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In this paper, analytical analysis of capacitive pressure sensor with clamped diaphragm is presented.
Mechanical and electrical properties of the sensor are theoretically analyzed based on theory of thin
plates with small deflection and the results are evaluated using finite element analysis. The central
deflection and capacitance values under uniform external pressure are calculated. Comparison of
theoretical results shows good agreement with finite element analysis. The results indicate that the
mathematical model has a high accuracy to determine the sensor behaviors.
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1. INTRODUCTION

Capacitive micro machined pressure sensors have been
designed for different kinds of applications because of
high pressure sensitivity, low power consumption, and
good stability compared to piezoresistive structures [1-
3].  Generally, Micro-electromechanical  system
(MEMS) capacitive pressure sensor consists of a thin,
flexible conductive membrane (diaphragm) as one of
the electrodes that is separated from a fixed back plate
by a small air gap. Due to an applied pressure, the
displacement of the diaphragm is dependent on
diaphragm's shape. There are two shapes of diaphragms
(square and round) which are commonly applied in
MEMS devices. In capacitive sensors, a thin diaphragm
is used as a pressure sensing element [2-4]. When the
diaphragm is exposed to an external uniform pressure,
P, the diaphragm deflects cause a decrease in the air gap
that results an increase in capacitance between the
diaphragm and the fixed back plate. So, deflection of
the movable part due to applied pressure is sensed and
translated into an electrical capacitance change [1].

The sensitivity of the capacitive sensors largely
depends on the capacitance change, so exact calculation
of the capacitance between the deformed diaphragm and
the back plate is necessary. Parallel plate capacitor is the
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basic and simplest form of capacitor. When one of the
electrodes is deflected due to an external pressure, a
parallel plate equation will introduce significant error.
So, differential elements of parallel capacitance
combined together to generate the total capacitance.
Thus, it can be concluded that exact calculation of the
capacitance depends on the physical position of all
nodes on the diaphragm. Understanding of capacitance
changes in the structure requires more knowledge about
mechanical deflection of an upper electrode. The
behaviors of the flat clamped diaphragms are
investigated using the classical Timoshenko plate theory
[5, 6]. Many researchers have developed small and large
deflection analysis for constant thickness plates [7].

In this paper, analytical analysis of capacitive
pressure sensor with clamped diaphragm is presented.
Furthermore, the mechanical deflection and capacitance
changes of a capacitive pressure sensor are evaluated.
Bending mechanics of rectangular thin plates with small
deflection and with proper boundary conditions are
calculated using mathematical software. To evaluate the
analytical results, finite element analysis is used and
compared with the analytical results. The paper is
organized as follows; in section 2, the problem is
illustrated using related equations. Finite element
analysis of the pressure sensor is described in section 3.
The analytical and simulation results are summarized in
section 4. Finally, section 5 concludes the paper.
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2. PROBLEM ILLUSTRATION

In pressure sensors, pressure is specified by the
diaphragm deflection due to applied pressure. Figure 1
illustrates top and cross-section view of the typical
pressure sensor diaphragm. The diaphragm side length
and thickness are a and h, respectively. w, denotes the
center deflection and w(x, y) is the deflection of the
diaphragm. When the external pressure applied to the
diaphragm, the diaphragm deflects. As the pressure is
pulled back, the diaphragm returns to its original place.
The boundary conditions of the clamped edges can be
expressed mathematically as [6]:

wi(x =*a,V y)=0,
w(y =xb,Vx)=0,

dw

d—x(x =+a,Vy)=0, (1)
dw

—(y =%b,V x)=0.

dy

The deflection, w(x, y), caused by applying pressure to
the uniform plate surface can be defined through the
solution of this equation [6]:
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Figure 1. Top and cross section view of typical pressure
sensor Diaphragm

where, P(x, y) is the applied pressure on the plate, and D
is called the flexural rigidity of the plate which is
defined as:

En°
D= >
12(1-v")

3)

where, E is the modulus of elasticity of the material or
the Young’s modulus, v is Poisson’s ratio and h is the
thickness of the diaphragm. From [6] by applying
clamped boundary conditions, the deflection w(x, y),
caused by applying pressure would be the sum of two
components:

W=W, +w, 4)
Where, w; is the deflection of ‘the simply supported
plate under uniform applied pressure and ws is
representing the effect of clamped boundary conditions
in the shape of a distributed moment along the simply
supported edges [6].

4 (m-1)/2
4Pa = (-] o taha +2 mry
W= z 3 (1- cosh
T D m=135... m 2 cosh a a
(5)
1 mry mny mrx
+ sinh ) cos
2cosha, ~ a a a
And
/2 mnx
2 00 (—1)(m % cos ——
-a
a
Wy =" Z B, 2
2r D m=1,3,.. m  cosh a
mny mny mnry
( sinh -a, tanha  cosh ) —
a a a
(6)
H2 mry
b2 w (—1)(m )/ cos ——
b
2 Z Fm 2
27 D m=1,3,.. m  cosh ﬁm
mnx mnx mnx
( sinh - B,, tanh B cosh )
b b b
where,
mrnb
Oy = @)
"
And
mra
Bm = 8)
T

where, a, b are the dimensions of the sensor diaphragm.
For calculating the constants E, and F, boundary
conditions for the edges y = +b/2, x = +a/2 are applied

[6]:
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By applying the above boundary conditions, we obtain a
system for calculating the coefficients E; and F; as
follows [6]:

