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Abstract� The aim of this note is to prove some common �xed

point theorems in complete metric spaces using generalized con�

tractive conditions�

�� Introduction

In the paper ��� the authors gave some 	xed point theorems generalizing

and unifying many 	xed point theorems obtained by Delbosco in ���

Skof in ��� Rakotch in ��� Reich in ��� and Fisher in ��� �see also

the references for other related results�� Precisely in �� the following

theorem was established�

��� Theorem� Let T be a self�map of a complete metric space �X� d�

and let � be a function verifying

�i� � � �����	 ����� is continuous and increasing in ������ and

�ii� ��t� � �
� t � ��

	���� MSC� �H�
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We suppose that T satis	es the following condition�

��d�Tx� Ty��� a�d�x� y����d�x� y���

b�d�x� y�����d�x� Tx��� ��d�y� Ty��

�c�d�x� y��min
�
��d�x� Ty��� ��d�y� Tx��


�x� y � X with x �� y�

�K�

where a� b� c are three decreasing functions from ���� into ��� �� such

that a�t� � �b�t� � c�t� � �� for every t 	 �� Then T has a unique 	xed

point�

In the second section of this paper we shall prove some common

	xed point theorems for sets of self�mappings verifying contractive con�

ditions close to the relation �K�� These results complete and unify the

main results obtained in the papers �� and ��� In section �� we es�

tablish a common 	xed point theorem in compact metric spaces using

another type of contractive conditions� We may consider this theorem

as a generalization of a theorem established by B� Fisher in ��� Our

generalization is di�erent from that one given in the paper �� by M�S�

Khan� M� Swaleh and S� Sessa�

�� Main theorems

We shall denote by � the set of functions � verifying conditions �i� and

�ii�� Many authors �see the references� were interested by 	xed point

theorems by altering the distances between the points with the use of

functions belonging to the class �� The purpose of this section is to

contribute in this 	eld of investigations� One of the main results of this

paper is the following theorem�

��� Theorem� Let � � � be a convex function and let S� T be two

self�maps of a complete metric space �X� d� such that

��d�Sx� Ty��� a�d�x� y����d�x� y��� b�d�x� y����d�x�Sx�

�c�d�x� y����d�y� Ty��� e�d�x� y����
d�x� Ty��

�f�d�x� y�����d�Sx� y��� �A�
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�

for all distinct x� y in X� where 
� � are two 	xed numbers such that

� � 
� � � �
� � and a� b� c� e� f are 	ve decreasing functions from ����

into ��� �� verifying a�t��b�t��c�t��e�t��f�t� � �� for every t 	 �� We

suppose also that maxfB�Cg � �� where� B �� supfb�t� � �f�t� � t 	 �g
and C �� supfc�t��
e�t� � t 	 �g� Then S and T have a unique common

	xed point z � X� Moreover Fix�S� � Fix�T � � fzg�
Proof� �I� We shall prove that the pair fS� Tg has a common 	xed

point� Let x� be some point in X� and de	ne the sequence fxng by

x�n � Sx�n��� n � �� �� ���

x�n�� � Tx�n� n � �� �� �� ���

We put tn �� d�xn� xn��� for all integer n� �I� is proved if tn� � � for

some integer n�� Therefore� we may assume that tn 	 � for all integer

n� We see that for an even integer n� we have

��tn� � ��d�Sxn��� Txn�� � �� ��� ��� � �� ��	�

where
�� � a�d�xn��� xn����d�xn��� xn���

�� � b�d�xn��� xn����d�xn��� Sxn�����

�� � c�d�xn��� xn����d�xn� Txn���

�� � e�d�xn��� xn����
d�xn��� Txn���

�	 � f�d�xn��� xn����d�xn� Sxn����

So

��tn� � a�tn�����tn����b�tn�����tn����c�tn�����tn��e�tn�����
�tn���tn��

Hence by using the convexity of �� we get

��tn� � a�tn��� � b�tn��� � 
e�tn���

�� c�tn���� 
e�tn���
��tn��� � ��tn���� ���

In a similar manner� one can prove �for the same even integer� that

��tn��� � a�tn��� � c�tn��� � �f�tn���

�� b�tn���� �f�tn���
��tn��� � ��tn���� ����
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Since � is increasing� ��� and ���� show that sequence tn is decreasing�

