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The aim of present study is to investigate the effect of various parameters such as length, thickness,
density, shear modulus of the core and Young modulus of skins for various boundary conditions,
clamped-free and simply supported, by applying the model of Khalili et al. for free vibration analysis
of sandwich beams by using finite element methods. The core density is taken in consideration. The
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flexural vibrations of beams are analyzed by the finite element method, using the stiffness and mass
matrix of beam element with three degrees of freedom per node. The three first natural frequencies are
calculated by using Matlab commercial software. A comparison is established between three different
lengths for each configuration. There is a good agreement between the results obtained by the present
study with the results obtained by Khalili et al.
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NOMENCLATURE
L Length of the beam b Width of beam
hf Thickness for each face sheet Ef Young’s modulus for each face sheet
hc Thickness of the core Gc Shear modulus of the core
A¢ Vertical area for each face sheet A Vertical area of the core
B; jth constant index D Differential operator
i Counter for natural numbers j Counter for natural numbers
K FEM Element stiffness matrix | Length of an element
K Global stiffness matrix M Global mass matrix
B Boolean matrix Kaes » Mes Unassembled matrix
me Mass per unit length of the core me Mass per unit length for each face sheet
MFEM Element mass matrix t Time
T Kinetic energy Ue Element displacement vector
u (x,t) Axial displacement Uo, Uy Axial displacement of the nodes
U Strain energy \% Volume of the element
w (x,t) Vertical displacement Wo, W1 Vertical displacement of the nodes
X Axial direction y Member axis
Y Vertical direction z Width direction
Vxy Shear strain 3 First variation operator
& Normal strain 0(x,t) Rotation displacement
6o, 61 Rotation displacement of the nodes Pe Density of the core
pr Density for each face sheet Ox Normal stress
Txy Shear stress ® Natural frequency

Over head (.)
Over head (')

(d/dt) first derivative as function of time

(d/dx) first derivative as function of X-axis

Over head (..)
Over head (")

(d¥dt?) second derivative as function of time
(d?/dx?) second derivative as function of X-axis

Over head (")

(d%dx®) third derivative as function of X-axis

Over head (" ") (d*/dx*) fourth derivative as function of X-axis
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1. INTRODUCTION

Structures composed of composite materials are among
the most important structures used in modern
engineering and, especially, in the aerospace industry.
Such lightweight structures are also being increasingly
used in civil, mechanical and transportation engineering
applications. The rapid increase of industrial use of
these structures has necessitated the development of
new analytical and numerical tools suitable for the
analysis and study of mechanical behavior of such
structures as defined by Sayyad and Ghugal [1]. There
are many researchers who exminated the free vibration
problems of sandwich beams; Sakiyama et al. [2];
Fasana and Marchesiello [3] and Banerjee [4] have
studied this problem by using an analytical model. They
used the same assumptions like beams in Bernoulli-
Euler flexure for the bottom and top elements but with
the supplementary consideration that the central element
deforms especially in transverse shear. Other studies
added a direct stress carring capability to the central
elementas developed by He and Rao [5] and Sisemore
and Darvennes [6]. The model used is simple and
assumes that the top and the bottom faces of a sandwich
beam deform according to the Bernoulli-Euler beam
theory, whereas the core deforms only in shear as can be
see in work of Khalili et al. [7] and Banerjee and Sobey
[8].

Frostig and Baruch [9] presented another model: for
sandwich beams analysis. The free vibrations of
sandwich beams were analyzed with flexible core based
on higher-order theory. Several scientists used the
dynamic stiffness method (DSM) to investigate the free
vibration of sandwich beams as seen in literature for
example in Banerjee [4], Howson and Zare [10] and
Khalili et al. [7].

They presented a dynamic stiffness formulation of
three-layered sandwich beam. to investigate the free
vibration characteristics.. The theory is based on an
imposed displacement field where the top and bottom
layers behave like Rayleigh beams whilst the central
layer behaves like a Timoshenko beam. The boundary
conditions for responses and loads at both ends of the
freely vibrating sandwich beam are then imposed to
formulate the dynamic stiffness matrix.

In this study, the free vibration of sandwich beams in
different configurations is studied by solving the
governing partial equations of motion and using the
finite element formulation (FEM), using the stiffness
matrix and mass matrix of sandwich beam element with
three degrees of freedom per node obtained by the
model of Khalili et al. [7]. The global matrix of mass
and stiffness are obtained by using assembly method.
The number of elements used in this study is 250
elements.

