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THE STRUCTURE AND AMENABILITY OF ("-MUNN
ALGEBRAS

S. NASERI® AND H. SAMEA

Communicated by Gholamhossein Esslamzadeh

ABSTRACT. We introduce the notion of LM%7(A), where A is a
Banach space, I is an index set and 1 < p < oco. We find necessary
and sufficient conditions for which LM (A) is a Banach algebra
and investigate amenability of this Banach algebra. Applications
to £2(S) (1 < p < o0), where S is a Brandt semigroup, are also
given.

1. Introduction

Some properties of £!-Munn algebras were investigated by Esslamzadeh
[3] , where the author introduced the notion and used them as a tool for
studying certain semigroup algebras. For more information, see [2-4].
Our aim here is to introduce and investigate the properties of //-Munn
algebras. It enables us to study some properties of [P-spaces on Brandt
semigroups. This paper is organized as follows. Our notations are intro-
duced in the present section. In section 2, we introduce and investigate
the structure of LM% (A), for the Banach space A, the index set I, and
1 < p < oo. The Banach space LMY (A) is the vector space of all T x I-

1

matrices A over A such that ||Al|, = (Zi,je] ||Aij||p>; < oo. We find
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necessary and sufficient conditions for which LM% (A) is a Banach alge-
bra. We prove that if A is a unital Banach algebra, then LM% (A) is a
Banach algebra if and only if 1 < p < 2. Moreover, it is proved that if G
is a group and S is a Brandt semigroup over G with index set I, then the
Banach space £°(S)/Cé is isometrically isomorphic with LMY (P(G)).
Moreover, if G is a finite group, and [ is finite, then (¢P(S),*)/Cdy is
isometrically isomorphic with LMY (P(G), x). Finally, in Section 3 we
study the amenability of the Banach algebra LM% (A) (1 < p < 2) over
a Banach algebra A with a unit. We prove that LM% (A) (1 <p <2)is
amenable, if and only if A is amenable, and [ is finite.

The following are some of the notations which we use here.

Let A be a Banach algebra. If A admits a unit ey (aeq = eqa =
a, for all @ € A) and |le4]] = 1, we say that A is a unital normed
algebra. For a Banach algebra A, an A-bimodule will always refer to a
Banach A-bimodule X; that is, a Banach space which is algebraically
an A-bimodule, and for which there is a constant C'x > 0 such that for
ac A zeX, |azx| < Cxlallz|, ||z.a < Cxllzlllal. A derivation
D : A — X is a linear map, always taken.to be continuous, satisfying
D(ab) = D(a).b+ a.D(b), for a,b € A. For every x € X, we define ad,
by ad;(a) = a.x — x.a, for a € A. Note that ad, is a derivation which
is called an inner derivation. A Banach/algebra A is called amenable if
and only if, for any A -bimodule X, every derivation D : A — X* is
inner.

2. The structure of the Banach space LM} (A) (1 < p < 00) over
a Banach algebra A

Definition 2.1. Let A be a Banach space, 1 < p < oo, and I be an
arbitrary index set, and let LM% (A) be the vector space of all I x I-
matrices A over A such that

1
Al = (D2 1451P)" < oc.

i,j€l

Then, it is easy to check that LMY} (A) with scaler multiplication, matrix
addition, and the norm ||.||, is a Banach space. This Banach space is
called ¢P-Munn Banach space over A. If LMY (A) is a Banach algebra,
then LMY (A) is called the (P-Munn Banach algebra over A with index
set 1.
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The space LM1}(A) over a unital Banach algebra A is called the £!-
Munn Banach algebra over A with index set I (see [3] ). If I is finite,
then ||'||£M§((C) is called Frobenius norm.

A Brandt semigroup S over a group G with index set I consists of all
canonical I x I matrix units over G'| J{0} and a zero matrix 0. Note that
an I x I matrix whose entries are zero except one, is called a canonical
matrix unit.

Let G be a group and S be a Brandt semigroup over G. For f € ¢P(S5),
and 4,j € I, define f;; : G — C by

fii(9) = F((9)is),
where (g);; is the matrix with (k,[)-entry equal to g if (k,1)=(i,4) and
0 if (k,1) # (i,7). Since for every i,j € I,

(@il < Y1 ()P < oo,

geG seS
then we have f;; € P(G). It is clear that if A = [f;;], then A €
LMY (P(G)). Now, as in Proposition 5.6 of [3], let

D P(S) — LMEP(G)): [ fij]-
It is clear that ® is a well-defined linear map with ||®|| < 1. Suppose
A e LMY (P(G)) and A = [f;j]. Define f : S — C by f(0) = 0 and
f((9)ij) = fij(g), for g € G and ¢,j € I. Since

YFEP =D YTl = D lIfilly < oo,

seS i,jel g€G ijel
Then f € (P(S). Clearly ®(f) = A. Hence, ® is onto. Therefore, there

is an isometrical isomorphism from ¢7(S)/Cdy onto LMY (P(G)). Thus,
we have the following result.

