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EXTENSIONS OF NILPOTENT P.P. RINGS

L. OUYANG

Communicated by Fariborz Azarpanah

ABSTRACT. We introduce the notion of nilpotent p.p. rings, and
prove that the nilpotent p.p. condition is preserved over polynomial
rings and skew polynomial rings.

1. Introduction

Throughout this paper, R denotes an associative ring with unity, « :
R — R is an endomorphism, and § an a-derivation of R, that is, J is an
additive map such that d(ab) = §(a)b+a(a)d(b), for a,b € R. We denote
S = R[z; a, ] the Ore extension whose elements are the polynomials over
R, the addition is defined asusual and the multiplication subject to the
relation za = a(a)z +0(a), for any @ € R. Recall that a ring R is called:

reduced if a®=0= a=0,forall a € R,
reversible if ab =0 = ba =0, for all a,b € R,
semicommutative if ab=0 = aRb= 0, for all a,b, € R.

The following implications hold:
reduced = reversible = semicommutative.

In general, each of these implications is irreversible (see [14]).

This research is supported by the National Natural Science Foundation of China (10771058,
11071062), Hunan Provincial Natural Science Foundation of China (10jj3065) and the Scien-
tific Research Fundation of Hunan Provincial Education Department (10A033).
MSC(2010): Primary: 16S36; Secondary: 16S99.
Keywords: Nilpotent annihilator, (a, §)-compatible ring, semicommutative ring.
Received: 31 December 2008, Accepted: 3 September 2009.
(© 2010 Iranian Mathematical Society.
169


www.SID.ir

170 Ouyang

Let a be an endomorphism and § an a—derivation of a ring R. Fol-
lowing Hashemi and Moussavi [6], a ring R is said to be a—compatible
if for each a,b € R,ab = 0 < aa(b) = 0. Moreover, R is called to
be d—compatible if for each a,b € R,ab =0 = ad(b) = 0. If R is both
a—compatible and d—compatible, then R is said to be («, §) —compatible.

For a nonempty subset X of a ring R, we write rg(X) = {r € R |
Xr =0} and [gr(X) = {r € R | rX = 0}, which are called the right
annihilator of X in R and the left annihilator of X in R, respectively.
The concept of annihilators has been the focus of a number of research
papers (see [1, 2, 3, 5, 8, 15, 16]). As a generalization of annihilators,
here we introduce the notion of nilpotent annihilators. Let R be a ring
and nil(R) be the set of all nilpotent elements of R. For a monempty
subset X of a ring R, we define Nr(X) = {a € R | za € nil(R), for all
x € X}, which is called a nilpotent annihilator of X in R. Obviously,
for any nonempty subset X of a ring R, we have rp(X) C Nr(X) and
[r(X) C Ngr(X). So, a nilpotent annihilator is a natural generalization
of an annihilator. If R is reduced, then rr(X) = Ng(X) = lr(X).

In [10], Kaplansky introduced the Baer rings as rings 'in which the
right (left) annihilator of every nonempty subset is generated by an
idempotent. Closely related to Baer rings are p.p. rings. A ring R is
called a right p.p. ring if the right annihilator of each element of R is gen-
erated by an idempotent. A ring R is called a p.p. ring if it is both a right
and a left p.p. ring [9, 13]. These conecepts have their roots in functional
analysis, having close links to C* — algebras and von Neumann algebras
[4, 10]. Large classes of rings satisfy the Baer property-examples include
right self-injective von:Neumann regular rings, von Neumann algebras,
and the endomorphisms rings of semisimple modules. Examples of p.p.
rings also include large classes, such as all Baer rings. Motivated by their
work, in this note we initiate the study of nilpotent p.p. rings. A ring
R is said to besa nilpotent p.p. ring if the nilpotent annihilator of each
element of R does not equal R, then it is generated as a right ideal by a
nilpotent..Recently; the surge of interest in quantum groups and quan-
tized.algebras has brought renewed interest in general skew polynomials
rings, due to the fact that many of these quantized algebras and their
representations can be expressed in terms of iterated skew polynomial
rings. ‘So, in this note we mainly investigate the nilpotent p.p. condition
over polynomial extensions and skew polynomial extensions.