The programming of this method was performed
under the Matlab software. Parametric studies were

presented to show the effect of the ratio of some
parameters: po/ ps, hi/h,, G/G, and E{Eg for different
lengths of beams on the dynamic behavior of sandwich
beams for various boundary conditions: clamped-free
and simply supported.

TABLE 1. Geometrical dimensions and mechanical properties
of sandwich beams [7].

N° L (mm) hs (mm) he (mm) b (mm)
1 914.4 0.4572 12.7 25.4
2 711.2 0.4572 12.7 25.4
3 1218.7 0.4062 6.35 254

TABLE 2. Geometrical dimensions and mechanical properties
of sandwich beams [7].

Er (Nm”) G. (N/m?) pr (kgm”) pe (kgm™)
6.89E+10 82.68E+6 2680 32.8
6.89E+10 82.68E+6 2680 32.8
6.89E+10 68.90E+6 2687.3 119.7

2. MATERIALS

Three types of sandwiches are used in this study. These
materials are extracted from literature as see in the
paper of Khalili et al. [7]. For the first and the second
type of sandwiches, they have the same geometrical
dimensions and material properties of the beam only in
length which is different as reported in Tablel. For the
third type of sandwiches, the geometrical dimensions
and material properties are presented in Table 1 and
Table 2.

3. THEORY

The theoretical formulation applied in this study is the
theory presented in paper of Khalili et al. [7] to develop
its model which is applied below. The model developed
by Khalili et al. [7] is based on the flowing assumptions:
*The behavior is considered in the case of classical
simple and linear elasticity,

*Transverse normal strains are negligible in the faces
and the core. That is the thickness of the beam remains
constant at the time of dynamic deformations,

*There is no slippage or delamination between the
layers.

Figure 1 shows the cross sectional displacements for
symmetric sandwich beam element with length | and
width b, as shown in Figure 1, the thickness of each face
is equal to hf and the thickness of the core is hc. In the
coordinate system shown, X-axis is in the direction of
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the beam, Y is in the bending direction (positive
upward) and Z axis is in the beam width direction. All
deformations of the beam are considered to be in XY
plane.

Due to the symmetry of the motion, it can be shown
as seen in the paper of Mead [11] that:

Up =—U, =u(xt) )

The beam displacement field is derived by compatibility
conditions for deformations:

“hy g

Top face u-yw 5 _ys7

: y -he he
X :{Core [2u+hfwj% Tgy_7 @)

e

Bottom face  —u-yw —<y<—

2 2
Y(for all layer): w ®)
Z(for all layer): 0 4

According to the presented assumptions, the strain
energy of sandwich beam is given by:

1
U :f{I"t O'ngdvt +".VC Txyj/xdeC +Ivb O'ngdvb}
1 2 2 2 ©)
:i{jvt Ef &y th +IVC Gc}/xy dVC +jvb E f & dVb}

where E; is the Young’s modulus for each face sheet
and G is the shear modulus of the core. By substituting
the strain values and calculating the integrals in
Equation (5), the strain energy for'a beam element is
derived as:

2 2
ZEfAfu +2EfIfV\l

o e ®
where:

dv =dAdx, dA=bdy @
[Af o,lfj:j%[l,y,yz)dﬁ,b; (Ac)= [, dAc ®)

The kinetic energy for this sandwich beam element is:

N2 22
(u—yw) +[—u—yw

+2W th

Pt

2 2
T =§JVp[x' o ]dv -7k (©)

2.2 2

e p{[Zl'th w] #w‘v i

Wwhere p; is density for each face sheet and p. is the
density for the core. Also, by calculating the integrals in
Equation (9), the kinetic energy of this sandwich beam
element is derived as:

2 2 . 32
1= 3ifm " fom o i
where:
[mfj=pf Af ; (mC):pCAC (11)

by applying the Hamilton’s principle, the governing
partial equations of motion and boundary conditions of
sandwich beam element are derived as follows:

5{512 (T-U)t=0 (12)

In the above equation, § is the first variation operator
and, t; and t, define the time intervals. Substituting
Equations (6) and (10)'in Equation (12) yields:

GcAc(h +hcj . mCh y
E -, Z UL P gl Oty o (13)
P2 he2 776 12

2 2
GCAC[hf +th GcAc(hf +hc)
w— Ut

(mf+7]w—724 V\l—i12 u=0

The results of finite element formulation (FEM) are the
most appropriate estimation for the results of dynamic
stiffness approach. The Cq continuity and C; continuity
are applied to analyze the sandwich beam shown in
Figure 2:

u= Bl"'BZX
W= 83+B4x+ B5x2+86x

Eglpw' -

3 (15)

¥ W
U
Top face (layerl) ———» I
Cuze (layer 2) be .
X
z ) Bottom face (layer 3) ﬁ he
f=w

Figure 1. Coordinate system and notation for symmetric
sandwich beam [7]



225 D. Bensahal and M. Nadir Amrane/ TRANSACTIONS B: Applications Vol. 29, No. 2, (February 2016) 222-228

Substituting Equation (15) into Equations (13) and (14)
and using the finite element formulation, gives the
followings :

0=(kFEM _n2mFEM ) (16)

The element stiffness matrix Ke™ and the element

mass matrix Me™ which are 6x6 symmetric matrices
can be obtained.

_gT
K = BTKdesB an
M =B'Mg.B
The squared natural frequencies are calculated from the
eigen-values of (KM™) where K and M, the global
matrix of stiffness and mass [12-17] are obtained by
using assembly method. Where:
* B is the Boolean matrix.
* Kges and Myges are unassembled matrix, they contain
only elementary matrix of mass and stiffness.

[ket] o ] s)

[Mel} 0
M ges = 0 ".[MeN} (19)
Wi W
4 4
T 9
L —» v i
\1 \\\—1
8.3 i 8l

Figure 2. Symmetric sandwich beam element and
displacements notations [7]

TABLE 3. Third lowest natural frequencies for a
configuration C-F of sandwich beam

TABLE 4. Third lowest natural frequencies for a
configuration S-S of sandwich beam

Frequency (Hz)

Methods

(O} ©; 3
Present study (FEM-250) 57.50 225.82 464.45
Khalili et al. [7] (FEM-250) 57.12 219.42 464.58
Khalili et al. [7] (FEM-500) 57.12 219.42 464.57
Ahmed [12] 575 - 467
Ahmed [18] 55.5 - 451
Sakiyama et al. [2] 56.15 215.82 457.22

Frequency (Hz)

Methods

(O3] ®; O3
Present study (FEM-250) 33.63 199.73 511.34
Khalili et al. [7] (FEM-250) 33.74 198.79 511.40
Khalili et al. [7] (FEM-500) 33.74 198.78 511.37
Ahmed [12] 33.97 200.5 517
Ahmed [18] 32.79 1935 499
Sakiyama et al. [2] 33.14 195.96 503.43

4. RESULTS AND DISCUSSION

In this section, a parametric study is developed for
different configurations. In our case, we have two
configurations:  clamped-free (C-F) and simply
supported (S-S). For each configuration, we presented
the effect of the ratio of some parameters: p¢/ps, he/he,
G/G. and EEg for different lengths of beams (L1=
711.2 mm, L2= 914.4 mm and L3= 1218.7 mm) on the
dynamic behavior of sandwich beams.

The first step in this study is to validate the
efficiency of the programme in Matlab software and the
results are reported in Table 3 and Table 4 for the two
configurations (C-F, S-S):

4. 1. First Configuration: Clamped-Free(C-F)

4. 1. 1. pc/ps Figure 3 shows a decrease in the
first natural frequency when the ratio of p/ps increases
for the three lengths studied. We observe also a slight
decrease in frequency for L2 compared to L1 (4.16%)
but for L3 there is a higher increase in frequency
(18.43%). These curves show the effect of length on the
first natural frequency of sandwich beam.

4. 1. 2. h¢/h As shown in Figure 4, increasing
the ratio of hy/h, increases the first natural frequency of
sandwich beam for the three lengths studied. We
observe also a slight decrease in frequency for L2 than
L1 (4.22%) but for L3 there is a higher decrease in
frequency (40.11%). These curves show the effect of
length on the first natural frequency of sandwich beam.

4.1. 3. G/Gc The variation of the first natural
frequency is shown in Figure 5; increasing the ratio of
G/Gc, increases the first natural frequency of sandwich
beam for the three lengths studied. We observe also a
same value in frequency with L2 and L3 for the ratio
equal to 0.01 and a slight decrease in frequency for L2
than L1(3.71%) for the ratio equal to 0.20 but for L3
there is an increase in frequency (13.10%) for the ratio
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equal to 0.20. These curves show the effect of length on
the first natural frequency of sandwich beam.

