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Abstract– This work presents a computer-based analysis of semi-rigid steel frames. The geometric 
nonlinearity of the structure and the material nonlinearity of the connections are considered in the 
analysis. The critical load has been searched as a suitable load parameter for the loss of stability of 
the system. Several examples are presented to demonstrate the validity of the analysis procedure.           
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1. INTRODUCTION 
 

Connection flexibility affects both the force distribution and the deformation in the beams and columns of 
a frame and must be included in stuctural analysis. The behavior of flexible connections is usually 
described by their moment-rotation curves, in which the slope of the curve corresponds to the rotational 
rigidity of the connections. Several analytical and experimental studies have been done on this subject in 
recent years [1, 7].  

In this study, the nonlinear analysis of frames with rigid end sections and nonlinear semi-rigid 
connections has been carried out taking into consideration the effect of geometric nonlinearity. The 
element matrices of members are formulated by using the second order theory. The analysis is then carried 
out by an incremental procedure. In the analysis, the critical load of the system has been obtained by using 
a double iteration process. The calculation of the critical load is purely a search for the value of a suitable 
load parameter λ for the loss of stability of the system. 
 

2. ELEMENT STIFFNESS MATRIX AND STABILITY ANALYSIS 
 
In this study, to describe the connection behavior, different mathematical models have been proposed. The 
chosen connection model to describe the nonlinear M-θr curve of semi-rigid connections is given by King 
and Chen [6] as follows: 
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where Kt  is the tangent stiffness of the connection, Ki is the initial connection stiffness, Mu is the ultimate 
bending moment capacity of the connection, M is connection moment, and c is the shape factor. 
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 The nonlinear stiffness matrix of a homogenous, flexibly connected member having rigid end 
sections has been obtained from the solution of the second order analysis, where axial force is taken into 
account as  

 









=

jjji

ijii

kk
kk

k    where;























=

LH
EIuH

HL
HEIu

HL
HEIu

HL
HEIu

L
EA

kii

3
2

2
2

2
2

2

3
1

3

0

0

00
  























−

−

−

=

LH
EIuH

HL
HEIu

HL
HEIu

HL
HEIu

L
EA

kij

5
2

2
2

2
4

2

3
1

3

0

0

00
   























−

−=

LH
EIuH

HL
HEIu

HL
HEIu

HL
HEIu

L
EA

kjj

6
2

4
2

2
4

2

3
1

3

0

0

00
  (2)                          

 

In expression (2) 
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where E is Young’s modulus, A is the cross-sectional area of the member, I is the moment of inertia of the 
member, L is the length of the member, kA is the moment value necessary for the spring at the left support 
to rotate one radian, kB  is the moment value necessary for the spring at the right support to rotate one 
radian, N is the axial force in the member,C is [cos (αL)] for compressive and [cosh (αL)] for tensile axial 
force, S is [sin (αL)] for compressive and [sinh (αL)] for tensile axial force, * is -1 for compressive and 
+1 for tensile axial force, and u = α L. 

The point of frame instability occurs when the determinant of the overall stiffnes matrix becomes 
equal to zero. 

 
0=)N(KDet                                                                    (4)  

3. INCREMENTAL ITERATIVE SOLUTION METHOD 
 
The computational technique, namely The Newton-Raphson method, used to obtain the nonlinear response 
of a frame is shown graphically in Fig. 1. The loading is applied incrementally to the frame and within 
each load step an iterative solution is performed until a required accuracy is attained. 
 

                                                                      

 

 
 

           
 

 
 

 
 

Fig. 1. The Newton-Raphson iteration procedure 
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The Newton-Raphson iteration procedure for each increment: 
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j
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j
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j

i RFPuK =−=∆ −− 11                                                            (5) 
 

iii uuu −=∆ +1                                                                               (6)   
 

where 1−j
iK is the nonsingular tangent stiffness matrix, j

iu∆  is the incremental structure nodal 
displacement vector, iP  is the incremental load vector, 1−j

iF is the structure internal force vector, and ji,  
are the numbers of the load step and iteration. 

The right side of Eq. (5) is known as a vector of out-of-balance (residue) loads due to nonlinearity. 
Convergence is assumed when 

uiRi uR εε <∆< ,                                                                (7) 
 

where Ri is the out-of-balance load, and εR and εu  are tolerances.  
 

