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Abstract— The post-buckling behavior of rectangular frames in-an elastic domain is studied in depth.
In analysis, unsymmetrical geometry, sway possibility and support conditions are considered in order
to find their influences on load-deflection paths andmon-linear deformations. The static perturbation
technique is used for analysis and discussion. The first, a second order perturbation problem as an
accurate measurement for the frame, is solved and the solutions compared with previously published
papers. The results reveal that symmetric frames with a sway movement, due to lack of an axial force
in the beam in the first order perturbation analysis, have a symmetric bifurcation point. However, the
post-buckling behavior of un-symmetric frames with or without sway is bifurcated in an asymmetric
manner.
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1. INTRODUCTION

The analysis of elastic post-buckling behavior of frames is rather complicated since it necessitates a
geometrically non-linear bending. The post-critical analysis of elastic structures invariably requires the
solution of a set of non-linear differential equations and is based solely on equilibrium equations. Roorda
and Chilver [2] employed the perturbation method with power series expansions for the analysis of non-
linear equations. A nonlinear finite element analysis for frames is proposed by Care et al. [3]. The post-
buckling behavior of perfect framed structures, as well as the nonlinear geometric analysis of imperfect
frames, can be handled with this method. Bazant and Cedolin [4] adopted the stiffness matrix method and
stability functions from the linear theory, enhancing it using additional terms and used it to deal with the
second order deformation in non-linear behavior. The present work employs the suggested static
perturbation method of Roorda and Chilver [2], based on the equilibrium and flexibility approach and by
simple manipulations for the higher order non-linear stability. The solutions for utilizing the behavior of
rectangular frames with symmetric and non-symmetric geometry and applied loading is obtained. The main
assumptions of the coming analysis are based on frame continuity and the straightness of slender members.
The degree of instabilities at the onset of buckling in a frame is generally not high, and the purpose of this
paper is not to suggest that this instability is important for practical purposes, but rather to show that the
application of non-linearity is extensively dependent on the geometry of the frame and the applied load

configurations.

2. ANALYSIS

Consider a straight member ij of length Ly. and flexural stiffness EI ; of a continuous, rigidly jointed plane
frame.
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Fig. 1. End forces and deflections of member ij

The unbuckled states of the member, which is supposed to be axially rigid but flexible in bending, are

sketched in Fig.1 along with the positive directions of the rotations (6’U N

M ;;), end shears (Q;; ) and axial force (P.. ). In-the following, for simplicity, dimensionless

); chord rotation (¢, ), end

moments (M,

parameters mg, m, plj and g, are utilized instead of the end forces and are, respectively, defined as:
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A nonhnear drfferentlal equation of the deformed member ij can be written as follow:

MU(

0"(x)+ p; sinO(x)—q;; €0sO(x) =0 €))
with boundary conditions
0'(0) =—ny; , O'()=my 2

where 6(x)is the member rotation at a distance.of x from node 7 . In this study, the static perturbation
technique is applied for the solution of monlinear differential Eq. (1). For this reason, 6, p;;,q;;,m; and
m j; are expressed in power series formas functions of some small parameter, &, which increases from zero
along an equilibrium path, leaving a known equilibrium point. Utilizing equilibrium conditions of member ij
results in a power series with respect tor & . Equating coefficients of the same power of ¢, the following

infinite system of perturbation equations are obtained:
0"+ plj¢9 my; + 1 j; (3a)
é”+pU9=zﬁy+mji—2py9 (3b)

Equation (3a) and (3b) are ordinary differential equations and can be readily solved by making use of the
boundary conditions, Eq. (2). Following the solution of Egs. (3a) and (3b), the first and second order end
rotations, QU, Hﬂ, o9 and Hﬂ, are as follows [5]:

Oy = fymy +gytityi s O =gy + fym; “.1)
O = fyty + gt ji + 2Py (Fynvy + Gy i), 0y = gty + fiyii jy + 2 py (Gyniy + Fyainjp) - (4.2)

in which

—%[1—\/19_1700“/19—,7], gj= [ \/_csc\/g] (5.1
ij
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In the following, the post-buckling behavior of three frames shown in Fig.2, with typical specifications
including: sway possibility, boundary conditions, frame symmetry or asymmetry and relative stiffness of

(5.2)

beams and columns, is investigated.
The frame shown in Fig. 2a is an asymmetric side-sway permitted frame whose post-buckling paths are
depicted in Fig. 3a for different values of ¢ . In the case of & =0, the results coincide with those obtained by
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Roorda, [1]. It should be noted that in the case of & =1, since the first order axial force in the beam becomes
zero, the post-buckling path is symmetric.
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Fig. 2. Frame configuration

The post-buckling behavior of symmetric side-sway prevented frames, shown in Fig.2b and Fig.2c, can be
observed in Fig. 3b and Fig. 3c, respectively.

k tr=] k
i [ 7 n=l5 B At - e
1470
: e r _ N
k Iy ser, *=% zgé\ -~ a1 b
e i 5= L ey’ ) L Aosek

a=15 ]
e o _ 238
kl:‘" =g /"—‘ﬂébrﬂ- a=2 a0 1 1 28%k0r aey
1210 '
0.75 %

= - 1% (1408 a=158
o=l A2 ///_/"_1/ e 2= m
&

129 =1

g=1 226k, a=2

2t

a) b) C)
Fig. 3. Post-buckling path of frames shown in Fig.2

A comparison between Fig. 3b and Fig. 3c indicates that simple support reactions improve post-

buckling stiffness rather than fixed supports. The initial post-buckling paths of frames shown in Fig. 2b and
Fig. 2c are, respectively
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3. CONCLUSIONS

In this paper, the non-linear post-buckling behavior of rectangular plane frames is analyzed using the
standard procedure of the static perturbation technique. The solution of a highly non-linear problem is
reduced to the recursive solution of an infinite set of linear problems. Based on parametric studies made in
this study, the following remarkable conclusions are pointed out:
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1. In the stability of symmetric portal frames with permitted sway, due to zeroes of axial force in the beam
resulting from the first order non-linear analysis, the post buckling of the frame becomes unstable. But,
at the second order analysis of the beam, axial force exists and stabilizes the post-buckling of the frame.

2. The post-buckling behavior of non-symmetrical frames is stable due to a tensile force in the beam.

In portal frames, when sway is not permitted, the potential loading of frames beyond buckling is reduced
due to the compressive force in the beam and the decreasing of total frame stiffness.

4. Reducing the ratio of Sb/Sc, Sb and Sc become beam and column stiffnesses, respectively, improving
the post-buckling behavior in sway permitted frames and weakening this capacity in non-permitted sway
frames.

The influence of support conditions on the post buckling stiffness of frames is revealed in sway-
prevented frames, the simple support reactions improve post-buckling stiffness rather than fixed supports.
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