Let t be the limit of tn� We shall prove that t � �� Indeed� suppose that

t 	 �� Then t � t�n and by ���� we have

��t�n� � a�t� � b�t� � 
e�t�

�� c�t�� 
e�t�
��t�n����

Now we let n	� and use the continuity of � to obtain

��t� � a�t� � b�t� � 
e�t�

�� c�t�� 
e�t�
��t� � ��t��

which is a contradiction� hence t � ��

�II� Now� we shall prove that fxng is a Cauchy sequence� Since t � �

one needs only to see that fx�ng is a Cauchy sequence� To get a contra�
diction� let us suppose that there is a number � 	 � and two sequences

f�n�k�g� f�m�k�g with �k � �m�k� � �n�k�� �k � N� verifying

d�x�n�k�� x�m�k�� 	 �� ���

For each integer k� we shall denote �n�k� the least even integer exceeding

�m�k� for which ��� holds� Then

d�x�m�k�� x�n�k���� � � and d�x�m�k�� x�n�k�� 	 ��

For each integer k� we shall put pk �� d�x�m�k�� x�n�k��� qk �� d�x�m�k���� x�n�k�����

and rk �� d�x�m�k���� x�n�k����� then we have

� � pk � d�x�m�k�� x�n�k��

� d�x�m�k�� x�n�k���� � d�x�n�k���� x�n�k���� � d�x�n�k���� x�n�k��

� �� t�n�k���� t�n�k���� ���

Since the sequence ftng converges to �� we deduce from ��� that fpkg
converges to �� Furthermore� the sequence fqkg has also � as limit� In�
deed� this fact results from the following estimates obtained by triangular

inequality

�t�m�k� � t�n�k� � pk � d�x�m�k���� x�n�k����

� t�m�k� � t�n�k� � pk
���
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We claim that the sequence frkg converges to �� Indeed� we get by using
triangular inequality the following

rk � t�m�k� � pk � t�n�k� � t�n�k���� ���

On the other hand� by de	nition of the integer �n�k� and by using

triangular inequality we have the following

� � d�x�m�k�� x�n�k����

� t�m�k� � rk � t�n�k���� t�n�k� � t�n�k��� � t�n�k���
���

��� and ��� imply our claim� One can deduce that there exists an integer

k� such that d�x�n�k���� x�m�k�� 	 �� and t�n�k� �
�
�
for each integer

k � k�� Thus� by using ��� and the relation pk� t�k � d�x�n�k���� x�m�k���

we deduce �for all k � k�� that

��rk� � ��d�x�n�k���� x�m�k����� � ��d�Sx�n�k���� Tx�m�k���

�  � �  � �  � �  � �  	
� G� � G� � G� � G� �G	�

where

 � � a�d�x�n�k���� x�m�k�����d�x�n�k���� x�m�k����

 � � b�d�x�n�k���� x�m�k�����d�x�n�k���� x�n�k������

 � � c�d�x�n�k���� x�m�k�����d�x�m�k�� x�m�k������

 � � e�d�x�n�k���� x�m�k�����
d�x�n�k���� x�m�k������

 	 � e�d�x�n�k���� x�m�k������d�x�m�k�� x�n�k�����g�
G� � a�pk � t�n�k����t�n�k� � pk��

G� � ��t�n�k�����

G� � ��t�m�k���

G� � e�pk � t�n�k����
qk�� and

G	 � f�pk � t�n�k������t�m�k� � rk��

Let k 	 �� Then by using the continuity of � and the fact that

a� b� c� e� f are decreasing on ������ we obtain

���� � a�
�

�
������e�

�

�
���
���f�

�

�
������ � �a�

�

�
��e�

�

�
��f�

�

�
����� � �����
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This gives a contradiction� Hence fxng is a Cauchy sequence in a com�
plete metric space �X� d�� then one may 	nd a point z � z�S� T � � X

such that xn �	 z as n �	�� Next� we shall prove that z is a common

	xed point for S and T�

�III� Since tn 	 � for all integer n� we see that both subsequences �x�n�n
and �x�n���n are not stationary� Therefore� we may 	nd a subsequence

�xn�k��k such that x�n�k��� �� z for every integer k� Let us suppose that

Tz �� z� In this case we are allowed to apply the inequality �A� and

obtain for all k � N�
��d�x�n�k���� Tz�� � ��d�Sx�n�k���� Tz��

� a�d�x�n�k���� z����d�x�n�k���� z�� � b�d�x�n�k���� z����d�x�n�k���� x�n�k�����

�c�d�x�n�k���� z����d�z� Tz��� e�d�x�n�k���� z����
d�x�n�k���� Tz�

�f�d�x�n�k���� z�����d�x�n�k���� z���

���

By using the convexity of �� we deduce from ��� the following inequality�

��d�x�n�k���� Tz�� � ��d�x�n�k���� z�� � ��t�n�k���� � ���d�x�n�k���� z��

�
h
c�d�x�n�k���� z�� � 
e�d�x�n�k���� z��

i
��d�z� Tz��

���d�x�n�k���� z�� ���

which gives� after letting k �	� �

��d�z� Tz�� � maxfc�t� � 
e�t� � t 	 �g��d�z� Tz��
� C��d�z� Tz��� ��d�z� Tz���

���

which is a contradiction� Hence z � Tz� and in a similar way� it can be

shown that z � Sz�

�IV� Suppose that there exists another point � �� z 	xed� for instance�

by S� Then� by inequality �A�� we have

��d��� z�� � ��d�S�� Tz��

� �a�d��� z�� � e�d��� z�� � f�d��� z����d��� z��

� ��d��� z��

a contradiction� Therefore� we deduce that there exists a unique point

z � X such that Fix�S� � fzg � Fix�T � � Fix�fS� Tg��This completes
the proof of our theorem��
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Using the basic ideas in the proof of the previous theorem� one can

establish the following theorem which generalizes the main result of the

paper ���

��� Theorem� Let �X� d� be a complete metric space� A a �	nite

or in	nite� set of self�maps of X and � an element of �� We suppose

that for all S� T � A the following generalized contractive condition holds

true�

��d�Sx� Ty��� ��d�x� y����d�x� y��� ��d�x� y����d�x�Sx��

�
�d�x� y����d�y� Ty��� �d�x� y��min
�
��d�x� Ty���

��d�y� Sx��
 �x� y � X with x �� y�

where �� �� 
�  are four decreasing functions from ����� into ��� �� such

that ��t����t��
�t���t� � �� for every t 	 �� and supfmax���t�� 
�t�� �
t 	 �g � �� Then there exists a unique point z � X such that Fix�S� �

fzg for all S � A�

��� Remarks�

�a� If we take A � fS� Tg and � � 
� then we obtain the result by

R� A� Rashwan and A� M� Sadeek in ���

�b� If we take � � 
 and A � fTg� then we obtain one of the main
results established by M� S� Khan et al� in the paper ���

