 �

 (9) 

Where, η is dynamic viscosity. The bubble Reynolds 

number is another effective hydrodynamic parameter on the k, 

which is calculated by the equation below [33]: 

b b bRe v d /= ρ η                                                            (10) 

The induction time is a function of the particle size 

and contact angle, which can be determined by the 

equation below [34,35]: 

0.6
i p

75
t d=

θ
                                                                   (11) 

Where θ is contact angle. 

 

RESULTS  AND  DISCUSSIONS 

Flotation recovery of pyrite particles 

With increase in the particle size, the transferring 

ability of air bubbles reduced to the minimum and 

therefore flotation recovery decreased. The Sb was 

increased with increasing the air flow rate. So, the 

flotation recovery of pyrite particles increased with 

increasing of the air flow rate and Sb.  

The flotation rate of pyrite particles for different 

particle sizes, air flow rates and impeller speeds is given 

in Fig. 3. Maximum peaks for the particle size of -37 µm 

are attributed to the entrainment phenomena. Furthermore, 

Maximum peaks for particle size of -75+53 µm can be  

due to both of the increasing attachment efficiency and 

decreasing detachment efficiency.  

The k was increased with increase in the Sb and 

decrease in the particle size. The maximum k was obtained 

as 0.67 1/min, when the particle size, impeller  

speed and Sb were -75+53 µm, 1100 rpm and 19.08 1/s, 

respectively. The minimum k was obtained as 0.16 1/min 
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Table 3: Equations for calculating bubble-particle collision, attachment and detachment efficiencies. 

Bubble-particle Interaction Flow Conditions Equation 

Collision Efficiency [23,24] 

Flint-Howarth 

bp

p

FHc
vv

v
E

+
=−

 

Stokes 
2

bpStc )d/d(
2

3
E =−

 

Potential bpPc d/d3E =−
 

Intermediate 	


�
�
�

�
+=−

15

Re4

2

3
)d/d(E

72.0

b2

bpIc
 

Collision Frequency [25] Saffman-Turner 
2

13

bp

2

dd

15

8
Z �

�

�
�



�

ν

ε
��
�

�
��



� +π
=  

Attachment Efficiency [24,26] 

Yoon 
( )

( ) 	
	


�

�
�
�

�

�
�

�

�

�
�




�

+

+−
=−

1ddd15

tvRe845
exparctan2sinE

pbb

ib

72.0

b2

Ya

 

Stokes �
�

�

�

�
�




�

+
=−

bp

iStp2

Sta
dd

tAv2
hsecE , 

3

b
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1

b

p

p
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d
1
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1

d

d
1

4

3
1

v
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A

−−

��
�

�
��



�
+−��

�

�
��



�
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Potential �
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�

�

�
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+
=−
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3
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1
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1
1
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v
A

−

��
�

�
��



�
+++=

 

Detachment Efficiency [27] Bloom and Heindel 

	


�
�
�

�
�
�

�
�



�
−=

*d
Bo

1
15.0expE , 

+

�
�

�
�



� θ
+π�

�
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�
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−πσ
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2
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1
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2

ss
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�

�
�



� θ
+π�

�

�
�



� θ
−πσ

�
�

�
�



� θ
−π��

�

�
��



�
ρ−

σ

+

2
sin

2
sin6

2
singd

d

4
d5.1 2

b

b

p  

Detachment Frequency [28] Mika and Fuerstenau 3

2

bp
3

1

1 )dd(CZ

−

+ε=′ , 33.2C61.1 1 ≤≤  

vp: particle velocity, vb: bubble velocity, dp: particle diameter, db: bubble diameter, ti: induction time, 

Reb: bubble Reynolds number, Bo*: Bond number, ε: energy dissipation, C1: empirical value, θ: contact angle,  

g: acceleration due to gravity, σ: surface tension,ρs: particle density,∆ρs = (ρs-ρ), ρ: fluid density, ν= kinematic viscosity 

 

for the particle size of -500+420 µm, impeller speed of 

1000 rpm and Sb of 17.95 1/s.  

