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Abstract� Let �X�T � � fXn� Tn� n � �� �� �� � � � g be a Semi�

Markov process� Suppose Nj�k� is the step number at which the

Markov chain X visits the state j for kth time� and Tj�k� �

TNj �k
 is the time of the kth visit to the state j� We study the

Uj�k� t� � Nj�k���Tj�k
�t� which is the step number for the kth

visit prior to time t� We derive recursive formula for qnij�k� t� �

PifUj�k� t� � ng � P �Uj�k� t� � njX	 � i�� and E�Uj�k� t�jX	 �

i�� A relation between the generating functions of the sequences

fqnij�k� t�gn��������� k���������n � fq
n
ij��� t�gn�������� and fq

n
jj��� t�gn��������

is also presented�
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� Introduction

The time of the �rst visit of a given state plays fundamental role in the

general theory of Markov and Semi�Markov processes and their appli�

cations� Karlin and Taylor������� Cinlar ������� It seems that the time

of the kth visit has not yet been treated adequately� The work of the

authors on the subject for Markov chains provides some highlights and

applications� There is also a recent paper in Markov chains� W� Stadje

������� concerning the joint distributions of the number of visits� In this

work we concentrate on the step number and the time of the kth visit

within the transient time t� when the underlying model is a semi�Markov

process� Let

Kj�n� �
nX

m��

�fjg�Xm�

is the number of visits to the state j by Markov chain X during the �rst

n transitions� Then Nj�k� � minfn 
 Kj�n� � kg is the step number

at which X visits the state j for k times� Also assume Tj�k� � TNj�k�

is the time of kth visit to state j by the Semi�Markov process� Then

Uj�k� t� � Nj�k���Tj�k�
t� records the step number for the kth visit prior

to time t� In this article we present a recursive formula in k and n for

qnij�k� t� � P �Nj�k� � n� Tj�k� � tjX� � i� � P �Nj�k� � n� Tn � tjX� � i	�

and

aij�k� t� � E�Uj�k� t�jX� � i	 �
�X
n�k

nqnij�k� t��

the mean of the step number for the kth visit of state j in ��� t	� We apply

our recursive formulas for qnij�k� t� to specify the generating functions of

the sequence fqnij�k� t�gn�����			 � k�����


�n in terms of the generating func�

tions of the sequences fqnjj��� t�gn�����


 and fqnij��� t�gn�����


�
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The kth visit in semi�Markov processes 
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� Recursive Formulas

Let �X� T � � fXn� Tn� n � �� �� �� � � �g be a Markov renewal process

with state space S � f�� �� �� ���g� Also let fYt� t � �g denote the

associated semi�Markov process� The semi�Markov matrix is denoted

by P�t� �k pij�t� k� i� j � S� where pij�t� � P �Xn�� � j� Tn�� � Tn �

tjXn � i�� Also let pij � limt�� pij�t�� It is assumed that Cinlar �������

that pij � limt�� pij�t�� It is assumed that

PfXn�� � j� Tn�� � Tn � tjX�� � � � � Xn� T�� � � � � Tng

� PfXn�� � j� Tn��� Tn � tjXng� �����

for all n � f�� �� �� � � �g� j � S� t � R� � ������ and

pn��
ij �t� �

X
k�S

Z t

�
pik�ds�p

n
kj�t� s�� �����

where pnij�t� � P �Xn � j� Tn � tjX� � i�� i� j � S� t � �� Note that

p�ij�t� � �� i 
� j� p�jj�t� � �� t � �� We de�ne Nj � Nj��� to be the step

number of the �rst passage to the state j� hence TNj
is the �rst passage

time to the state j� The joint probability qnij��� t� � Pi�Nj � n� Tn � t�

is the probability of the �rst visit of state j at the nth transition within

the time interval ��� t	 given X� � i� precisely qnij��� t� � P �Xn � j�Xv 
�

j� v � �� �� � � � � n� �� Tn � tjX� � i�� Note that qnij � limt�� qnij��� t� is

the probability that at nth step number the state j will be �rst visited

from the initial state i in the Markov chain fXng� Also for every i� j � S�

we note that q�ij��� t� � �� qij��� t� � pij�t�� Let us present the following

informative formulas�

Proposition ���� The following relations are satis�ed�

pnij�t� �
nX

m��

Z t

�
qmij ��� ds�p

n�m
jj �t� s�� n � �� �����
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pnii�t� �
nX