For a polynomial f(z) = ao + a1z + -+ + a;zt € R[z]. If f(x) is a
nilpotent element of R[z|, then we say that f(z) € nil(R[z]).
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2. Polynomial extensions over nilpotent p.p. rings

Definition 2.1. Let R be a ring. For a subset X of a ring R, we define
Nr(X) = {a € R | za € nil(R), for all x € X}, which is called the
nilpotent annihilator of X in R. If X is a singleton, say X = {r}, we
use Ng(r) in place of Nr({r}). Clearly, for any nonempty subset X of
R, we have Nr(X) ={a € R | za € nil(R), forall x € X} = {b€ R |
bz € nil(R), for all x € X}.

Example 2.2. Let Z be the ring of integers and T%(Z) the 2 x 2
upper triangular matrix ring over Z. We consider the subset X =

2 0
0 2 '
0 m
Clearly, TTQ(Z)(X) = 0, and NTQ(Z)(X) = {( 0 0 ),|m€Z}.

Thus, 77, (7)(X) # Npy(2)(X). Hence, a nilpotent annihilator is a non-
trivial generalization of an annihilator.

Proposition 2.3. Let X, Y be subsets of R. Then, we have the follow-
mngs:

(1) X CY implies Np(X) 2 Nr(Y).

(2) X C Nr(Nr(X)).

(3) Nr(X) = Ng(Nr(Ng(X)))-

Proof. proofs of (1) and (2) are really easy.
(3) Applying (2) to Nr(X), we obtain Nr(X) C Nr(Ng

(
Since X - NR(NR(X)), we have NR(X) D) NR(NR(NR(X))), by (
Therefore, Ng(X) = Np(Nr(Ng(X))). O

Lemma 2.4. Let R be a subring of S. Then, for any subset X of R,
we have' Nr(X) = Ng(X)NR.

Proof. Let r € Ng(X). Then, r € R and xr € nil(R), for each z € X,
and so zr € nil(S), for each x € X. Hence, r € Ng(X) N R and so
Nr(X) C Ng(X) N R. Assume that a € Ng(X) N R. Then, a € R
and za € nil(S), for each z € X. Note that X C R. We have za €
nil(R), for each z € X. Thus a € Ng(X) and so Ng(X) 2 Ns(X) N R.
Therefore, Ng(X) = Ng(X) N R. O
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Definition 2.5. A ring R is said to be a nilpotent p.p. ring if for any
element p € R with Ngp(p) # R, Ng(p) is generated as a right ideal by
a nilpotent element.

Let R be a ring and let

al a9 as L Qp,
0 al ag e Ap—1

Tn(R) = 0 0 ay -+ Qp—9 ‘ a; € R
0 0 o .- ay

with n > 2. Then, T, (R) is a ring with the usual matrix addition and
multiplication.

Proposition 2.6. If R is a domain, then T, (R) is a nilpotent p.p. ring.

al ag as e ap,
0 a1 a2 - ap-1

Proof. Letp=|[ 0 0 a1 -+ @y | €Tu(R), with Ny, (g)(p)
0 0 0/ - a

# Tn(R). If ap = 0, then Np, (g)(p) = T, (R). This is contrary to the
fact that Nz, (r)(p) # 2n(R). Thus, we obtain a; # 0. In this case, we
obtain:

0 uy us U,
0 0 us Up—1
NTn(R)(p) = 0 0 0 Up—2 ’ u; € R

0 0 0 0

0 1 0 0 O

0 0 1 0 O

_ . T, (R),
0 0 0 0 1
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o 1 0 --- 0 O
o o 1 --- 0 O
where, [ -+ oo e e e is a nilpotent element of T),(R).
o o o0 --- 0 1
o o o0 --- 0 0
Therefore, T),(R) is a nilpotent p.p. ring. O

From Proposition 2.6, one may suspect that the nxn upper triangular
matrix ring over a domain is a nilpotent p.p. ring. But, the following
example erases the possibility.