 

Bubble-particle collision efficiency 

In the previous section, the k-Sb relationship for the 

different impeller speeds and air flow rates was 

investigated. This section will try to determine the 

collision efficiency for a better interpretation of the 

results obtained from the experiments. So far various 

relations have presented for calculating of the bubble-

particle collision efficiency that each of them can be used 

under certain conditions. In this research, for calculating 

of the bubble-particle collision efficiency, different relationships 

are used to determine the appropriate estimates. 

Collision frequency for the different energy 

dissipation and bubble-particle aggregate diameter, db+dp, 

is shown in Fig. 4. Obtaining the collision frequency 

involves measuring the energy dissipation in the system. 
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Fig. 3: Flotation rate of the pyrite particles for different amounts of particle sizes, air flow rates and Sb. 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig. 4: The effect of energy dissipation and bubble-particle aggregate diameter on the collision and detachment frequencies. 

 

In this study, the energy dissipation was within the range 

of 2.15-5.98 W/kg and the results showed that the 

flotation rate of pyrite particles increased with increase  

in the energy dissipation. The collision frequency  

was obtained between 10-7 to 6×10-7 m3/s. The energy 

dissipation increased with increase in the impeller speed 

and thus bubble-particle collision frequency will increase 

as well. So the collision frequency increased with 

increase in both the energy dissipation and bubble-

particle aggregate diameter. 

According to Fig. 5, the Flint-Howarth collision 

efficiency was calculated for different particle sizes using 

the first equation of Table 3 ( 11.11<Ec-FH<52.56%).  

The bubble-particle collision efficiency increased with 

increase in both the particle size and Sb. The maximum 

Flint-Howarth collision efficiency was obtained as 

52.56% with the k of 0.22 1/min, Sb of 27.43 1/s and 

particle size of -500+420 µm. The Flint-Howarth 

collision efficiency for coarse particles was very lower 

than that of other models. So perhaps this model  

is not applicable for coarse particles.  

According to Fig. 5, the Stokes’ collision efficiency 

was calculated for different Sb and particle sizes 

(0.07<Ec-S<81.57%). The maximum Stokes collision 

efficiency was obtained as 81.57% with the Sb of 27.43 

1/s, particle size of -500+420 µmand k of 0.22 1/min. 

Also the minimum Stokes’ collision efficiency was 

obtained as 0.07% with the particles size of -37 µm and 

Sb of 16.77 1/min. This model appears to give a good 

estimation of collision efficiency for both the coarse and 

fine particles. 

Also the collision efficiency was calculated based on 

the Potential and Intermediate flow conditions (Fig. 5). 

Both the Potential and Intermediate collision efficiencies 
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Fig. 5: The effect of Sb and particle size on the bubble-particle 

collision efficiency. 

were exaggerated as the collision efficiency of coarse 

particles (-300+212, -420+300 and -500+420 µm) was 

more than 100%. So these models were not applicable for 

the coarse particles.  

 

Bubble-particle attachment efficiency 

The effect of Sb and particle size on the attachment 

efficiency is shown in Fig. 5. Both the k and attachment 

efficiency increased with the increasing of the Sb.  

So increasing of the k can be attributed to increase  

of the attachment efficiency. Attending to complexity  

of the attachment equations (Table 3), reason of this fact 

is not completely clear and it is may be due to decreasing 

of the bubble diameter and thus decreasing of the bubble 

rise velocity. 

The maximum Yoon’s, Stokes’ and Potential attachment 

efficiencies were obtained as 93.52, 50.60 and 39.15%, 

respectively. The maximum attachment efficiency was 

obtained with the particle size of -37 µm, Sb of 27.43 1/s and 

k of 0.44 1/min. Yoon’s attachment efficiency was more 

than the other attachment efficiencies and the attachment 

efficiencies calculated under the potential flow conditions 

were very lower than that of both the Yoon’s and Stokes’ 

attachment efficiencies. 

 
Bubble-particle detachment efficiency 

The effect of energy dissipation on detachment 

frequency is shown in Fig. 4. In this  research, 

detachment frequency was in the range of 160-360 1/s. 

The maximum detachment frequency obtained was 360 1/s 

with the energy dissipation of 5.98 W/kg and bubble-

particle aggregate diameter of 0.64 mm. The minimum 

detachment frequency obtained was 160 1/s with the 

energy dissipation of 2.15 W/kg and bubble-particle 

aggregate diameter of 1.3 mm. So, detachment frequency 

increased with increasing of the energy dissipation and 

decreasing of bubble-particle aggregate diameter. The k 

increased with decrease of the detachment frequency.  