4Pa2 a; E; o
3T ~ —tanha; |-——| tanha; + >
T cosh” a; i cosh™ a;
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ol Z m -0 (11)
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ap = (12)
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A similar equation is obtained from Equation (10). The
constants E;, E;... F;, F;... can be determined from
these two equations by method of successive
approximations [6]. The capacitance between two
parallel electrodes can be expressed as

C =g, P 13)
where, &, & , A and d are permittivity of free space
(8.854x10™"* F/cm), relative dielectricconstant of
material between the plates (which is unity for air),
effective electrode area and gap between the plates,
respectively. From this relationship, .increasing or
decreasing the spacing between the two plates would
result in a change in capacitance. The following
equation will determine the capacitance changes in a
parallel plate capacitor when the electrode is deflected
due to an external force [5].

()
Cc=|l—

'['\'.de(X,y) (14
where, d is the gap height and w(x,y) is the deflection of
the diaphragm. For deflections which are small
compared with h, the following equation will determine

the small signal pressure sensitivity [8, 9].

AC

S =—
COP (15)

where, AC is the capacitance change and P is related to
uniform external pressure.

3. FINITE ELEMENT ANALYSIS (FEA) OF
PRESSURE SENSOR

The structure of the sensor with clamped diaphragm
consists of Pyrex glass back plate, p++si diaphragm,
and the gold backplate electrode (see Figure 2). In our
design, the thickness of the 0.55mmx0.55mm
membrane is 4 um, and the height of the air gap is 1.5
um. The Young’s modulus and Poisson’s ratio of p++
silicon are assumed to be 160x10° Pa and 0.05,
respectively [10].

FEA software is used for simulating and analyzing
the behaviors of MEMS capacitive biosensor to
optimize the design and improve the performance of the
device. The objectives of analysis are first, to verify the
diaphragm displacement due to the mechanically
applied pressure between the diaphragm and the back
plate. Second, the deflection and capacitance between
the diaphragm and the back plate was confirmed. The
analysis options are nonlinear analysis, accuracy of
convergence is calculated as 0.001 um, and a maximum
mesh size of is 2:4% is estimated for X-Y dimension.
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Figure 2. Structure of sensor with clamped diaphragm

4. RESULTS AND DISCUSSION

According to Equations (4-12), deflection of a plate
with boundary conditions stated in Equation (1) can be
calculated. The deformation in the Z axis of the
diaphragm with a thickness of 4 pm at an applied
pressure of 30mmHg (4 kPa) is investigated analytically
and compared with simulation result. Figure 3 shows
the analytically calculated deflection with maple
software. As can be seen from Figure 3, maximum
deflection is occurred at the central point of the plate
that is 0.59 pm.

Figure 4 shows the maximum central deflection of
the clamped p++si diaphragm with FEA software. The
result shows the maximum central deflection is 0.535
um under same situation. As can be seen from the
results, theoretical results shows good agreement with
finite element analysis.
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Figure 3. Deflection of a uniformly loaded square plate
calculated with maple
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Figure 4. Diaphragm deformation on the Z axis of the
clamped diaphragm

Figure 5 shows the calculated and simulated
deflection- pressure curves of a square diaphragm. As
can be seen from Figure 5, the central deflection is
increased when the applied pressure is increased. From

(¢ _9%.) the slope of the curves shows the
T gp

mechanical sensitivity of the diaphragm. According to
Figure 5, the mechanical sensitivity of 1.3x10"° m/Pa
and 1.45x10"'° m/Pa have been achieved from simulated
and analytical results respectively. It can be seen that
the simulation curve is found to be very close to the
theoretical curve.

Figure 6 shows the calculated and simulated relation
between capacitance and pressure for clamped pressure
sensor. From the calculated curve, it can be seen that the
initial capacitance of clamped diaphragm is about 1.785
pF while the initial capacitance of simulated structure is
1.81 pF. As pressure applies from 0 mmHg to 60
mmHg, the total variation of capacitance are 0.87pF and
0.727pF for calculated and simulated curves,
respectively. According to Figure 6, the results yield a
sensitivity of 5.02x107 1/Pa from simulated structure
and 6.09x10° 1/Pa from analytical curve. It is clear
from Figures 5 and 6 that in higher pressures (more than
40 mmHg) the difference between simulation and
analytical results will be increased. This phenomenon
happens because of approximation used for solving very
complex mathematical equations of displacement and
capacitance.
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Figure 5. Central displacement versus pressure for the
clamped pressure sensor
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Figure 6. Capacitance versus pressure for the clamped
pressure sensor
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5. CONCLUSION

In this paper analytical analysis of capacitive pressure
sensor with clamped diaphragm is presented and
calculated with maple software. The central deflection
and capacitance values under the influence of a uniform
external pressure are calculated. Furthermore, the
calculated results are compared with the simulation
using FEA method. Analytical result vyields a
mechanical sensitivity of 1.45x10"° m/Pa and FEA
result yields a mechanical sensitivity of 1.3x10"° m/Pa
for sensor with clamped diaphragm. In addition, the
results yield a sensor sensitivity of 5.02x10” 1/Pa from
simulated structure and 6.09x10° 1/Pa from analytical
curve. Comparison of the results shows good agreement
between theoretical and simulation results. Analysis of
structure behavior provides better realization to design
high sensitivity pressure sensors.
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