Example 2.7. Let R be a domain and let T3

—

R) be the 3x 3 upper trian-

01 1
gular matrix ring over R. Letp=| 0 0 1 | € T3(R). By a routine
0 0 1
Ti1 T2 T13
computation, we have Np,(g)(p) = { ( 0 x99 @23 ||a;€R) =
0 0 O
1 00 100
0 1 0 |- -T5(R), where [ 0 1 0 | is not a nilpotent element.
0 00 0 0.0
Therefore, T5(R) is not a nilpotent p.p. ring.

For the proofs of the nexttwo Lemmas, see [12].

Lemma 2.8. Let R be a semicommutative ring. Then, nil(R) is an
ideal of R.

Lemma 2.9. Lel R be a semicommutative ring. Then, f(x) = ag +
a1z + -+ + apx"™ € Rzx] is a nilpotent element of R[x| if and only if
a; € nil(R), forall 0 <1i<n.

Lemma 2.10. Let R be a semicommutative ring. If ab € nil(R), for
a, b € R, then aRbR C nil(R).

Proof. Suppose ab € nil(R). Then, abs € nil(R) for any s € R, since
nil(R) is an ideal of R. Thus, there exists a positive integer n such that
(abs)™ = absabs - - - abs = 0, and so arbsarbs - - -arbs = 0, for any r € R,
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because R is a semicommutative ring. Hence, arbs € nil(R), for each
r € R and s € R. Therefore aRbR C nil(R). O

Proposition 2.11. Let R be a semicommutative ring. Then, R is a
nilpotent p.p. ring if and only if R[x] is a nilpotent p.p. ring.

Proof. Suppose that R is a nilpotent p.p. ring. Let f(z) = ap + a1z +
ot apr™ € Rlx], with Ngi,)(f(z)) # R[z]. We show that Ngi,(f(z))
is generated by a nilpotent element. If g(x) = by + bix + -+ + bya™ €
Ngz)(f(x)), then we have

m n m+n
f(x)g(z) = (Z @i$i> ijl“j = Z Z a;b; | ° € nil(R[z]).
=0 7=0 s=0 i+j=s

We have the following system of equations by Lemma 2:9:

Ag = Z a;bj € nil(R), s=0,1,---,m-4n.
i+j=s

We will show that a;b; € nil(R) by induction on 7 + j.

If i + j = 0, then agby € nil(R),bpag € nil(R).

Now, suppose that s is a positive integer such that a;b; € nil(R),
when i + j < s. We will show that a;b; € nil(R), when i + j = s.
Consider the following equation:

(%) 1o Ag=1apbs+ a1bs_1 + - - - + asby € nil(R).

Multiplying Eq.(x) by by from left, we have byasby = boAs — (boao)bs —
(boa1)bs—1 —--+— (boas—1)b1. By the induction hypothesis, a;by € nil(R),
for each 7,0 <4 <'s, and so bpa; € nil(R), for each i, 0 < i < s.
Thus, bypasby € nil(R) and so bpas € nil(R), asby € nil(R). Multiplying
Eq.(x) by b1, ba, - - ,bs—1 from the left side, respectively, yields as_1b; €
nil(R), as—2bs € nil(R),--- ,apbs € nil(R), in turn. This means that
a;bj € nil(R), when ¢ + j = s. Therefore, by induction we obtain
a;bj € mil(R), for each i, j, and so b; € Ng(a;), for for each 7,0 <i <m
and j, 0 < j < n. If Ngr(a;) = R, for each i, 0 < i < m, then
a;r € nil(R) for each i, 0 < ¢ < m and each r € R. So, for any

