PERFORMANCE MODELLING OF MACHINING
SYSTEM WITH MIXED STANDBY COMPONENTS,
BALKING AND RENEGING

G. C. Sharma, M. Jain and K. P. S. Baghel

Department of Mathematics, Institute of Basic Science
Khandari, Agra-282002, India

Vikas Shinde

Department of Applied Mathematics, Madhav Institute of Technology and Science
Gwalior-474005, India

(Received: September 27, 2002 — Accepted in Revised Form: February 26, 2004)

Abstract  This paper deals with machine repair problem with balking and reneging. There is
provision of mixed standby (warm and cold) components to replace the failed machines. The lifetime
and repair times are assumed to have exponential distribution. Birth-death technique is suggested to
obtain the queue size distribution in explicit form. A repair facility of C permanent repairmen is
facilitated to repair the failed machines in FCFS basis. Some special cases are deduced which tally
with earlier results. To find out the optimal number of spares and repairmen, a cost function is also
mentioned.
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1. INTRODUCTION

The machines are:blest for solving our day-to-day
problems growing in the world. Where ever people
go, they have to face the rush, the machines are
helpful to reduce. our problems. In any
manufacturing systems, if a machine fails, it causes
the loss in desired demand of production. In this
case standby spares/ machine/part support are used
which may be of three types. If the failure rate of
standby machine is zero, it is called as cold
standby. In the other case when failure rate of that
of functioning machine, it is referred, as warm
standby while a standby machine is known as hot
standby if its failure rate is same as failure rate of
operating machine. The arrival of customers with
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machines depends upon the service/repair facility
provided to renew the machines.

Machine repair problems are studied by several
researchers in different frame works. Gopalan
(1975) established the analysis of single server n
unit system with (n-1) warm standbys. Hilliard
(1976) discussed cost analysis of maintenance float
system. Gross and Harris (1985) developed the
M/M/C/m/m model with spares. Berg and Posner
(1985) studied M/M/C repair system with spares.
Daduna (1990) considered the delay times for
exchangeable items in repair system. Meng (1995)
compared the MTBF of four systems with standby
machine is less than standby components. Gupta
and Rao (1996) studied the M/G/1 machine
interference model with spares. Jain (1997)
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analyzed (m, M) machine repair problem with
spares and state dependent rates. Jain (1998) also
studied machine repair problem with spares and
additional repairmen. Gupta (1999) developed N —
policy queuing system with finite source and warm
spares. Ke and Wang (1999) considered the
machine repair model with balking, reneging and
server breakdowns. M/M/C/K/N machine
interference model with balking, reneging, spares
and additional repairman was examined by Jain et
al. (2000). Jain et al. (2001a) established M/M/m/K
model with additional replacement systems with
minimal prediction of a flexible manufacturing
system.

For smooth running of machining system, the
provision of cold or warm standby components
is common in real time systems, but it is
recommended to facilitate mixed (cold and warm)
standby components in many cases, as costs of
cold and warm standbys are different and
sometimes required quantity of one type of
standbys is not available. For example, in power
plant system, as standbys cold as well as warm
spare units are used. Wang (1993) analyzed the
cost of M/M/R machine repair system with mixed
standbys. This paper addresses the performance
issue of machining system maintained by a multi-
repairmen facility by considering the provision of
mixed spares along with on-line components.
Considering state dependent rates also incorporates
the concept of balking and reneging. In real time
manufacturing and machining systems, degraded
failures are frequently observed; this concept is
also covered by the assumptions of state dependent
rates. In section 2 we provide model description
along with notations relatedto the model. In
section 3, the governing equations and queue size
distribution in product form is facilitated. Some
special cases are also deduced to compare the
results with earlier existing models. We obtain
some performance measures in section 4. In
section 5, we describe the cost function. Section 6
presents discussion and scope for future work.