m��

Z t

�
qmii ��� ds�p

n�m
ii �t� s�� n � �� ���
�

qnij��� t� �
X
k ��j

Z t

�
pik�ds�q

n��
kj ��� t� s�� n 
 �� t 
 �� �����

Proof� For ����� apply ����� to note that

pnij�t� � P �Xn � j� Tn � tjX� � i�

�
nX

m��

P �Xn � j�Xm � j�Xv 
� j� v � �� � � � � m� ��

Tn � Tm � Tm � tjX� � i�

�
nX

m��

Z t

�
P �Xm � j�Xv 
� j� v � �� � � � � m� �� Tm � dsjX� � i�

P �Xn � j� Tn � Tm � t� sjXm � j�Xv 
� j� v � �� � � � � m� ��

X� � i� Tn � s�

�
nX

m��

Z t

�
P �Xm � j�Xv 
� j� v � �� � � � � m� �� Tm � dsjX� � i�

P �Xn � j� Tn � Tm � t� sjXm � j�

�
nX

m��

Z t

�
qmij ��� ds�p

n�m
jj �t� s��

If i � j� then p�ii�t� � �� q�ii��� t� � �� giving ���
�� for ����� we observe

that

qnij��� t� � Pi�Nj � n� Tn � t�

�
X
k�S

Z t

�
Pi�Nj � n� Tn � t� X� � k� T� � ds�

�
X
k�S

Z t

�
Pi�Nj � n� Tn � tjX� � k� T� � ds�

P �X� � k� T� � dsjX� � i�

�
X
k ��j

Z t

�
Pk�Nj � n � �� Tn�� � t � s�pik�ds�

�
X
k ��j

Z t

�
pik�ds�q

n��
kj ��� t� s��
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The proof is complete�

Similar to ������

pnij�t� �
nX

m�k

Z t

�
qmij �k� ds�p

n�m
jj �t� s�� �����

Let us present our �rst recursive formula�

Proposition ���� Suppose qnij�k� t� is given by ������ then for every

t 
 � and n � ��

qn��
ij �k � �� t� �

nX
m�k

Z t

�
qmij �k� ds�q

n���m
jj ��� t� s�� � 	 k � n� �����

and also

qn��
ij �k � �� t� �

n���kX
m�k

Z t

�
qmij ��� ds�q

n���m
jj �k� t� s�� � 	 k � n� �����

Proof� We note that

qn��
ij �k� �� t� � Pi�Nj�k � �� � n � �� Tn�� � t�

�
nX

m�k

Z t

�
Pi�Nj�k� �� � n� �� Nj�k� � m�Tm � ds�

Tn�� � Tm � t� s�

�
nX

m�k

Z t

�
Pi�Nj�k� � m�Tm � ds�P �Nij�k � �� � n � ��

Tn�� � Tm � t� sjNj�k� � m�Tm � ds�

�
nX

m�k

Z t

�
Pi�Nj�k� � m�Tm � ds�Pj�Nj � n�m� ��

Tn�m�� � t � s�

�
nX

m�k

Z t

�
qmij �k� ds�q

n�m��
jj ��� t� s��
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arriving at ������

Suppose V n
j �t� is the number of visits of state j from state i by

nth transition in the time interval ��� t	� thus V n
j �t� �

Pn

k�� I�Xk�j� Tk
t��

where

I�Xk�j� Tk
t� �

��
�

� Xk � j� Tk � t

� otherwise�

Note that Ei�V
n
j �t�	 �

Pn

k�� p
k
ij�t�� Therefore pnij�t� � Ei�V

n
j �t�	 �

Ei�V
n��
j �t�	 �and limn��Ei�V

n
j �t�	 �

P�
k�� p

k
ij�t� � R�i� j� t�� where

R�i� j� t� is the Markov renewal function of the semi�Markov process

Yt�

Lemma ���� The following relations are satis�ed�

pnij�t� � Ei�V
n
j �t�	�Ei�V

n��
j �t�	� ������

Ei�V
n
j �t�	 �

nX
k��

nX
m�k

qmij �k� t�� ������

R�i� j� t� �
�X
n��

nX
k��

qnij�k� t�� ������

Proof� The ������ is immediate� ������ is followed from ������� For

�������

Ei�V
n
j �t�	 �

nX
k��

P �V n
j �t� � k�

�
nX
k��

P �TNij�k� � t� Nij�k� � n�

�
nX
k��

nX
m�k

P �Nij�k� � m�Tm � t�

�
nX
k��

nX
m�k

qmij �k� t��

Proof is complete�
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Let us present the second recursive formula concerning the mean of