u(z) = up + wx + - - + wx' € Rlx], we have a;u; € nil(R) for each i,
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0 <i<m and each j, 0 < j <t. Thus,

m-+1
f(z)u(x) = Z Z a;uj | z° € nil(R[z]),
s=0 i+j=s

by Lemma 2.9, and so u(z) € Np;(f(z)). Thus, we obtain Ny, (f(7)) =
R[z]. This is contrary to the fact that Ngj,)(f(z)) # R[z]. Thus, there
exists an i, 0 < ¢ < m, such that Np(a;) # R. Since R is a nilpo-
tent p.p. ring, there exists some ¢ € nil(R) with Nr(a;) = c¢R. Now,
we show that Ngi,)(f(z)) = c¢- R[z]. Since b; € Ng(a;) = cR for
each j, 0 < j < n, there exists r; € R such that b; = cr;, and so
g(x) = c(ro +rx +---+rpa") € c- R[z]. Hence, Ngp;)(f(2)) Ce- R[z].
On the other hand, for h(z) = hg + hiz + - - - + hpaP € R[z], we have

m p m+p
f(x) - ch(zx) = (Z aixi> Zchja:j = Z Z aichj | z°.
=0 §=0 s=0 \itj=s
Since nil(R) is an ideal of R and ¢ € nil(R), we obtain a;ch; € nil(R)
and so f(z) - ch(z) € nil(R[z]), by Lemma 2.9. Hence, Npg(,(f(z)) 2
c- R[z], and so Npgp,)(f(x)) = ¢ R[z], where ¢ € nil(R[z]). Therefore,
R[z] is a nilpotent p.p. ring.

Conversely, assume that R[z| is a nilpotent p.p. ring. Let p € R,
with Ng(p) # R. If Ngjy(p) = Rlz], then.we have Nr(p) = Npg(p) N
R = R, by Lemma 2.4, which is a contradiction. Thus, we obtain
Ngp)(p) # R[z]. Since R[x] is anilpotent p.p. ring, there exists u(r) =
uo +urx + - - - +usr’ € nil(R[z]) such that Ngj,)(p) = u(z) - R[z]. Since
u(z) = ug+uiz + - - - +usx® €nil(R[z]), we obtain u; € nil(R) for each
i, 0 <i <s, by Lemma 2.9. Now, we show that Ng(p) = ug - R. Since
up € nil(R) and nil(R) is an ideal of R, we have pugr € nil(R) for each
r € R. Thusyupr € Ng(p), for each r € R, and so Ng(p) 2 up - R.
Suppose that m & Ng(p). Then, m € Ngp)(p), and so there exists
p(x) = po + 1@+ - + pgx? € R[z] such that m = u(z)p(z). Hence,
m.= uppo € uo - R, and so Nr(p) C up - R. Therefore, Nr(p) = uo - R,
and so R is a nilpotent p.p. ring. (]

The ring of Laurent polynomial in z, with coefficient in R, consists
of all formal sums » " , m;z* with obvious addition and multiplication,
where m; € R and k,n are (possibly negative) integers. We denote this
ring by R[z;z~!]. If f(z) is a nilpotent element of R[z;x 1], then we
say that f(x) € nil(R[x;z71]).
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Lemma 2.12. Let R be a semicommutative ring. Then, f(z) = >, a;x’
€ R[z;x71] is a nilpotent element of Rlx;x~1] if and only if a; € nil(R),
for each i, k <i<n.

Proof. There exists a positive integer ¢ such that f(z)-2! € R[z]. Note
that (f(z))* = 0 if and only if (f(z) - *)*¥ = 0, where k is a positive
integer. Then, we complete the proof by Lemma 2.9. O

Lemma 2.13. Let R be a semicommutative ring, f(z) = > v, a;x* €
Rlz;z7 Y and g(z) = > i bjzl € Rlz;x~ Y. Then, we have f(z)g(x) €
nil(R[z;271)) if and only if a;b; € nil(R), for each i, k < i <m and
for each 7,1 <7 <n.

