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Abstract– Investigations into boiling, the generation of vapor and the prediction of its behavior 
are important in the stability of boiling water reactors (BWR). The present models are limited to 
simplifications made to draw governing equations or lack of closure framework of the constitutive 
relations. The commercial codes fall into this category as well. Consequently, researchers cannot 
simply find the comprehensive updated relations before simplification in order to simplify them 
for their own works. This study offers a state of the art, phase-weighted, ensemble-averaged, two-
phase flow, two-fluid model for the simulation of two-phase flow with heat and mass transfer. This 
approach is then used for modeling the bulk boiling (thermal-hydraulic modeling) in BWR. The 
resultant approach is based on using the energy balance equation to find a relation for quality of 
vapor at any point. The equations are solved using SIMPLE algorithm in the finite volume method 
and the results compared with real BWR (PB2 BWR/4 NPP) and the boiling data. Comparison 
shows that the present model is satisfactorily improved in accuracy.           
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1. INTRODUCTION 
 

Boiling Water Reactor (BWR) technology was established on the idea that it can become unstable under 
particular circumstances caused by a feedback between the thermal-hydraulics (changing in void fraction) 
and nuclear energy generation. The instability can result in oscillations of the power and the flow rate, 
which is a drawback to the smooth operation of the reactor [1]. For safety reasons, the simulation of 
boiling in BWR thermal-hydraulics is important in the design process. At the same time, boiling is one of 
the most important kinds of two-phase flow, which includes heat and mass transfer. Thus, it would be 
impossible to investigate the mathematical modeling of boiling without a good understanding of 
turbulence two-phase flow formulation. 

In the past four decades, significant developments in the two-phase flow formulation have been 
accomplished by introducing and improving the two-fluid model. In the present state, the two-fluid model 
can be considered the most detailed and accurate macroscopic formulation of the thermo-fluid dynamics 
of two-phase systems[2-4]. In the two-fluid model, the field equations are expressed by six conservation 
equations, consisting of mass, momentum and energy for each phase. There are also jump conditions for 
all of the conserved equations at the phase interface. The field equations are obtained from an appropriate 
averaging of local instantaneous balance equations. The phasic interaction terms appear in each of the 
averaged balance equations as well. 

The so-called "two-fluid model" of two-phase flow which is based on a single time-averaging has 
been extensively investigated by Ishii [5]. Dalhaye [6], among others, has developed both spatial and 
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space/time averaging techniques. Nigmatulin [7] has derived a volumetric-averaged set of balance 
equations for multiphase flow. In addition, he developed a cell model as a means of deriving closure 
relations for his equations. 

Ensemble averaging has been proposed as the fundamentally correct form of averaging by Buyevich 
[8] and Batchelor [9]. In addition, a number of other averaging techniques have been developed. These 
include a five-stage space/time averaged scheme developed by Drew[10], volume averaging using a 
weighting function by Iwanaga & Ishihara [11], and a volume average using a variable size averaging 
volume by Gray[12]. 

Additionally, Bataille[13] has reported on transforming the space and time coordinates to a four 
dimensional space. He has derived a technique whereby flow parameters are averaged over the four 
dimensions, while being weighted by a smoothing function, which enhances the smoothness of derivatives 
of the averaged parameters. 

The ensemble averaged two-phase flow equations using the interfacial forces between two phases 
were developed by many authors such as Arnold [14], Park [15], Arnold et al. [16], Antal [17], Drew & 
Lahey[18, 19]. Drew & Passman [20] give a very broad and detailed overview of averaging methods for 
multi-component flows. They discuss the ensemble-averaging model in detail as well. Drew and Lahey et 
al. have continued their research in the ensemble averaging model [21-25].  

Work has been done to the present mathematical models for BWR thermal-hydraulic as well. The 
analyses of the important improvements are provided in section 2.f. 