the step number for the kth visit�

Proposition ���� Let aij�k� t� �
P�

n�k nq
n
ij�k� t� be the mean of the

step number for the kth visit of state j from the initial state i within

��� t	� then for every t 
 ��

aij�k� �� t� � qij�k� �� � ajj��� ���t�� qjj��� ��� aij�k� ���t�� k � �� ������

where qij�k� t� �
P�

n�k q
n
ij�k� t�� k � �� is the probability that the kth

visit occurs prior to the time t�

Proof� We apply the recursive formula ����� to note that

aij�k � �� t� �
�X
n�k

�n� ��qn���k � �� t�

�
�X
n�k

�n� ��
nX

m�k

Z t

�
qmij �k� ds�q

n���m
jj ��� t� s�

�

Z t

�

�X
n�k

nX
m�k

�n� ��m�qmij �k� ds�q
n���m
jj ��� t� s�

�
Z t

�

�X
n�k

nX
m�k

mqmij �k� ds�q
n���m
jj ��� t� s�

�
Z t

�

�X
m�k

qmij �k� ds�
�X

n�m

�n� ��m�qn���m
jj ��� t� s�

�

Z t

�

�X
m�k

mqmij �k� ds�
�X

n�m

qn���m
jj ��� t� s�

�
Z t

�
�
�X
m�k

qmij �k� ds�	�
�X
l��

lqljj��� t� s�	

�

Z t

�
�
�X
m�k

mqmij �k� ds�	�
�X
l��

qljj��� t� s�	

�

Z t

�
qij�k� ds�ajj��� t� s� �

Z t

�
aij�k� ds�qjj��� t� s�

� qij�k� �� � ajj��� ���t�� qjj��� �� � aij�k� ���t��
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giving the result�

Note that by conditioning on �X�� T���

aij�k� t� � Ei�Uj�k� t�	

�
X
l��j

Z t

�
�� � El�Uj�k� t� s�	pil�ds�

�

Z t

�
�� �Ej�Uj�k � �� t� s�		pij�ds�

� pi�t� �
X
l��j

Z t

�
alj�k� t� s�pil�ds�

�
Z t

�
ajj�k � �� t� s�pij�ds�� ����
�

where pi�t� �
P

j pij�t�� The ����
� does not provide a renewal equation

to speecify aij�k� t�� In order to apply the renewal theory� we compromise

to let aij�k��� t� 	� aij�k� t�� for large k� In this case ����
� provides that

f � g � F � f� ������

where F �t� � qjj��� t�� f�t� � ajj�k� t�� and g�t� � ajj��� �� � qjj�k� ���t��

Therefore ajj�k� t� 	� g�k� t��g�k� ���Rjj�t�� where Rjj�t� �
P

n q
n
jj��� t��

As g�t� is not integrable� the Key Renewal Theorem does not apply� The

limiting value of aij�k� t�� t��� can be evaluated directly� namely�

Ei�Nj�k�	 � aij�k�

� limt��aij�k� t�

� limt��Ej�Nj�k���Tj�k�
t�	

� aij��� �
k � �

�j
�

where fpijg� and f�jg� are the transition probabilities and stationary

distribution of the embedded Markov chain fXng� see ��	 for the deriva�

tion given above�
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In the following we provide two examples where the distribution of

Uj�k� t� can be evaluated directly or by the derived formulas�

Example ���� Suppose �X� T � has the transition�sojourn time prob�

ability matrix of the form

P�t� �

	