Proof. Suppose that a;b; € nil(R), for each ¢, k < i <n and each j,
I <j <n. Then,

m+n
f@g(z)= Y | Y aibj | #*€ nil(Rlz;z7"),

s=k+l \it+j=s
by Lemma 2.12. So it suffices to show that a;b; € nil(R) for each 4, j,
when f(x)g(z) € nil(R[x;z~!]. There exist positive integers u and v
such that f(x)z* € R[x] and g(x)z’ € Rla]s Since (f(z)g(x))* = 0 if
and only if (f(x)z%g(z)z")* = 0 where k is a positive integer, same as
the proof of Proposition 2.11, we obtain that a;b; € nil(R), for each
0], 0

Proposition 2.14. Let R be a semicommutative ring. If R is a nilpotent
p.p. ring, then sois R[ryxz~ Y.

Proof. Let f(x) = Y7, aiz' € Rlz;z™!], with Ngp..—1)(f(2)) #
R[z; x71].«We show that NR[z;e—11(f(2)) is generated by a nilpotent ele-
ment.. If g(z) = Z;L:l bjxl € Npgpze-1)(f(x)), then f(z)g(z) €
nil(Rlz;@#~Y}). Then, we obtain a;b; € nil(R), for each i, j, by lemma
2.13, and so b; € Np(a;) for each j, I < j <n and each i, k <i<m. If
Nr(a;) = R, for each i, k < i < m, then for each h(z) = ZE»:S hjzl €
Rlx; 271, we have a;h; € nil(R), for each i, k < i < m and s < j <
t. Thus, f(z)h(x) € nil(R[z;x']), by Lemma 2.13, and so h(x) €
NRziz-1)(f(2)). Hence, we obtain Np,.,-1)(f(z)) = R[z; 2~ Y, which is
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a contradiction. Thus, there exists an i, k < i < m, such that Ng(a;) #
R. Since R is a nilpotent p.p. ring, there exists some ¢ € nil(R), with
Ng(a;) = cR. Now, we show that Ngp,.,-1)(f(z)) =c- R[z;x71]. Since
bj € Npg(ai), for each j, | < j < n, there exists r; € R such that
bj = c-rj. Thus, g(z) = Y0 bja? = (37 rj27) € c-Rlw; 271 Hence,
Npgpze-1)(f(2)) C ¢ Rlz; Y. Let q(z) = Z;:U qjz’ € Rlz;x~ Y. Since
¢ € nil(R) and nil(R) is an ideal of R, we obtain a;cq; € nil(R), for
each 4,7, and so f(z) - cq(x) € nil(R[x;27Y]), by Lemma 2.13. Thus,
Npfgsrt)(f()) 2 ¢ Rla;a 1], Hence, Npgorp1(f(z)) = ¢ - Rlz;a~ 1],
where ¢ € nil(R[x; z7Y]). Therefore, Rx; '] is anilpotent p.p. ring. [

3. The Ore extensions over nilpotent p.p. rings

Let o be an endomorphism of R and § : R — R an additive map
of R. The application § is said to be an a—derivation if d6(ab) =
d(a)b + a(a)d(b). The Ore extension S = Rx;«, 0] is the set of poly-
nomials Y a;z" with the usual sum, and the multiplication rule as
za = afa)r + 6(a). Let f(z) = ap + a1 4+ -+ + ay2™ € R[z;,0]. We
say that f(z) € nil(R)[z;«,d] if and only if a; € nil(R), for each 1,
0 <i<mn If f(x) € R[z;a,d] is a nilpotent element of R[z;a,d],
then we say f(x) € nil(R[z;«,d]). For f(z) = ap + a1z + -+ + apa™ €
R[z; «, 6], we denote by {ag, a1, ,a,} the set of coefficients of f(z).
Let a; € R, 1 < i < n, and denote by ajas---a, the product of all
ai, 1 <1< n.