In the thermal-hydraulics section of BWRs, the subcooled water enters the reactor core [26] and flows 
upward in the channels between the fuel elements. The heat generation of the nuclear fuel elements is 
approximately cosine shape in the axial direction. Due to the convective heat transfer, the subcooled 
water, after passing a short zone of subcooled boiling, reaches the saturation temperature and bulk boiling 
occurs along the channel. As a consequence, more vapor volume is generated in the flow direction. 
Because of the physical domain and boiling situation, the pressure difference between the upper plenum 
(outlet of the channel) and the lower plenum (inlet of the channel) in a BWR is small [27, 28]. The P/P 
is so small (about 0.02) that even linear assumption offers an acceptable result [29]. In the present study, 
in order to investigate the bulk boiling in BWR, a vertical duct with the same operating condition is 
considered. For validity of the model, the simulation is compared with real BWR (PB2 BWR/4 NPP) [27, 
28] at operating conditions and also with boiling data [30, 31]. The following physical and operating 
conditions have been used for comparison with the boiling data; channel cross section flow area 0.0098 
m², the channel length 3.81m, the water mass flow rate 17.3797 kg/s, inlet subcooling 10 K, system 
pressure 72 bar, and the channel heat generation 4.6791 MW (cosine shape) in steady state condition. 
 

2. MATHEMATICAL MODEL  
 
The two-fluid models of two-phase flow are formulated based on space, time or ensemble averaging of the 
local instantaneous phasic balance equations. As a consequence, the two-fluid model can only simulate the 
average flow behavior. It provides sufficiently accurate empirical correlations for mass, momentum and 
heat transfer processes at the phasic interface and at the boundary walls. The correct formulation of the 
basic two-fluid conservation equations, and the most appropriate closure laws, are still subject to debate 
and depend strongly on the particular problem as to which terms should or should not be included [32]. 
 
a) Ensemble average 
 

An ensemble is the set of all experiments with the same initial and boundary conditions and some 
(undefined) properties, which are associated with the mean and distribution of the particles and their 
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velocities. These sets are valuable for performing averages because variations in the details of the flows 
are assured in all situations, while at the same time variations in the gross flows cannot occur. The 
ensemble average allows the interpretation of phenomena in terms of the “repeatability” of 
multicomponent flows. Any particular exact experiment or realization cannot be repeated; however, any 
repetition of the experiment will lead to another member of the ensemble.  

The ensemble average for a field, f(x, t) over a particular realization μ of the process is given as [20] 
 

,)();,(),( ∫=
ε

μμμ dPtxftxf                                                    (1)  

where P(μ) is a probability density function of observing realization μ, and ε is the set of all realizations of 
the process of interest. It is worth noting that the probability density function satisfies: 
 

1)( =∫
ε

μμ dP                                                                (2) 

In the two-fluid model, both of the phases must be continuous, but it is obvious that in the phase 
change process or in a dispersed phase existing in a continuous fluid, the discontinuity appears. Thus, for 
solving this difficulty, and also to determine which phase is present at a particular point (function of space 
and time), the phase indicator function χ(x, t) is defined by [5] 
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It follows that the ensemble averaged phase indication function, summed over all phases, must equal one. 
Therefore, the volume fraction of each phase can be defined by 
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where n is the number of phases. For taking the average process in the conserved equations, the “χ - Phase 
weighted ensemble average ( χρ

kf )” needs to be defined: 
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and “χρ - Phase weighted ensemble average (
χρ

kf )” as: 
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b) Governing equations 
 

The approach followed is based on the phase-weighted ensemble average two-fluid model described 
by Drew & Passman [20] which has been adopted and improved by many researchers [21-25] for 
simulation in multiphase flow systems. The following conservation equations are phasic equations, 
namely for the liquid or vapor phase. Here, to obtain equations for each phase of the boiling case, one 
needs to change the subscript “k” to "l" or "v" for liquid phase and vapor phase respectively. 
The phasic mass equation, 
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The phasic momentum equation, 
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The phasic energy equation, 
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where km ′′′&  is phasic interfacial mass generation rate (such as phase change and/or mass source and/or 
flashing), km ′′′& is phasic interfacial mass reduction rate during the process, and ∑ kF  is the sum of 
interfacial momentum transfer. In the above equations the components are assumed to be chemically inert, 
nonpolar, and not under the influence of electromagnetic fields.  
 
c) Jump conditions 
 

The Jump conditions of mass, momentum and energy are 

0)( =′′′−′′′∑ kk mm &&                                                            (10) 
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where M and ∈  are surface tension source and interfacial energy source respectively. They are defined 
fundamentally as [20]  

 
)( σσ inHM ∇+=                                                        (13) 
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vvnH .).(. .∇−−∇+∈= σσ                                       (14) 

 
where H is the mean curvature of the interface, σ  is the surface tension, n is the unit normal to the 
interface, i∇  denotes the gradient in the surface coordinates, and iu  the surface internal energy source.   