2. MODEL DESCRIPTION

With a management point of view in machining
systems it is not always essential to wait for a
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repair as it results into loss of production thus
the production system needs standbys for
instantaneous usage. In many situations balking
and reneging of machines for repair is essential
rather than creating repair facilities for a long
queue of failed machines at the cost of capital
investment. We consider machine repair problem
with balking, reneging and mixed standby
components. The failed machines arrive according
to FCFS discipline and repair of failed machines
and lifetime follow exponential distributions. A
pool of C repairmen repairs the failed machines.
The repaired machines join the standby group
unless the system is short. In case of short system
the repaired machines are immediately used for

service. For modeling purpose, we use the following
notations:

Capacity of the system.
Number of operating machines.
Number'of failed machines in the system.
Number of cold standby machines.
Number of permanent repairmen in the
system.

. Failure rate of machines in the system.

. Service rate of permanent repairmen.

Number of warm standby machines.
. Reneging rate of the machines.

. Balking probability of the machine when all

permanent.
repairmen are busy.
Py, Steady state probability of empty state.
P,(t). Transient state probability that there are n
failed machines in the system at time t (n =

DR P= > OXKPZR

0,1,2, ------ ,Y+S+K).

P, Steady state probability of n" state.

a The parameter which denotes the degree to
which repair rate is affected by the system
state.

3. THE GOVERNING EQUATION AND
PERFORMANCE MEASURES

We consider the two cases, which are given as
follows:

Casel: WhenC <Y
In this case the birth and death rates for the model

IJE Transactions A: Basics


www.SID.ir

arc:

[NA+ Sa
(NA+So)B

A, =[NA+(S+Y-n)x]B
[N+Y+S—n]pA

0

0<n<C

C<n<Y
Y<n<Y+S
Y+S<n<Y+S§S+K
n2Y+S+K

and

ni I<sn<C
:Lln: n !
(EJ Ch ccn<y+S+K

The transient state equations are as follows:

By (t) =—[(NA + Sa)] Py () + pP(t)

(1)
P/(¢t) = —[NA+ Sa+ nu)P(t) +
[NA+Sa]P, (t)+(mn+DuP,, (t) 1<n<C
(2)
PL(t) ={(NA+Se) B + CulP. (1) +
(N +Sa) Py (6) + (% ] CHP., (1)
(3)

P'(t)= —[(N/l +So) B + (% ) C,uijn (t) +
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(NA+Se) BP,., () + (”T“ ) CUP,, (1)

C+1<n<Y
“4)
{NA+(S+Y -n)x}p
Pt)y=— (nY P, (1)
+[NA+ (S +¥ —n+ 1o |BP,_ (1)
+(nT+1)aC/,LPnH(t) Y+1<n<Y+S
()

P/(t) = —[(N +Y+S—n)BA+ (% ) C,u]Pn (@)

+(N+Y+S8—n+1)BAP,_ (1)

n+1

+ (T ) Cup,,,(?)

Y+S+1<n<Y+S5S+K-1
(6)

, Y+S+K Y
PY+S+K (t) = _[T) C/‘LPY+S+K (t)

+ (N -K+ l)ﬁ/,LPY+S+K—1 (t)
(7)

Now taking limit ¢ — oo, the differential —
difference equations (1)-(7) reduce in steady state
equations as:

—[NA+So]p, +uP, =0 (8)
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—[NA+So+nulP, +(NA+Sa)P,_,

+(n+hup,,, =0
1€£n<sC-1
)
—[(NA+Sa)B + CulP. + (NA+ So)P._,
C+1Y
+(T) C‘uPCH :0
(10)
—[(N/1+Soc)ﬁ +(%) C,u:IPn
+(NA+Sa)BP,
n+1Y
+(T) C,LLPM =0
C+1<n<Y
(11)

—[[N/l+ (S+Y —n)]B +[%) C,u:IPn +

[N)L+(S+Y—n+1)a]ﬁp+(”;1J CuP., =0

Y+1<n<Y+S
(12)

—{(N+Y+S—n)/3),+(%TC,u:|Pn +
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(N+Y+S—n+1)ﬁ/an_l+(nT+l) CupP,,, =0