Let ¢ be an a-derivation of R. TFor integers ,j, with 0 < 7 < 7,
[} € End(R,+) will denote the map which is the sum of all possible
words in «,d built-with @ letters a and j — 7 letters J. For instance,
fo=1f=d fg=0and f] | =/ 16+l ?6a+ - 4 dal"". The
next two lemmas appear in [11] and [6], respectively.

Lemma 3.1. For any positive integer n and r € R, we have z"r =

Soff(r)x%in the ring Rlz; , 6).
1=0

Lemma 3.2. Let R be an («,d)-compatible ring. Then, we have the
followings:
(1) If ab = 0, then aa™(b) = a"(a)b =0, for every positive integer n.
(2) If a*(a)b = 0, for a positive integer k, then ab = 0.
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(8) If ab = 0, then a™(a)d™(b) = 0 = 6™ (a)a™(b), for every positive
integers m,n.

Lemma 3.3. Let ¢ be an a-derivation of R. If R is an («,d)-compatible
ring, then ab = 0 implies af!(b) = 0, for each i,j, j > i > 0 and
a,b € R.

Proof. If ab = 0, then aa’(b) = ad?(b) = 0, for each i > 0 and each
j > 0, because R is (, §)-compatible. Then, af}(b) = 0 for each ¢,j. O

Lemma 3.4. Let § be an a-derivation of R. If R is («,d)-compatible
and reversible, then ab € nil(R) implies af (b) € nil(R), for each i, ],
j>1>0anda,b € R.

Proof. Since ab € nil(R), there exists a positive integer k such that
(ab)¥ = 0. 0 = (ab)* = abab---ab = abab---abafij(b) =0 =
afl(b)ab---ab= 0= af!(b)ab---abaf! (b)= 0 = afi(byaf! (b)ab---ab
=0=---= af! (b) € nil(R). O

Lemma 3.5. Let R be an («, d)—compatible ring. If aa™(b) € nil(R)
for a,b € R, and m is a positive integer, then ab € nil(R).

Proof. Since aa™(b) € nil(R), there exists some positive integer n such
that (aa™(b))" = 0. In the following computations, we use freely the
condition that R is (o, d)—compatible:

= aa™(b)aa™(b) - --aa™(b)ab =0

= ad™(b)aa™(b) - - - aa™(b)a™(ab) = 0
= aa™(b)aa™(b) - - - aa™(b)aa™ (bab) =
= aa(b)aa™(b) - - - aa'™(b)abab =

= .- = ab e nil(R)

0

Proposition 3.6. Let R be a reversible and (c, §)—compatible ring and
f(z) =ap+arz+---+apnz™ € R[z;a,8]. Then, f(x) € nil(R[z; o, d]) if
and only if a; € nil(R) for each i, 0 <1i < n.
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Proof.(=) Suppose f(z) € nil(R[x;«,d]). There exists a positive
integer k such that f(2)¥ = (ag + a1z + - - + apz™)* = 0. Then,

F(@)* = “lower terms” + ana”(an)a® (an) - - - %~V (a,))a"*.

Hence, a,a™(an)a?(a,)---a* D" (a,) = 0, and a—compatibility and
reversibility of R gives a, € nil(R). So by Lemma 3.4, a, = 1-a, €
nil(R) implies 1 - fi(a,) = fi(a,) € nil(R), for each s, 0 < s < t. Let
Q=ao+aix+ -+ a,_12" . Then, we have

0 = (Q+ apx™)*

= (Q+anx™)(Q+ ana™) - (Q + apz™)
= (Q2 + Q Canx™ + apa - Q + apz” - an:z”)

