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Abstract   This paper deals with the transient analysis of K-out-of-N: G system consisting of N-
operating machines. To improve system reliability, Y cold standby and S warm standbys spares are 
provided to replace the failed machines. The machines are assumed to fail in multiple modes. At least 
K-out-of-N machines for smooth functioning of the system. Reliability and mean time to failure are 
established in terms of transient probabilities. 
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. باشد  مي ماشين عملياتی    Nشامل   N:G از   Kيك سيستم   تجزيه و تحليل گذراي     اين مقاله در مورد        چکيده

هـاي    شـين ما ماشين رزرو غير فعال براي جـايگزيني         S ماشين رزرو فعال و      Y سيستم،   پايايي بهبود   به منظور 
 بـرای  ماشين   N از   K و حداقل    ستا   فرض شده  حالت ها در چند    خرابي ماشين . فراهم شده است  خراب شده   

پايايي و متوسط زمان تا خرابي سيستم با استفاده از احتمـالات گـذرا              . باشد  هموارسازي سيستم مورد نياز مي    
 .اند تعريف شده

 
 

1. INTRODUCTION 
 
The performance of any machining system is 
highly influenced by machine failure. The 
machine failure may be balanced either by 
providing spare part support or by facilitating 
better repair or both so that the production may 
not suffer. Reliability indices of K-out of-N: G 
machining system with spares has been studied 
by many researchers. Teixeirade [1] presented 
multi-criteria decision models for two maintenance 
problems in which one is a repair contract 
selection and other one is a spares provisioning. 
Arulmozhi [2] developed a closed form solution 
for the system reliability of an M-out of-N warm 
standby system with R repairmen. Amri et al. [3] 

considered optimal design of k-out-of-n: G 
subsystems subjected to imperfect fault-coverage. 
Zhang et al. [4] obtained availability and 
reliability of k-out-of-(M+N): G warm standby 
systems. 
     In this paper, the reliability analysis of K-out-
of N: G machining systems with mixed spares and 
multiple modes of failure is provided. A few 
researchers have studied various machine repair 
problems for multi-modes of failure; some of 
them have considered the two-mode failure 
models. Goyal and Sharma [5] gave the stochastic 
analysis of two unit standby systems with two 
failure modes. Reddy and Rao [6] obtained the 
optimization of parallel system subject to two 
modes of failure and repair provision. Sharma and 
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Sharma [7] considered M/M/R machine repair 
problem with spares and three modes of failure. 
Wang and Lee [8] developed the Cold-standby 
M/M/R machine repair problem where a group of 
identical and independent operating machines 
have )1K(K ≥  failure modes. The cost analysis 
of the M/M/R machine repair problem with two 
modes of failure was provided by Wang and Wu 
[9] and Jain et al. [10]. Levitin [11] developed a 
model, which generalizes the linear consecutive 
k-out-of-r-from-n system to the case of multiple 
failure criteria. Assessment of reversible multi-
state k-out-of-n: a G/F load-sharing system was 
discussed by Jenab and Dhillon [12] by using 
flow-graph models. 
 
 
 

2. MODEL DESCRIPTION 
 
A K-out-of N: G machining systems was considered 
with mixed spares and multiple modes of failure. 
     The following assumptions and notations have 
been used for mathematical formulation of the 
problem: 
 
• The system consists of N operating 

machines and Y cold standbys and S 
warm standbys. 

• The life time and repair time of the 
machines are exponentially distributed. 

• There is a provision of cold standbys and 
warm standbys to replace the failed 
machines. 

• The total number of machines in the 
system is given by L = N + Y + S. 

• Whenever a machine is repaired, it 
becomes as good as a new one. 

• The system works if at least K machines 
are working. 

• The machine may fail in any one of M 
modes of failure. Repair times of the 
machine failed in mth (m = 1, 2, …, M) 
mode are exponentially distributed with 
rates μm. 

• mth (m = 1, 2, …, M) failure mode of 
operating machines are independent 
Poisson processes. The state dependent 
rates are given by 

⎪
⎪
⎩

⎪⎪
⎨

⎧

−<≤+−++

+<<−++

≤≤+

=

KLjYS,mλ'j)YSN(

YSjY,mαj)S(YmλN

Yj0,mSαmλN

λ(j)  (1) 

 
where λm and αm are mean failure rates of 
operating and warm standby machines in mth 
mode (m = 1, 2, …, M), respectively; m'λ  (m = 1, 
2,…, M) is the degraded mean failure rate of 
operating machines in mth mode when there are 
less than N operating machine in the system. 
 
 
 

3. SYSTEM WITH REPAIR 
 
The mathematical model for the relevant system 
can be formulated as a continuous time parameter. 
The Morkov chain with states (jem) (j = 0, 1, …, N-
K+1) representing the number of failed 
components due to mth failure mode; here em is a 
unit row of dimension M having unity at the mth 
position and zero elsewhere. Let Pt (jem) denote the 
probability of this state at time t. Also denote 

∑
=

=
M

1m
mλλ , ∑

=
=

M

1m
mαα . 