Y+S+1<n<Y+S5S+K-1

(13)
Y+S+K Y
- (—) CuPy 5.k +
(N -K+ l)ﬁlpwsmfl =0
(14)
Now solving equations (8) — (14), we have:
nly”

[NA+Sa] B

n)
T (1-a)(n—-C)

C+1<n<Y

(NA+Sod” [T Ej;;si e

nl)
1" e (1-a)(n—C)

Y+1<n<Y+S

F

v+ INA+(Y +S —i+ 1o
[N)V+Sa]y H [anfS( n—-C l ) ]
z':1/+1/l ﬁ

[T (v+y+5-i+1]
X i=Y+S+1 PO

nY
1" . (1-a)(n—C)

([ Y+S+1<n<Y+S+K

(15)
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To find Py, we use normalizing condition

Y+S+K
zPH =1, which gives
n=0
C
- (NA+ Sa
By = 2 WAxSaf 1

n=0 ‘U ¢t

+

i [(NA+Sa)]" "€

n=C+1 Vl' a
) cl-an-cy
C!

[NA+ Sa]
C!

ﬁ [NA+(S+Y—i+a] B"€

Y+S .
+z i=Y+1 +

n=Y+1 n' a (1 )( C)
. —a)n— n
(&) e

[NA+So]” Y+§K
C' n=Y+S+1

ﬁ[Nl+(Y+S—i+l)a]

i=Y+1

n

[l V+y+s-ipca"?

i=Y+S+1
i! ’ (1-a)(n-C) ,, n

The expected number of failed machines in the
system is

X

(16)
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Y+S+K C 72
En= Sp | S (NA+ Socz
n=0 n=0 (” - 1)'.”

4+

C' n=C+l1 | .
n. (1-a)(n—C)

[NA+ Sa] Yi
C' n=Y+1

+

1 i” [(NA+Sa)]"p"<

f[ [NA+(S+¥<i+1)]B"

i=Y+l

i! ’ (1-a)(n—-C) ,,n

[NA+Sa]”
FE——— %
C!

Y+S

IT [(VA+@ +S—-i+1)]

i=Y+1

- [“ 1 -C —Y-
Bn 2" Y-S
Y+S+K H S i 1]

z nz Y+S+1
n=Y+S+1 Ii' ’ (1=a)(n=C) , n
(17)

Expected number of failed machines in the queue
(or queue length) is

n

Y+S+K

L= 2(n-O)F,

[(NA+ Sar)]
i (n _ C) n ﬁ n—-C

1
a n=C+l n! “
C!

C(l—a)(rhC)‘LLn

Il
g
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Y Y+S
N [NA + So] 3
C' n=Y+1

n

[T IVA+(S+Y-i+1)] B
(n_C)i:Y-H +

i! ) (1-a)(n-C) ,,n

[NA +Sa]”
C!

Y+S

TTIVA + (¥ +8—i+1)a]x

i=Y+1

[T v+Y+S5-i+1]
i=Y+S+1
Y+S+K ﬁ nfClanfS

x Y (n=C)

n=Y+S+1 I/l' a
e (1-a)(n-C) ,, n

(18)

Special Case = When/a = 0 and =1 (i.e. model
without balking and reneging), we get

[NA+ Sa]”

—F, C+l1sn<Y
C!unch
Y
P = [NA+ Sc]
Il INA+ (¥ +S-i+De]
i=Y+1 P
clu" ¢ 0

Y +1<n<Y+S§
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[Nl+Soc]Yﬁ [NA+(Y +S—i+1)o]

i=Y+1

o [N+Y+S—-i+1]

P =
i=r+ 511X ()«n_Y_S ) P
Z 0
C'un Cn C
| Y+S+1<n<Y+S§5+K
(19)

Case II: When Y <C
death rates are given by:

In this case, the birth and

NA+ Sox
ANAR(S+Y —n)r
"TNA+(S+Y —n)]B
(N+Y+S—-n)pA

0<n<Y

Y<n<C
C<n<Y+S
Y+S<n<Y+S§S+K

(20)

and

ni I1<n<C

:Lln: iac
C H C<n<Y+S+K

21
The transient state equation are as follows:

P{(t) = -[NA+ S, (0) + 4P, (1)
(22)