Detachment efficiency increased with decrease of the 

Sb. In this research, decrease in the bubble diameter (gas 

dispersion) is due to increasing of the energy dissipation (�). 

According to detachment equation in Table 3,  

increasing of the detachment efficiency is due to 

decreasing of the energy dissipation and also should be 

consider that Sb decreases with decreasing energy 

dissipation. According to Fig. 5, the maximum 
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Fig. 6: The effect of 
bS  and particle size on the bubble-particle collection efficiency. 

 

detachment efficiency was obtained as 51.89% with the 

Sb of 16.77 1/s, particle size of -212+106 µm and k of 

0.37 1/min. Also the minimum detachment efficiency was 

obtained as 0%, for the particle size of -106+75 µm, Sb of 

25.89 1/s and k of 0.64 1/min.  

 

Efficiency of collecting particles with bubbles 

The effect of Sb and particle size on bubble-particle 

collection efficiency is shown in Fig. 6. Since the bubble-

particle collision, attachment and detachment efficiencies 

have already been calculated, now calculating the bubble-

particle collection efficiency is possible. The results 

showed that the bubble-particle collection efficiency 

increased with increasing of the Sb. Difficulty in the 

floating of fine particles is attributed to the low efficiency 

of bubble-particle collision efficiency while difficulty  

in the floating of coarse particles is due to high efficiency  

of bubble-particle detachment. According to Fig. 6,  

the bubble-particle collection efficiency of both the fine and 

coarse particles was low. So the highest bubble-particle 

collection efficiency was obtained for the medium size 

classes of -53+37, -75+53 and -106+75 µm. 

 

CONCLOSIONS 

In this research, the effect of Sb and particle size  

on the k of pyrite particles was investigated and  

the following conclusions were made: 

The flotation recovery of the pyrite particles increased 

with increase in the Sb. Also the k increased with increase 

in of the Sb and decrease in of the particle size.  

The collision, attachment and detachment efficiencies 

were calculated for the different Sb and particle sizes.  

The maximum Stokes’ collision efficiency was obtained 

as 81.57% with the Sb of 27.43 1/s, particle size of  

-500+420 µm and k of 0.22 1/min. The maximum Stokes’ 

attachment efficiency was obtained as 50.60% with the 

particle size of -37 µm, Sb of  27.43 1/s and k of 0.44 1/min. 

The maximum detachment efficiency was obtained  

as 51.89% with the Sb of 16.77 1/s, particle size of  

-212+106 mµ and k of 0.37 1/min. The bubble-particle 

collection efficiency increased with increasing of the Sb. 

So difficulty in the floating of fine particles is attributed 

to low efficiency of the bubble-particle collision 

efficiency while difficulty in the floating of coarse 

particles is due to high efficiency of the bubble-particle 

detachment. 

 

Nomenclature 

Bo*                                                                 Bond number 

C1                                                               Empirical value 

D32                                                    Sauter mean diameter 

db                                                               Bubble diameter 

dp                                                              Particle diameter 

Ea                                                     Attachment efficiency 

Ecol                                                     Collection efficiency 

Ec                                                         Collision efficiency 

Ed                                                    Detachment efficiency 

g                                               Acceleration due to gravity 

Jg                                                    Superficial gas velocity 

k                                                       Flotation rate constant 

R                                                                          Recovery 

R*                                                              Infinite recovery 
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Reb                                              Bubble Reynolds number 

Rf                                                       Froth recovery factor 

Sb                                                  Bubble surface area flux 

t                                                                                   Time 

ti                                                                   Induction time 

vb                                                                Bubble velocity 

vp                                                               Particle velocity 

Z                                                          Collision frequency 

Z'                                                     Detachment frequency 

α                                                               Flotability factor 

ε                                                             Energy dissipation 

η                                                            Dynamic viscosity 

ν                                                           Kinematic viscosity 

θ                                                                    Contact angle 

ρ                                                                     Fluid density 

ρs                                                                 Particle density 

σ                                                                 Surface tension 
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