�c� If  � �� A � fTg and the functions �� � and 
 are constants�

then we get the results obtained by D� Delbosco in �� and by F� Skof in

the paper ���

�d� Example� We give here an example where we discuss the validity

of the assumptions of Theorem ���� We take X � f�� �� �� �g and de	ne
a metric d on X by setting d��� �� � �� and d��� �� � d��� �� � d��� �� �

d��� �� � d��� �� � �� We put A � fS� T� V g� where S� � S� � S� �

S� � �� T� � T� � T� � �� T� � �� and V � � V � � V � � �� V � � ��

For all t � �� we put ��t� � ���� ��t� � ����� 
�t� � ����� �t� � ����

and ��t� � t�� Then all the conditions of Theorem ��� are satis	ed for

the set A � fS� T� V g� which has � as unique common 	xed point�
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The following result is an easy consequence of our Theorem ����

��� Corollary� Let �X� d� a complete metric space� A a �	nite or

in	nite� set of self�maps of X and � an element of �� We suppose that

for all S� T � A the following generalized contractive condition holds

true

��d�Sx� Ty��� ��d�x� y����d�x� y��� ��d�x� y��min
�
��d�x� Sx���

��d�y� Ty��

� 
�d�x� y��min

�
��d�x� Ty��� ��d�y� Sx��


�x� y � X with x �� y� �C�

where �� �� 
 are three decreasing functions from ���� into ��� �� such

that ��t�����t��
�t� � �� for every t 	 �� where � is a 	xed constant in

������ Then there exists a unique point z � X such that Fix�S� � fzg
for all S � A�

�� A �xed point theorem in compact metric spaces

In a paper of Fisher ��� the following theorem has been established�

��� Theorem� Let T be a continuous self�map of a compact metric

space �X� d� such that

d�Tx� Ty��
d�x� Tx� � d�y� Ty�

�
� �F �

for all distinct x� y in X� Then T has a unique 	xed point �

Following the essential idea of our result presented in section � we

shall generalize Theorem ��� as follows�

��� Theorem� Let S� T be two self�maps of a compact metric space
�X� d� and let � � � be a convex function� We suppose that T� S T are
continuous and that S� T verify for all distinct x� y in X the inequality

��d�Sx� Ty�� � max
n
��d�x� y���

��d�x�Sx� � ��d�y� Ty��

c
� �

�
d�x� Ty� � d�Sx� y�

c

�o
�G�

where c � � is a 	xed constant� Then S and T have a unique common

	xed point z � X� Moreover Fix�S� � Fix�T � � fzg�
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Proof� Let x� be an element in X� an associate to it the sequence

�xn�n given by
x�n � Sx�n��� n � �� �� ���

x�n�� � Tx�n� n � �� �� �� ���

Without loss of generality� we may assume that tn �� � for every integer

n� In this case� it is easy to see that the sequence ���tn�� is decreasing and

therefore it converges� Since X is compact� we may 	nd a subsequence

�x�n�k��k converging to some element z � X� Then by using the continuity

of the maps T and �� we get

��d�z� Tz�� � limk��� ��t�n�k�� � limk��� ��t�n�k����

� limk��� ��d�x�n�k���� x�n�k�����

� limk��� ��d�Tx�n�k�� �S  T �x�n�k���
� ��d�Tz� �S  T �z���

����

Suppose that z �� Tz� then we can apply the inequality �G� to x � Tz

and y � z� By using ���� and the fact that � is convex and increasing�

we obtain

��d�z� Tz�� � ��d�S�Tz�� Tz��

� max
n
��d�Tz� z��� ��d�Tz�STz�����d�z�Tz��

c
� �
�d�STz�Tz��d�Tz�z�

c

�o
� max

n
��d�Tz� z��� ���d�z�Tz��

c

o
� max

�
�� �

c


��d�Tz� z��� ��d�Tz� z���

This is a contradiction� Therefore we must have Tz � z� The relation

���� will imply that Sz � z� To end the proof� let us suppose that there

exists a point � �� z 	xed� for instance� by S� Then by applying the

inequality �G�� we get

��d��� z�� � ��d�S�� Tz��� max

�
��d��� z���

�

c
��d��� z��

�
� ��d��� z���

which is a contradiction��
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