P/(t) =—[NA+ Sa+nu]P, () +
1<n<Y

[NA+SedP,_, (1) + (n+ DUP,., (1)
(23)
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P/(t)=—[NA+(S+Y —n)or+np]P, (1)

+[NA+(S+Y-n+1]P_ (1)

Y+1<n<C-1
24)

+[(n+Dulp,, (0)

[NA+(S+Y -C)]B

Pl(t)= —L cu

o

+[NA+(S+Y-C+1)x]P._, (1)

+[ (%) Cu }P 0)

{NA+(S+Y -n)x}B
P(t)=- (n ] P, (1)
+|—= | Cu

(25)

C

+[NA+(S+Y —n+1)]BP,_ ()

+[ (”T“)acw ]mm

C+1<n<Y+S
(26)

P/(t) = —[(N +Y+S—n)BA +(% ) C,u]Pn (@)

+[(N+Y +S—n+1)BAIP_ (1)

+[ (”T“)acw ]mm

Y+S+1<n<Y+S5S+K-1
(27)
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Y+S+K

PY,+S+K (t) = _( ] C‘uPY+S+K (t)

+ (N -K+ l)ﬁ)“PY+S+K—1 (1)
(28)

The steady-state equations are obtained from
equations (22)-(28) as:

—[NA+So]p, +uP, =0

(29)
—[NA+Sa+uu]P, +(NA+So)P_,
+(n+DHUuP,. =0
1<n<Y

(30)

~[NA+(S+Y —n)x+nulP, +

[NA+(S+Y —n+1]P_, +(n+uP,, =0

Y+1<n<C-1
(31)
—[[NA+(S+Y -C)x]B +CulP- +
[NA+(S+Y-C+1)]P, +
C+1Y
(T] CuPe,, =0
(32)

—[[N7L+ (S+Y-n)B +(%) Cu]P

n

+[NA+(S+Y-n+1)]BP,_, +
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n+1Y
(T) Cup,, =0

C+1<sn<Yy+S
(33)

—[(N+ Y+5S—n)BA +(%) Cu]Pn

+(N+Y+S—-n+1)BAP_, +

n+1Y
—|cup., =0
(C) ;u‘Pn+1

Y+S+1<n<Y+S5S+K-1
(34)

Y+S+KY
Y

(N-K+ l)ﬁ)“PY+S+K—1 =0
(35)

Now solving equations (29) - (35), we have:

—[N;LTS;X] P, 1<n<Y
n'u

[NA+So]”

P = n'u"

Il WA+ +S-i+Dalp,

i=Y+1

Y +1<n<C
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[NA+Sa]” x
Il WA+ +S-i+Da]p"
i=Y+1 PO
n!
T o (1-a)(n—C)
Clu [(C!)C ]
C+1<n<Y+S

[NA+ Sor}” ﬁ [NA+(Y +S—i+1) ]

i=Y+1

n

H'v+y+s—i+na"5p"c

i=Y+S+1 PO
n!
T e (1-a)(n-C)
Y +S+1<n<Y+S+K
(36)

Y+S+K
To find P, using an =1, we get:

n=0

pri=| Y WAESQ) L say
n=0 nip

n

o I NA+(S+Y—i+1)a]

=Y +1
21+ -

n=Y+1 nly

Y Y+S
N [NA + So] 5
C' n=C+l1
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ﬁ [NA+(S+Y—i+1)] p"€

i=Y+1

Y\ -a)n-C) . n
(et

Y+S
[INL+Sa]” T [NA+(S+Y—i+D)e]
+ i=Y+1
C!
Y+S+K
X
n=Y+S+1

T [(W+y+s—i+pa =S¢
i=Y+S5+1

Y\ -a)n-C), n
(e

The expected number of machines'in the system is:

(37)

Y+S+K Y
E(N) = zﬂPn=P0 2 Nl+Sa)
n=0 n=0 _1)'
+ [NA+Sa]Y

f[ [NA+(S+Y —i+ D]