Proposition 2.2. Let G be a group and S be a Brandt semigroup over G
with the index set I. Then, the Banach space ¢P(S)/Cdg is isometrically
isomorphic with LMY ((P(G)).

For the rest of the paper, we assume that A is a Banach algebra.

Theorem 2.3. Let 1 < p < 2. The Banach space LMY (A) with matriz
multiplication and norm ||.||, is a Banach algebra.

Proof. Let A,B € LMY(A), and i,j € I. Since 1 <

p then
for ¢ with % +% = 1, we have ¢ > 2 > p. Hence, *(I) C

< 2,
¢4(I) and
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IFI1E < IFII5 (f € ¢P(I)). We denote the function f: I — C, by (f(i));-
Now, we have

(Z!\AmHHBmH) =AD&l Bs DxIT

kel
1 Ak D&l LB D Nl
I A DB CBR; D

(kze; HAik\p> (% HBqu> :

IN A

Therefore,
p
IABIE = > (> AiB
ijel kel
2

< > (Z\AikHHBmll>
ijel \kel

< > (Z\Aikllp> (ZHBUH”)
ijel \kel lel

= | D0 AP || D] Byl
i,k€I Jlel

= [4)518l5

Hence, ||AB||, < ||Alpl|Bllp- This shows that ||.||, is an algebra norm.
Hence, LMY (A)is a Banach algebra. O

Example 2.4, Let A be a non-zero Banach space. Define
ab=0 (a,beA).

With: this multiplication A is a Banach algebra. Now, let I be an ar-
bitrary setrand 1 < p < co. Then for each A, B € LMY (A), AB = 0.
Hence, LMY (A) is a Banach algebra.

Proposition 2.5. Let I be an infinite set and A be a Banach algebra
such that A2 # 0. Then, for each 2 < p < o0, LMY (A) is not an
algebra.
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Proof. Since A? # 0, then there exist a,b € A such that ab # 0. Let
{in}nen be an infinite subset of distinct elements of I. Define the I x I-
matrix A over A by A4;,;, = ﬁa (n € N) and A;; = 0, for other 4, j € I.
Also, define the I x [-matrix B over A by B; ;, = ﬁb (n € N) and
B;; = 0, for other 7,5 € I. Tt is easy to see that A, B € LM} (A). But
AB is not even well defined, since

(AB)iyiy = > Aiin Biniy = <E ;) ab.

neN neN

O

Proposition 2.6. Let I be a set with at least two elements, and A be a
unital Banach algebra. Then, LMY (A) is a Banach algebra if and only
if1<p<2.

Proof. By Theorem 2.3,if 1 < p < 2, then LM% (A) is a Banach algebra.
By Proposition 2.5, if I is infinite, and 2 < p < oo, then LMY (A) is
not a Banach algebra. Now, suppose [.is finite. Let i1,io € I and
i1 # ia. Define the I x I-matrix A over A by A;;, = A, = ea and
Ai; = 0, for other 4,5 € I. Also, define the I x I-matrix B over A by
Bii, = Bi,i;, = e and By; =0, for other 4, j € I. Then,

2 1 1
IABllp= 2> 27 = 2020 = ||[Allp] Bllp,
and so |||, is not an algebra norm. Hence, LM% (A) is not a Banach
algebra. 0
Remark 2.7. (a) Let I be finite and A be a Banach algebra with the

unit e 4. Suppose Card(I) =m. If (A1,..., Ap) € A™, 1 <p < oo and
% + % =1, then

1
1(Ad)illr = [I(Aiea)illy < [I(Ai)ierllpll(ea)ierlly = malleallll (Adierlp
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Thus, for arbitrary I x I matrices A, B on A,

P p
IABIE = > | AuBy|| <> (Z!\AikHHBmIO

ijel kel ijel \kel

S [ < 3 ||| B,
1,5€l i,j€l

IA

2p
=m |leal || Al

m ¥ lleal® 3 || 1Al

i,J€1

p
(1B
p

1Bl

2
Hence, [|AB|, < ma|lea|?[|Allp[| B]l,-

(b) Let I be finite and A be a Banach algebra with the unit e 4. Sup-

2

pose Card(I) = m. By (a), it is easy to see that (LM% (A), ma|leal|l-||p)
is a Banach algebra.

(¢) Let I be finite and A be a Banach algebra with the unit ey4.
Suppose Card(I) = m. Define the norm |||.||| on A by |||a|||= C||a]| (a €

2 ~

A), where C' > ma|le4]|?. Let A denote the algebra A with the norm
l|.]l| and A be an I x I-matrix over A. Then,

1Al 2o cay = ClAlcag a)-

From this equality and (a), for each A, B € LM% (A) we obtain,

2
1ABll sy = CIABlleamiay SCmalleal®| Al cama | Bllcarmay

2
ma [lea]|?

HBHEMI;(_Z)-

Therefore, LM% (A) is a Banach algebra.