In order to get closure, it is necessary to be able to express all the parameters in the two-fluid model 
and the associated jump conditions in terms of the dependent variables. 
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d) Interfacial momentum transfer 
 

The interfacial momentum transfer is modeled with the interfacial forces. For boiling flow in vertical 
channels, the following forces must be taken into account: the drag force dragF , the lift force liftF , the 
turbulent dispersion force turbulentF , the virtual mass force virtualF  and the wall lubrication force wallF . The 
total interfacial force per unit volume is the sum of the forces, 
 

wall
kk

turbulent
k

lift
k

drag
kk FFFFFF ++++=∑  virtual                                      (15) 

 
The drag force is a vector directed along the relative velocity of the vapor phase that is exerted by the 
vapor phase on the liquid phase. Thus, it depends strongly on the relative velocity of the phases and the 
interfacial area. Some studies offer an interfacial area only for spherical bubbles [25, 33-35] (then it 
couldn’t be perfect for void fraction more than 0.25 [36]). In this study, it is used as an expression which 
includes the interfacial area term in common form as [20-25, 37-39]. 
 

 ||)(
8
1

lvlvDl
drag

l
drag

v vvvvCAFF −−′′′−=−= ρ                                 (16) 

 
where DC  and A ′′′  are the drag force coefficient and the interfacial area density, respectively. The DC  is 
flow-regime dependent, and is usually calculated by using a correlation, but for boiling in the general case, 
it needs a DC  for such a wide range of void fraction as [40].  
 

⎪
⎪

⎩

⎪
⎪

⎨

⎧

<−

≤<⎥
⎦

⎤
⎢
⎣

⎡
−
−+−

≤<+

=

−

vv

v
v

vvlb

vbb

D

when

when
gD

when

C

αα

α
α
α

σ
ρρ

α

25.0)1(8.9

25.01.0
)1(67.18
)1(67.171)(

3
2

1.00Re)Re1.01(24
2

5.1

285.1

175.0

           (17) 

 
However, some of the valuable works did not mention any relation for DC [19, 21, 22 & 24]. For boiling 
flow, the interfacial area density should also be determined for a large range of vapor volume fraction by 
using [41] 
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where sbα  is the small bubble void fraction (thus, it is equal to void fraction ” vα ”within bubbly flow 
region) and it can be calculated by [42]  
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The lift force arises from a velocity gradient of the continuous phase in the lateral direction. It acts 
perpendicular to the main flow direction and is proportional to the gradient of the liquid velocity field. It is 
important to obtain correct radial distributions of the two phases in 2D and 3D analyses. The following 
expression is offered by Drew & Lahey [43], and has been addressed by recent acceptable works [24, 33, 
34, 39, 44]. 
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where LC  is the lift force coefficient and depends on Eötvos number ο&&E  as [45] 
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where bubble Reynolds number bRe and Eötvos number oE && are: 
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whereσ is surface tension, and a good way to predict it is offered by Tahery & Modarress [46] for 
different substances.  
The turbulent dispersion force accounts for the effect of the dispersion of vapor bubbles caused by liquid 
turbulence and then smoothes the void fraction distribution. The following turbulent dispersion force was 
derived by Lopez de Bertodano [47] and has been widely used [19, 24, 32, 37, 48, 49].  
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In the present model, TDC  and lk  are the turbulent dispersion force coefficient and the kinetic energy 
of the turbulence of the liquid phase, respectively. Where, the turbulent dispersion force coefficient TDC is 
0.1 for bubbles.  
The virtual mass force comes into calculation whenever one phase is accelerating relative to the other 
one. In the case of a bubble accelerating in a continuous liquid phase, this force can be described by the 
following expression [24, 25 & 37].  
 

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ ∇+
∂
∂

−⎟
⎠
⎞

⎜
⎝
⎛ ∇+
∂
∂

=−= vv
v

ll
l

VMlvlv vv
t

v
vv

t
v

CFF ..virtualvirtual ρα                       (25) 

 
where the virtual mass coefficient VMC  is equal to 0.5 for spherical bubbles. 
 