C
2 i=Y+1

n=Y+1 (n=Du"

. [NA + Sa]
C!
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f[ [NA+(S+Y—i+1)x]

i=Y+1

Y+S n—-C
x B +
n=C+1 . n! ) (1-a)(n—-C)
v Y+S
i+ sal TT [Vi+(s+7-i+Dal
i=Y+1 X
C!
ﬂ (N +5—i+1)]
i=Y+S+1
g
n=Y+S+1 i' X (I=a)(n=C) ;, n
[( C!) co-an-oy
(38)

Expected of machine in the queue (i.e. queue
length) is:

Y+S+K
L= > (n—-C)P, =P,
n=C

NA+Sa]” ‘&
el S oo
. n=C+1

n

IT VA+(S+Y-i+1)a]B"

i=C+1

i! ’ (1-a)(n—-C) ,, n

Y+S
[NA+So] TTINA+(S+Y —i+1)ex]
+ i=C+1

C!

X
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n

IT [(V+y+s-i+1)]

i=Y+S+1

Y+S+K % ()bn_Y_Sﬁ n—C)

Y, (n-0)

n=Y+5+1 Y
e (1-a)(n—-C) , , n

Special Cases 1. When a =0, 3 =1 (i.e. model
with no balking and reneging)

(39)

[MT—Sf‘]PO l<n<y
n'u

n [NA+
NA+Sal”
[NA+5Se] l.gl(Y+S—i+1)oc]

nlu”
Y+1<n<C

Fy

[Nl+Sa]Y1i[[N/l+(Y+S—i+1)a]

i=Y+1
Clu"c"° F

C+1<sn<Y+S§

Y+S
[NA+Sa'" L] [NA+(Y +S—i+1)r]
=Y+l
[Tv+Y+s—i+na "
i=Y+S+1 P
0

C'un Cn—C

Y+S+1<n<<Y+S5+K

(40)

II. When Y =S = 0 (i.e. model with no spares):
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(N
( )p”PO 0<n<C
n
P =
Mlm ep C<n<k
n Jorce P ==
(41)
where p =—

4. SOME MORE PERFORMANCE
MEASURES

Various performance measures are obtained as
given below:
Average number of operating machines is given as:

Y+S+K
E(0O)=N- Y (n-Y-S)P,
n=Y+1

(42)

Average number of spare machines in the system
is:

Y+S
E(M)= Y.(Y+S-n)P,
n=0
(43)
Average number of idle repairmen is:
C-1
E(I)=Y (C-n)P,
n=0
(44)

Average number of busy repairmen is obtained as:

E(B)=C-E()
(45)
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5. COST FUNCTION

In this section we provide the cost function to
determine the optimal number of spares and
repairmen by using various costs factors into
consideration. Total average cost is given by:

Y+S+K

E(C)=C Y,(n-Y-S)P, + CEM) +C;
n=Y+l

E (B) + C4+E (I)

where:

C; Cost per unit time when all spares (cold and
warm) are exhausted.

C, Cost per unit time when a spare machine is
provided.

C; Cost per unit time per repairman when
repairman is in busy state.

C,4 Cost per unit time of a repairman when he is in
idle state.

6. DISCUSSION

We have incorporated mixed standby components
to improve the grade of service of a machining
system with balking and reneging under the care of
multi-repair facility. In this paper we have
provided the product type solution for queue size
distribution. Some performance measures viz,
expected number of operating machines/spares
machines, expected’ number of busy and idle
repairmen are suggested. The special cases
deduced match with the earlier work of
researchers. A cost function is also suggested
which may be employed to determine the optimal
number of repairmen and spares so that system
engineer may grow out maximum output up to
desired level. The provision of mixed standby
units along with on-line units may be
beneficial to achieve the pre-specified goal of
production/manufacturing in machining system
when on-line units are subject to failure. Such

IJE Transactions A: Basics

machining system wherein mixed standby
components along with on-line components are
employed to reduce the loss of production due to
components failure can be seen in power plants,
electronic/electrical component manufacturing
system, computer accessories producing units,
etc.
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