 � �� e��t

�� e��t �

�
�

then

qn���k� t� � qn���k� t� �

��
�

��� e��t��k n � �k

� n 
� �k

where

q����� t� �
�X
n��

qn����� t� � ��� e��t���

and� m��t� �
P�

n�� nq
n
����� t� � ���� e��t��� such that q������� � ��

m���� � �� also a���k� t� �
P�

n�k nq
n
���k� t� � �kq�k���k� t� � �k�� �

e��t��k�

a���k��� � �k� and q���k� t� �
P�

n�k q
n
���k� t� � ���e��t��k� q���k��� �

��

therefore

qn��
�� �k � �� t� �

nX
m�k

Z t

�
qm���k� ds�q

n���m
�� ��� t� s�

�

Z t

�

nX
m�k

qm���k� ds�q
n���m
�� ��� t� s�

�

Z t

�
q�k���k� ds�q

�
����� t� s�

� q�k��
�� �k � �� t� �

��
�

��� e��t��k�� n � �k � ��

� n 
� �k � ��

Hence
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a���k � �� t� �
Z t

�
�q���k� ds�m��t� s� � a���k� ds�q����� t� s�	

� ��k� ����� e��t���k����

Also

a���k� ���� � a������� � km���� � � � �k � ��k� ���

and E�N��k� � a���k��� � �k� a���k� t� � �k�� � e��t��k� E�N��k� �

a���k��� � �k� Finally

qn���k� t� �

��
�

��� e��t��k�� n � �k � ��

� n 
� �k � ��

where a���k� t� � ��k � ����� e��t��k��� k � ��

Example ���� Suppose

pij�t� �
e���t�t���t�t�j�i

�j � i��
� j � i � �� �� �� ����where ��t�t� ��� as t���

Then for k � �� we have

qnii�k� t� �

��
�

e�k��t�t n � k

� n 
� k

and

qn��
ii �k� �� t� �

nX
m�k

Z t

�
qmii �k� ds�q

n���m
ii ��� t� s�

�
Z t

�

nX
m�k

qmii �k� ds�q
n���m
ii ��� t� s�

�
Z t

�
e�k��t�s���t�s�d�e���s�s�

� e��k�����t�t�
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hence

mi�t� � aii��� t� �
�X
n��

nqnii��� t� � e���t�t� qii�k� t� �
�X
n�k

qnii�k� t� � e�k��t�t�

and aii�k� t� �
P�

n�k nq
n
ii�k� t� � ke�k��t�t� therefore

aii�k � �� t� �

Z t

�
�qii�k� t�mi�t� s� � aii�k� ds�qii��� t� s�	

� �k � ��
Z t

�
e�k��t�s���t�s�d�e��s�

� �k � ��e��k�����t�t�

Also for j � i� � implies that

aij�k� t� �
��t�te�k��t�t�k � ��� k�e���t�t	

��� e���t�t��
�

� The Generating Functions

Suppose Pij�s� ��� Qij�s� ��� and Gij�r� s� ��� are the generating functions

of the sequences

fpnij�t�g� fq
n
ij��� t�gn�����


� t
�� and fqnij�k� t�g� respectively de�ne as fol�

lows


Pij�s� �� �
�X
n��

Z �

�
pnij�t�expf��tgs

ndt� jsj 	 �� � 
 �� �����

Qij�s� �� �
�X
n��

Z �

�
expf��tgsnqnij�dt�� jsj 	 �� � 
 �� �����

and

Gij�r� s� �� �
�X
n��

nX
k��

Z �

�
rkskexpf��tgqnij�k� dt�� jsj 	 �� jrj 	 �� � 
 ��

�����

Theorem ���� The genarating functions satisfy the following rela�

tion�

Pij�s� �� �

��
�

Qij�s� ��Pjj�s� �� if i 
� j�
�

����Qii�s����
if i � j�

���
�
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Proof� For i 
� j�

Qij�s� ��Pjj�s� �� � �
�X
n��

Z �

�
expf��tgsnqnij�dt���

�X
m��

Z �

�
pnjj�u�expf��ugs

mdu�

�
�X
n��

�
nX

m��

Z �

�

Z �

�
expf���t� u�gqmij �dt�p

n�m
jj �u�du�sn

�
�X
n��

�
nX

m��

Z �

�

Z y

�
expf��ygqmij �dt�p

n�m
jj �y � t�dy�sn

�
�X
n��

Z �

�
expf��yg�

nX
m��

Z y

�
qmij �dt�p

n�m
jj �y � t��sndy

�
�X
n��

Z �

�
expf��ygpnij�y�s

ndy

� Pij�s� ���

For i � j since p�ii�t� � �� q�ii�t� � � we obtain that

Qii�s� ��Pii�s� �� �
�X
n��

Z �

�
expf��ygpnij�y�s

ndy

�
�X
n��

Z �

�
expf��ygpnij�y�s

ndy �
Z �

�
expf��ygdy

� Pjj�s� ��� ����

The proof is complete�

Theorem���� Let the generating function of sequence fqnij�k� t�gn�����



k�����


�n

be

Gij�r� s� �� �
�X
n��

nX
k��

Z �

�
rkskexpf��tgqnij�k� dt�� jsj 	 �� jrj 	 �� � 
 ��

�����

Then

Gij�r� s� �� �
rQij�s� ��

�� rQjj�s� ��
� �����
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Proof� Take an �
Pn