The wall lubrication force is introduced to eliminate the effect of vapor sticking to the wall, thus it is also 
another parameter which is influential in obtaining the correct radial distribution of the two phases. The 
most detailed model is [24] 
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where wn  is the unit vector normal to the wall and the other parameters are defined as 
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The first term on the right hand side of Eq. (26) is a force normal to the wall, and the second term is a 
force parallel to the wall. They are important for the nodes, which are adjacent to the wall. 
 
The momentum jump condition needs to get closure as well. Thus, M, which is the surface tension 
source, can be written for the bubbles as [21, 22] 
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e) Turbulent model  

In the present study, an elaborate extended k–ε turbulent model for the two-phase flow which includes 
extra source terms is used [24]. The extra source terms represent the increased generation of turbulence by 
the presence of the bubbles. Zboray & Cachard [32] also utilized almost the same model in their work. 
However, no standard model such as the k–ε for single-phase flow exists for two-phase flow, and many 
authors argue that if the dispersed phase elements are small and/or the void fraction is low, the standard k–
ε formulation can be used.  
 
The turbulent kinetic energy for liquid phase 
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Turbulent dissipation for liquid phase 
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The turbulence viscosity induced by the bubbles in the liquid phase is modeled as [50]  
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The interaction terms are defined as [24] 
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and other parameters [32]  
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Similar turbulent transport equations could be utilized for the vapor phase. 
 
f) Previous mathematical models for boiling in BWR 
 

Significant works have been done for modeling of boiling with different constitutive arrangements in 
general cases or specific purposes; such as the works of Li et al. [33, 34], Kurul & Podowski [42] 
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Esmaeilzadeh & Abbasi [51]. Here, the analysis of some of the works which have modelled boiling in the 
BWR domain in particular are presented. 

Anglart et al. [37] worked on CFD prediction of flow and phase distribution in fuel assemblies of 
BWR. They offered the two-fluid model governing equations, but the turbulence model was the classical 
k–ε without extra source terms, and also the turbulent viscosity term that they addressed from Sato's work 
has a missed “ lρ ” in the second term. They offered a constant lift force coefficient ( LC ) too.  

Aktas [52] intended to offer a model for simulating two-phase flows in the thermal-hydraulics of light 
water reactors. In his work, only the drag force is mentioned instead of interfacial forces. Moreover, the 
author offered the interfacial mass exchange term in the phasic mass equations, but this term is not 
affected in momentum equations. Furthermore, the jump conditions for momentum and energy equations 
are not defined clearly. 

Manera et al. [53] worked on modeling and simulation of flashing-induced instabilities in natural-
circulation systems of BWRs. The authors offered a 4-equation two-phase model by using FLOCAL 
software in their work. 

Ferng et al. [54] offered a methodology that includes two-phase hydrodynamic CFD models and Flow 
Accelerated Corrosion (FAC) models in order to predict severe FAC wear sites for BWR. The two-phase 
flow model includes only lift and virtual mass forces. Further, the standard k–ε turbulent model is used.  

Ustinenko et al. [44] offered a new two-phase computational fluid dynamics model for boiling water 
reactor analysis. A set of governing equations is proposed but details of the kind of averaging used are not 
provided. Moreover, the reader could not find any jump condition. In addition, it seems that the governing 
equation could predict only the equilibrium cases. In addition, the authors represented simple convective 
equation between liquid and vapor for the boiling model, but did not mention how the heat transfer 
coefficient for the phases are obtained. 

Consequently, the researchers could not simply find the comprehensive updated relations before 
simplification to simplify them for their own works. 
 
g) Simplification and procedure  
 

If subcooled water enters into a vertical heated channel, the water is heated up to the saturated water, 
and then saturated bulk boiling starts. It is obvious that in the case of saturation boiling, the pressure or 
temperature is unknown. Thus, for a steady state case, the energy balance equation between the inlet and a 
saturated boiling section could be 
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 Hence, the quality at any point of the saturated boiling section could be derived by solving for inv mm && / as 
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where the subscript “in” indicate the inlet condition, and the other parameters are related to the cross 
section. In the Eq. (36), the quality is a function of z, the average phasic velocities (i.e. Vl, Vv), and the 
enthalpies (enthalpies are function of pressure or temperature in saturated boiling). The average phasic 
velocities in three dimensions could be obtained as 

  2222
kkkk wvuV ++=                                                         (37) 
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On the other hand, the quality could be found from [36]  
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and the equations (36) and (38) should be equal in iterative sequence. 
 