4. NUMERICAL RESULTS 
 

In the first example, the two-story one-bay frame as shown in Fig. 2 is analyzed with rigid and semi-rigid 
connections, with and without geometric nonlinearity. The connections have an initial stiffness of 206667 
in-kip/rad, and an ultimate moment of 761 in-kip with a shape factor of 0.525 . The results of linear and 
nonlinear analysis are presented in Figs. 3-4. 
 

 

 

 

 

 

 
 
 

Fig. 2. Two-story one-bay frame with uniform and concentrated loads 
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      Fig. 3. The load-lateral displacement curves of node 8 Fig. 4. The load-moment curves of node 1 

 
As the second example, the frame with concentrated loads in Fig. 5 is analyzed for different 

connection stiffnesses and rigid end lengths. The definition of the fixity factor is given as 
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Fig. 5. Two-story one-bay frame with 
 rigid end sections 

Fig. 6. The critical loads for the frame as a function of the fixity     
factor and the length of the rigid end sections 

 
The variation of the critical load of the frame with the connection sitffness and the rigid end length is 

given in Fig. 6.  The variations of the displacement and moment with the connection stiffness and rigid 
end length are given in Figs. 7-8 for P = 100 kips. The displacements and moments are normalized by 
dividing them by the corresponding results for the case of fully pinned joints. 
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Fig. 7. The variation of displacement with connection 
stiffness and rigid end length at node 6 

Fig. 8. The variation of moment with connection           
………stiffness and rigid end length at node 1 

   
The last example (Fig. 9), which is selected for comparison, is taken from Sekulovic and Salatic[7]. The 
critical loads of bifurcation type stability loss of a single bay frame with a different number of storeys 
found by the present method has been compared with those of [7].  

   
 

 

 

 

 

 

 

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fixity Factor   p

N
or

m
al

iz
ed

 C
rit

ic
al

 L
oa

d 
Pc

r

 

Fig. 9. The single bay frame with one Fig. 10. Influence of connection flexibility on the 
        critical load of the frame 

 

γi 

d = 0 in1
d = 10 in2
d = 20 in3
d = 30 in4
d = 40 in5
d = 50 in6

1
2

3
4

5 
6

P P 
I1 

I2 I2 

6 m 

4 m 

E= 210 GPA 
I1= 2770 cm4 
I2 = 1510 cm4 
A1=43 cm2 
A2=33.4 cm2 

a

b

c d

PP PP PP PP

a b c d

       Present Study 
         Sekulovic and Salatic

γi 

 d = 0 in 1
 d = 10 in 2 
 d = 20 in 3

d = 30 in4
d = 40 in5
d = 50 in61

2
3 

456

nP 

nP 

Columns :  W12x96 
Beams :      W14x48 
n = 0.1 

20 ft 

12 ft 

12 ft 

P P 

d d 

1 2 

3 4 

5 6 

P P 

 d = 0 in 1
 d = 10 in 2
 d = 20 in 3
 d = 30 in 4
 d = 40 in 5
 d = 50 in 6

1 
2

4
5

6

3

γi 

www.SID.ir



Arc
hi

ve
 o

f S
ID

Nonlinear analysis of semi-rigid frames with… 
 

October 2007                                                                            Iranian Journal of Science & Technology, Volume 31, Number B5 

571

5. CONCLUSIONS 
 

In the numerical part of this study, some examples have been solved for observing the influence of the 
semi rigid connections on the bending response of frames. For frames with rigid connections and low 
levels of loading, the difference between the displacements and moments of linear and nonlinear analyses 
is very slight. However, for frames with semi-rigid connections, the displacements and moments take 
significantly fewer values in the linear case than in the nonlinear one for the same load, even when it is at 
a low level. Furthermore, as the load level increases, it is observed that, the linear analysis yields much 
lower critical loads compared to the nonlinear one. 

The results of examples show that when the connections are pinned joints, the effect of the lengths of 
the rigid end sections on the critical load of the system is very slight, almost none. However, when the 
connections are semi-rigid, the critical load of the system increases with the increase in the lengths of the 
rigid end sections and the stiffness of the springs.  
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