Example 2.8. The algebra A = C with the norm ||A]| = 3|4| (A € A)
is a Banach algebra with a the unit that is not unital (since ||1|| = 3 # 1).
Then, by notations of Remark 2.7, A = C with C = 3. Let I = {1, 2}.
Since C' > 22§]1|, then by remark 2.7, LM7}(A) is a Banach algebra.
This example shows that we can not replace the condition “A is unital”
by “A has a unit” in the Proposition 2.6.
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Proposition 2.9. Let G be a finite group with Card(G) =m, 1 <p <
oo, and S be a Brandt semigroup over G with the index set I. Then,
P(S) is closed under convolution if and only if I is finite. Moreover, if I
is finite, then there exists a constant C' such that (P(S) with the product

55*515:5515 (S,tES),

and the norm C||.||, defines a Banach algebra. Also, ¢P(G) with the
norm C||.||, is a Banach algebra under convolution, and (P(S)/Céy is
an isometric Banach algebra-isomorphic with LMY (LP(G)).

Proof. Suppose I is infinite. Let {i, },en be an infinite subset of distinct
elements of I. Let f =37, %5(6)1.11.”, and g =3 2, %5(6)“”.1. Clearly,
fyg € P(S). But

feo@= Y=o

mneNm#n

Hence, ¢P(S) is not closed under convolution.
Suppose [ is finite with Card(I) = [. It is.easy to see that the Banach

space (P(G) with the norm ||. || () = m'p ||/l and the product
Op ¥ 0y = gy [,y € G),

defines a convolution Banach algebra. Note that d. (e is the unit of G)

is the unit of P(G) with [|0¢ ||y =m 7.
By Theorem 2.3, for p < 2, LM% (P(G)) defines a Banach algebra. In

this case, let C' = mlf% For p > 2, by Remark 2.7(c),

2 2 _1 2 _1
111 = 22 16l @yl llmie) = 1918l 2oy 2 [l llp = Lam® 3 .

Thus, LMY (P(G)) defines a Banach algebra. In this case, let C' =
(

2 _1
1am®17%). Tgis easy to see that for the mapping

O (02(S),Cl-Ip) — LMI((E(G), Cllp)) = f = [fig]s
D(0s x 0y) = P(65)P(5¢). Hence, ® is an algebra homomorphism. There-

fore, by Proposition 2.2, the Banach algebra (¢7(S),C||.||,)/Cd is iso-
metrically algebra isomorphic with LMEY((2(G),C|.|Ip))- O

Remark 2.10. By Proposition 5.6 of [3], for a Brandt semigroup S
over a group G with an index set I, ¢1(S)/Cdy is isometrically algebra
isomorphic with LM (¢1(G)).
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3. Amenability of the Banach algebra LM%7(A) (1 <p < 2) over
a Banach algebra A with unit

Throughout this section, we suppose A has a unit which we denote
by e4.

Lemma 3.1. Let A be a Banach algebra with unit e4, and 1 < p < 2.
The following conditions are equivalent:

(1) LMY (A) has a bounded approzimate identity.

(2) I is finite.

Proof. (1)=(2) Suppose on the contrary that I is infinite and (Eq)q
is an approximate identity for LMY (A). For every finite subset F' of I,
define Er by (EF)” = €A ifi e F, (EF)” =0ifi e I—F and (EF)zy =0
if ¢ # j. Then,

1 1
(CardF)r = (O lleal’)r = |EF|,
icF
1
= lim[|[EpEy|], = lim( D I(E)lP)
i€k, jel
< limianEaH,p.

Therefore, lim, || Eall, = oo. Thus, LMY (A) does not have a bounded
approximate identity.

(2)=-(1) Suppose Iis finite. Then, it is clear that E; is a unit for
LME(A). O

Theorem 3.2. Let A be a Banach algebra with a unit and 1 < p < 2.
The following conditions are equivalent:
(i) LME(A) is amenable.

(ii) A is amenable and I is finite.

Proof. (i)=(il): Since LMY} (A) is amenable, then by Proposition(2.2.1)
of [5], LMY (A) has a bounded approximate identity and by Lemma 3.1,
I is a finite set. By Corollary 4 of Section 4 of [1], there exists an
equivalent norm |||.||| on A such that A = (A, |||.]||) is unital. Since
I is finite, then the identity map A — A; LMY(A) — LM;(A) is
continuous. Indeed, if cllal]| < |||a||| < C|la|| (a € A), then by Remark
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2 .
2.7(a), 1Al ppg, ) < @(Card(D)leal®All camay- So, LMG(A) is

Banach algebra isomorphic with LM(A). Hence, LM(.A) is amenable,
and so by Theorem 4.1 of [3], A is amenable. Therefore, A is amenable.
(ii)=(i): We apply the notations of the above paragraph. By Theorem
4.1 of [3], LM (A) is amenable. Hence, LMPE(A) is amenable. O

Remark 3.3. The above theorem remains valid, if we replace the con-
dition “1 < p <27 by “LMP(A) is a Banach algebra”.

Example 3.4. Let S be a Brandt semigroup over a finite group G with
a finite index I. Then, by Proposition 2.9, Theorem 3.2, and Remark
3.3, the convolution Banach algebra ¢P(S) is amenable.
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