k��

R�
� expf��tgqnij�k� t�r

kdt� bn �
R�
� expf��tgqnjj�dt��

hence

cn �
n��X
m��

ambn�m

�
n��X
m��

mX
k��

Z �

�
expf��tgqmij �k� t�r

kdt�

Z �

�
qn�mjj �du��

�
n��X
m��

nX
k��

Z �

�

Z �

�
expf���t � u�gqmij �k� dt�r

kqn�mjj �du�

�
n��X
k��

n��X
m�k

Z �

�

Z y

�
expf��ygrkqmij �k� dy�q

n�m
jj �y � dt�

�
n��X
k��

Z �

�
rk�

n��X
m�k

Z y

�
qmij �k� dy�q

n�m
jj �y � dt�expf��yg

�
n��X
k��

Z �

�
rkexpf��ygqnij�k � �� dy�

�
�

r

n��X
k��

Z �

�
rk��expf��ygqnij�k � �� dy��

Therefore

Gij�r� s� ��Qjj�s� �� �
�X
n��

cns
n

�
�

r

�X
n��

n��X
k��

Z �

�
rk��expf��ygqnij�k � �� dy�

�
�

r

�X
n��

nX
m��

Z �

�
rmexpf��ygqnij�m� dy�

�
�

r

�X
n��

�
nX

m��

Z �

�
rmexpf��ygqnij�m� dy�

� r

Z �

�
expf��ygqnij�dy�	
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�
�

r

�X
n��

nX
m��

Z �

�
rmexpf��ygqnij�m� dy�

�
�X
n��

Z �

�
expf��ygqnij�dy�	

�
�

r
Gij�r� s� ��� Qij�s� ���

giving the result�

Let P��� � kPij���k� where Pij��� �
R�
� exp���t�pij�dt�� It is ob�

served that Pn��� � �P����n� Cinlar������� Now since Pij�s� �� �P�
n��

R�
� exp���t�pnij�dt�s

n� jsj 	 �� � 
 �� we observe that in matrix

notation we have P�s� �� � kPij�s� ��k �
P�

n���sP����
n�

Note that P��� �� �
P�

n���P����
n � R�� as is given in Cinlar �����

Proposition ���� If S is �nite� then P�s� �� � �I � sP������� and

if S is not �nite� then P�s� �� is minimal solution of equation

�I � sP����M � I� M � ��

Proof� Since P�s� �� �
P�

n���sP����
n� hence we have P�s� �� �

I � sP���P�s� ��� or P�s� ���I � sP���	 � I� so that P�s� �� � �I �

sP�������

Example ���� To apply Proposition ���� let

P�t� �

	

 ����� e��t� �
��� e��t�

����� e�
t� ����� e�
t�

�
� �

Then

P��� �

	

 	

���
�

���

�
��


�
��


�
� �
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and P�s� �� � �I � sP������� provides that

P�s� �� �

	



��������
�s�
�����	s����
��s��
s�

�s�����
�����	s����
��s��
s�

�s���
�
�����	s����
��s��
s�

���
������	s�
�����	s����
��s��
s�

�
� �

Hence it follows from ���
� that

Q�s� �� �

	



��������
���s�
����
��s�

�s�����
���
������	s�

�s���
�
��������
��s�

�����������	s�
������	s�

�
� �

and from ����� that

G�r� s� �� �

	



r��������
���rs�
����
��s��r��������
���rs�

�rs������
���
��������	s��r�����������	�rs�

��rs���
�
����������
��s��r��������
����rs�

r�����������	rs�
������	s��r�����������	rs�

�
� �
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hmQ�t s�v ��yOv��Qi QO C�kqt u�t��k �UQQ�

s�vm�tZQi 	s� Q�o�t Q
v QO �Q �X� T� � fXn� Tn�n � �� �� �� ���g�imQ�t s�v Ov��Qi
u�t��ku�tR �QTj�k� � TNj

�k� 	CU�j u�mts��kC�k�rtCyHOv��Qi��ytOkO�OaDNj�k�

��Q� �ytOk O�OaD xmUj�k� t� � Nj�k�I�Tj�k�
t��iO�YD Q�eDt 	s�yO�t Q�Qk j u�mtC�k�rt
���D ��Q� �DWoR�� xrO�atl� w s�vm�t �UQQ� �Q OW���t t x
Lr R� p�k j u�mt C�k�rt u�t��k
Ei�Uj�k� t�	w qnij�k� t� � Pi�Uj�k� t� � n� � P �Uj�k� t� � njX� � i� p�tDL�
w fqnij��� t�g �fqnij�k� t�g ��yxr��vO Orwt ���wD u�� ��x���Q u�vJty 	s� Qw��t CUO x�
��Q�O xm Ei�Uj�k� t�	 ��Q� �DWoR�� xrO�at k nQR� Q�O�kt ��Q� 	s�yO�t x��Q� fqnjj�k� t�g

	Ot�Hv��t O�OHD xrO�at l� pL x� �CU� ��xDU� sQi
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