3. RESULTS AND DISCUSSION  
 
a) Computation details 
 

In this paper, a SIMPLE algorithm of the finite volume method is used for the differencing of the 
various conservation one-dimensional equations, and the associated interfacial jump conditions. The 
equations are discretised on a collocated mesh using standard differencing techniques. The sets of 
discretised equations were solved iteratively in a sequential manner. The solution algorithm utilizes a 
procedure similar to the SIMPLE method in which the pressure–velocity correction technique is extended 
to two-phase flows [55]. In the present approach, energy balance equation (i.e. Eq. 36) is used instead of 
usual energy Eq. (9) for bulk boiling, iteratively. This saves significant computational time. An overall 
computational flow chart is shown in Fig.1.  
 

 
Fig. 1. Overall computational flow chart 

b) Sensitivity analysis 
 
1. Influence of grid arrangement: Prior to evaluating the model, the influence of grid density on the 
precision of numerical results was analyzed. Due to simplification of the flow field, a one-dimensional 
computational domain was built and four different grid arrangements (5, 10, 20 and 40 uniform length 
cells per meter) were tested. No significant difference between the predicted results of the 20 and the 40 
grid arrangements (per meter length) was found. Therefore, it is confirmed that the 20 grid arrangement 
per meter is adequate to the issue of the present study. 
 
2. Influence of Interfacial momentum transfer: It is important to note that the only non-zero terms of the 
interfacial momentum in the axial direction are the drag force and virtual mass force; while the lift, wall 
force and turbulent dispersion terms are important to distribute the bubbles in the lateral direction. The 
most important force acting on the solution is drag force. Because of this, its proportion to 2

rlvρ  and also 
DC  and A ′′′  vary strongly by void fraction. In this study, the influence of forces is investigated by 
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eliminating each one, while other models and parameters were kept unchanged. The elimination of the 
drag force and virtual mass force exert an 11.5 % and 2.3 % average error (respectively) for the void 
fraction along the path.  
 
c) Modeling of experimental data 
 

The most challenging part of the BWR steady-state analysis is the prediction of the void fraction 
distribution [28]. To validate the proposed model, comparisons have been made with available real BWR 
(PB2 BWR/4 NPP) data [27, 28] and also boiling data [30, 31]. Fig. 2 shows that the proposed theoretical 
axial void fraction distribution in the saturated boiling region agrees well with the real BWR. Fig.3 
indicates the axial power distribution of the BWR which is used for simulation (it is approximately cosine 
shape) [28]. 
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Fig. 2. The void fraction comparison 

 with real BWR 
Fig. 3. Power distribution of the BWR [28] 

 
Figures 4 and 5 show the results of the current study which are compared with boiling data for void 

fraction and quality, respectively. The power distribution for generating the data is cosine shape.   
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  In the boiling systems, one of the most important parameters is the accuracy of the pressure drop.  
Figure 6 shows the comparisons of the pressure drop along the channel, where the relative error is less 
than 1%. As it is shown, the result of the present study is close to the boiling data. In Fig. 7, the liquid 
phase superficial velocity (Jl) and vapor phase superficial velocity (Jv) are shown within a two-phase 
region (saturated boiling zone) of the channel. The comparison shows that the results are in good 
agreement with the boiling data. Since the temperature and density of the phases in the saturation zone 
depend on pressure; and from Fig. 6 it is clear that the pressure along the channel is available and 
accurate, so the densities and temperature for any location can be predicted. 
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Fig. 6. The pressure changes along the boiling part of 

the channel 
Fig. 7. The variation of the superficial velocities 

along the channel  
 

As a consequence of the comparison of the present study shown in Figs. 2-7, it is clear that in the case 
of saturated boiling, using Eq.36 instead of general energy Eq.9 is reasonable.  