     When the system starts at time t = 0 in the state 
(0), the set of differential equations are as given 
below: 
 

[ ] ∑
=

++−=
M

1m
)m(etPmμ(0)tPSαNλ

dt

(0)tdP
 (2) 

 

[ ]
[ ]

( )Yj1,)me)1j((tPmμ1)(j

)me1)((jtPmαSmλN

)m(jetPmjμmSαmNλ
dt

)m(jetdP

≤≤++

+−+

+++−=

 (3) 

 

[ ]

[ ]
( )SYjY,)m1)e((jtP

mα)1)j(SY(mNλ

)m1)e((jtPmμ1)(j

)m(jetPmjμmα)jSY(mλN
dt

)m(jetdP

+<<−

−−++

+++

++−++−

=

 

 (4) 
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[ ] S).Yj(,)me1)j((tP mα1))(jS(YmNλ

)m1)ej((tPmμ1)(j

)mje(tPmjμm'j)λYSN(
dt

)m(jetdP

+=−−−++

+++

+⎥⎦
⎤

⎢⎣
⎡ +−++−=

 (5) 
 

( )KLjSY),m1)e((jtPmμ1)(j

)m1)e((jtPm'1))λ(j(L

)m(jetPmjμm'j)λ(L
dt

)m(jetdP

−<<+++
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⎤
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 (6) 
 

( )KLj),me 1)j ((tPm'λ ) 1)(jL (

)mje (tPmjμm'λ j)L (
dt

)m(jetdP

−=−⎥⎦
⎤
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⎡ −−
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⎤
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 (7) 
 

1)K-(Lj),mK)e((NtPm'Kλ

dt

)m1)eK((NtdP

+=−

=
+−

 (8) 

 
where the initial conditions are: 
 

0jfor0)m(je0Pand1(0)0P >==  (9) 
 
The reliability R(t) with repair and mean time to 
failure (MTTF) of the system can be calculated 
using 
 

∑
−+

+=
∑
=

∑
−

+=
∑
=

+

+∑
=

∑
=

+

=

1SY

1Yj

M

1m

KL

SYj

M

1m
)mje (tP)mje (tP

Y

1j

M

1m
)mje (tP(0)tP

repair)(withtR

 

 (10) 
 
and 
 

∫
∞

=
0

dtrepair)(withtRMTTF  

 (11) 

4. SYSTEM RELIABILITY WITHOUT REPAIR 
 
If μm = 0, then it is a case without repair and the 
following recursive formulae can be derived. It can 
be denoted that the Laplace transforms of Pt (jem) 
by  1.K-Lj0;)je( P̂ ms +≤≤  Taking Laplace 
transform of Equations 2-8, 
 

[ ]SαλNs
1(0)sP̂
++

= , j = 0 (12) 
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Now inverting the Laplace transforms from 
Equations 9-12, 
 

0j,t)αSλN(e(0)tP =+−=  (16) 
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The transient reliability R(t) and mean time to 
failure (MTTF) of the system without repair can be 
calculated by using the similar formulae as given 
in Equations 10-11. 
 
 
 
5. SYSTEM RELIABILITY FOR MODIFIED 

MODEL WITH REPAIR 
 
In this case, the reliability system is considered 
with repair as in Section 3 including the 
assumption that the relations between two failure 

modes are permissible. Let ∑
=

=
M

1m
Jmemj  be the 

state of the system representing the number of 
failed components due to failure mode-m and Pt(J) 
be the probability of the system state at time t. For 
state 0, Equation 2 holds. Now other equations are 
constructed as follows: 
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 (27) 

 
The initial conditions are same as given by 
Equation 9. 
     The reliability R(t) and mean time to failure 
(MTTF) of the system can be calculated using 
Equation 10 and 11. 
 
 
 

6. SPECIAL CASES 
 
Now consider the special cases by setting 
appropriate parameters as follows: 
 
Case I 
 
Model With Two Modes Of Failure   Here the 
machines are failed in two modes (i.e. M = 2). In 
this case, the formulae for reliability with and 
without repair, which coincide with the result 

obtained by Moustafa is obtained (1996). 
 
Case II 
 
Model With Multiple Modes of Failure Without 
Spare   When S = 0, Y = 0, in this case the system 
reliability without spares is found. In this case the 
present model reduces to the model studied by 
Moustafa. 
 
 
 

7. NUMERICAL ILLUSTRION 
 
Numerical illustrations have been made to 
calculate system reliability. The system reliability 
profiles for the model with repair for different 
values of λ0, α1 and α2 are displayed in Figures 
1(a)-1(c) for heterogeneous Figures 2(a)-2(c) 
exhibit the system reliability for the model without 
repair with a heterogeneous rate. In all these 
figures, the default parameters are fixed as follows: 
From Figures 1(a)-1(c) and 2(a)-2(c) a lower value 
of t, R(t) is observed that decreases slowly but as t 
takes higher values, there is a sharp decrease in 
R(t). Also as λ0, α1 and α2 increase, the reliability 
decreases, the effect is more prominent as time 
increases. 
 
 
 

8. CONCLUSIONS 
 
A K-out-of-N: G system has been considered as 
having cold as well as warm standby machines. 
The earlier work in the same line by Moustafa 
(1998) has no provision of spares whereas the 
present model includes cold and warm standbys. 
The noble feature of the present study is the 
sensitivity analysis via graphs to examine the 
effect of different parameters, while was not given 
by Moustafa (1998). The K-out-of-N: G system 
with multiple mode of failure studied seems to 
provide a very effective mean of improving system 
reliability. For example a four-engine aircraft 
needs only two engines to perform critical 
function; the operating and standby engine may 
fail in different modes with different rates. Other 
examples can be given for communication systems 
with three transmitters having different types of 
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(a) 
 

 
 

(b) 
 

 
 

(c) 
 
Figure 1. System reliability for model with repair and 
heterogeneous rate by varying (a) λ0 (b) α1 (c) α2. 

 
 

(a) 
 

 
 

(b) 
 

 
 

(c) 
 
Figure 2. System reliability for model without repair and 
heterogeneous rate by varying (a) λ0 (b) α1 (c) α2. 

failures; the average message load may be such 
that at least two transmitters must be operational at 
all times otherwise critical messages will be lost. 
     The present study can be extended for linear 
and consecutive k-r-out-of-n: G system; the other 
generalization can be done by incorporating 

common cause of failure. 
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