4. 1. 4. E¢/Eg Figure 6 shows a decrease in the
first natural frequency when the ratio of E¢/Eg decreases
for the length L1 studied. We observe also a decrease in
frequency (9.75%). This curve shows the decrease in
natural frequency which can be an important tool to
detect the deterioration of the sandwich material.
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Figure 3. Evolution of the first natural frequency with C-F
configuration with the variation of the ratio p./ps for different
lengths.
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Figure 4. Evolution of the first natural frequency with C-F
configuration with the variation of the ratio h¢/h, for different
lengths.
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Figure 6. Evolution of the first natural frequency with C-F

configuration with the variation of the ratio E{/E¢, for length
L1.

4. 2. Second Configuration: Simply Supported (S-
S)

4. 2. 1. pc/ps Figure 7 shows a decrease in the
first ‘natural frequency when the ratio of p¢/ps increases
for the three lengths studied. We observe also a slight
increase in frequency for L2 than L1(0.65%) but for L3
there is'a higher decrease in frequency (28.47%) for the
ratio equal to 0.01 but for the ratio 0.1 this value
becomes 40.90%. These curves show the effect of
length on the first natural frequency of sandwich beam.

4. 2. 2. h¢/h As shown in Figure 8, increasing the
ratio of hgh,, increases the first natural frequency of
sandwich beam for the three lengths studied. We
observe also a slight increase in frequency for L2 than
L1(0.58%) but for L3 there is a higher decrease in
frequency (28.82%) than L1 except for the ratio 0.02
(43.84%). These curves show the effect of length on the
first natural frequency of sandwich beam.
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Figure 7. Evolution of the first natural frequency with S-S
configuration with the variation of the ratio p./ps for different
lengths.
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4. 2. 3. G/G The variation of the first natural
frequency is shown in Figure 9; increasing the ratio of
G/G,, increases the first natural frequency of sandwich
beam for the three lengths studied. We observe also a
same values in frequency with L2 and L3 for the ratio
equal to 0.01 and a slight decrease in frequency for L2
than L1(6.77%) for the ratio equal to 0.20 but for L3
there is a decrease in frequency (30.74%) for the ratio
equal to 0.20. These curves show the effect of length on
the first natural frequency of sandwich beam.

4.2.4. E¢/Eno Figure 10 shows a decrease in the
first natural frequency when the ratio of E{/Es decreases
for the length L1. We observe also a decrease in
frequency (9.48%). This curve shows the decrease in
natural frequency which can be an important tool to
detect the deterioration of the sandwich material.

5.CONCLUSION

In this study, free vibration of the symmetric sandwich
beam is presented by finite element method. By
applying the model of Khalili et al. for different
configurations:  clamped-free (C-F) and simply
supported (S-S). The element stiffness matrix K. and
the element mass matrix M, =" are 6x6 symmetric
matrix with three degrees of freedom per node. The
squared natural frequencies are calculated from the
eigen-values of (KM™) where K and M, the global of
stiffness and mass matrix, are obtained by using
assembly method. We used a Matlab sofware for
programming this.-method. Parametric studies were
presented to show the effect of the ratio of some
parameters: p¢/ps, hi/he, G/G, and E; /Eg for different
lengths of beams (L1= 711.2 mm, L2= 914.4 mm and
L3=1218.7 mm) on the dynamic behavior of sandwich
beams: These studies indicated that:

« Increasing the core/face density ratios (pd/ps),
decreases the first natural frequency of sandwich beam
for all configurations studied.

* Decreasing the face Young’s modulus ratios (Es /Ey),
decreases the first natural frequency of sandwich beam
for all configurations studied.

* Increasing the face/core thickness ratios (hs/h.),
increases the first natural frequency of sandwich beam
for all configurations studied.

* Increasing the core shear modulus ratios (G/G),
increases the first natural frequency of sandwich beam
for all configurations studied.

A comparison is established between three different
lengths for each configuration. For all parameters
studied, this study shows that there is an effect of length
when we calculated the first natural frequencies. There
is a good agreement between the results obtained by the
present study with the results obtained by Khalili et al.
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