The results of the parametric study on how the outlet superficial velocities depend on various input 
heat flux and mass flow rates are shown in Figs.8 and 9, respectively. In this study, their influence is 
investigated by changing one while keeping the other parameters unchanged.  
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Fig. 9. The superficial velocities versus different 

inlet mass flow rate 
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Figure 8 shows that by increasing the heat flux of the channel, the vapor superficial velocity increases 
sharply, but the liquid superficial velocity decreases a little. This is due to the increase of vα , so that lα  
decreases. Moreover, increasing the heat flux makes the distance between the inlet and saturation section 
shorter, as a consequence, a greater amount of vapor has a longer path to accelerate. On the other hand, the 
inlet velocity of the subcooled water is 2.35 m/s and the exit liquid (water) superficial velocity for all 
different heat flux cases is about 2 m/s. Therefore, one phase inlet velocity can be used as a first guess for 
the liquid superficial velocity while performing iterative studies. Figure 9 denotes that whenever the inlet 
mass flow rate of the channel increases, the vapor superficial velocity decreases, but the liquid superficial 
velocity increases a little. This is due to less time to transfer the heat to the water, therefore vα  decrease.  
 

4. CONCLUSION  
 

In the present study, a three-dimensional, phase-weighted ensemble averaged two-phase flow (turbulence), 
two-fluid model for simulating a wide range of void fractions with heat and mass transfer has been 
developed. The model is simplified for saturated boiling in a heated channel with BWR conditions. The 
simplification is based on using an overall energy balance analysis instead of usual two-phase flow energy 
equation. The results have been validated by available real BWR (PB2 BWR/4 NPP) data and also boiling 
data. The computational results highlight that in the case of saturated boiling it is possible to use an overall 
energy balance analysis instead of the usual two-phase flow energy equation. This saves significant 
computation time and simplifies turbulence bulk boiling in BWR. As future work, the authors will work to 
extend this simplification method for subcooled boiling as well.  
 

NOMENCLATURE 
 

A ′′′   interfacial area density 
kb   phasic body force, k = l, v 

BWR  boiling Water Reactor 
D  channel equivalent diameter 
2D   two dimensions 
3D   three dimensions 

kE   phasic interfacial heat source, k = l, v 
 FCA  flow Accelerated Corrosion 
 f  any variable for taking averaging 

kF   phasic interfacial force density, k = l, v 
 g  gravitational acceleration 
 h  enthalpy  

fgh   latent heat 
 I  identity matrix 
 J  superficial velocity 

km ′′′&   phasic interfacial mass generation, k = l, v  

km ′′′&   phasic interfacial mass reduction, k = l, v  
m&   mass flow rate 
M  surface tension source 
NPP  nuclear Power Plant 
PB  peach Bottom 

kp   phasic pressure, k = l, v 
P(μ)  probability density function of observing realization μ 
q ′′   heat flux 
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q ′′′   volumetric heat source 
)(zQ&   ``Total heat transferred to channel from inlet to z 

bRe   bubble Reynolds number 
 u  velocity component in x axis direction 

ku   phasic internal energy, k = l, v 
 v  velocity component in y axis direction 
 V  total phasic average velocity of the channel cross section at z 

kv   phasic velocity, k= l, v 

rv    relative velocity ( lv νν − ) 
w  velocity component in z axis direction 

kW   phasic interfacial work, k = l, v 
 x  quality  
 z  upward axial location in the channel 

Greek 

kα   phasic volume fraction, k = l, v 
Tυ   the turbulence viscosity induced by the bubbles 
χ    phase indicator function 

kρ   phasic density, k= l, v 

sσ   surface tension 

kτ   phasic stress tensor, k= l, v 
t
kτ   phasic ensemble averaged Reynolds stress tensor, k = l, v 

∈   interfacial energy source 
∇   del operator 

Subscripts 

b   bubble 
in  at the inlet of the channel 
ki  phasic Interface, k = l, v  
k  each phase, k = l, v 
l  liquid phase 
r   relative 
v  vapor phase 

Superscripts 

t  related to Reynolds stress 
χ  weighted average with phase indicator function 
χρ  weighted average with phase indicator function and density 

Notation Convention 

  ensemble average  
χ

  χ - Phase weighted ensemble average 
χρ

  χρ - Phase weighted ensemble average 
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