'(Q+anxn)"'(Q+anxn) = :Qk+Aa
where, A € R[z;«,d]. Note that the coefficients of A can be written
as sums of monomials in a; and f(a;), where a;,a; € {ao, a1, <~ ,an}

and v > u > 0 are positive integers, and each monomial has a, or

ft(ay). Since nil(R) of a reversible ring R is an ideal, we obtain that

each monomial is in nil(R), and so A € nil(R)[x; o, §]. Thus, we obtain:
(a0 + a1z + -+ ap 12" )F

= “lower terms” + an_10"  (ap_1) -+ a2~ DED (g, )z(n—Dk

€ nil(R)[x; a, d].

Hence, an_la"_l(an_l)--~a(’“_1)("_1)(an_1) € nil(R), and so a,—1 €
nil(R), by Lemma 3.5. Using induction on n, we obtain a; € nil(R), for
each 7, 0 <i < n.

(«<=) Let k > 1 such_that a¥ =0, for each i, 0 < i < n. We claim
that f(z)" DR = (g + ayz+ - - - + apz™)HDF = 0. From

(Y = (3 @) (3 aga)
i=0 =0 =0

n . n )
= (X ar)ap + (X aix')arz + -
=0 i=0

n X n .
+ (X aix")asx® 4+ - + (X aix’)apa”
i=0 i=0

= éaifé(ao) + <£:1a¢ff(ao) + i;aifé(al)> T
+ <Zn:2aif2i(ao) + f:laiff(al) + f‘aaifé(@)) 2

+ X (X az‘fﬁ(@t))) 2+t apa(an) 2
s+t=k i=s
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it is easy to check that the coefficients of (z a;zt) "R can be writ-
=0
ten as sums of monomials of length (n + 1)k + 1 in a; and f}(a;),

where a;,a; € {ap,a1,---,a,} and v > u > 0 are positive integers.

i i Ll b s )
Consider each monomial a;1 f2(ai,) - - - fsh(a;,) where, a;;,a,, - a;, €

(n+1)k+1
{ap,a1,--- ,an}, and tj,s;(t; > s;,2 < j < p) are nonnegative in-
tegers. We will show that a1 f2(as,) ---f;l’,’(al-p) = 0. If the num-
ber of ag in aﬂf;g(ai2)~--f§§(aip) is greater than k, then we write
ain f2(ai,) - f£(az,) as:
b1(f201 (a0) Y ba(f202 (a0) )2 - - - bu(f102 (a0))" by-as

Wherev jl +.72+.7’U > k71 SJI;]Q"' 7JU and bq(q: 1727"' 7U+1) is
a product of some elements chosen from {a;1, f22 (i), - fﬁg(aip)} or is

equal to 1. Since a61+j2+"'j“ = 0 and R is reversible and (e, 0)—compati-

0 = a61+12+ +iv w = apag - (f;gi( ))
J1+je+-+jv
—> (fif1(a0))ao---ap = 0 = (51 (a0))ao- -~ ag =0= =
<f£81<ao>>h< a5 bt )P
(f;g;) (CLO))Jv vl = =0. ThUS a11f§2 (am) f;;’ (aip) — 0. If the num-
ber of a; in ai1f sz(alz) - sp(azp) is greater than k, then similar dis-

ble, we have

cussion yields a1 f22(az,) - - f;ﬁ (ag;) = 0. Thus, each term appearing in
(Z a;x’) "D equals 0 Therefore, Y1 a;x° € R[x;a,d] is a nilpo-
tent element. O
Corollary 3.7. Let R be a reversible and a— compatible ring, and f(z) =

ap + a1z + - -+ apa” € R[z;a). Then, f(z) =ao+ arz+ -+ apz™ €
nil(R[z; o)) if and only if a; € nil(R), for each i, 0 <i < n.

Proposition 3.8. Let R be a reversible and (cv, 0)— compatible ring.
Then for f =3 1"gaix', g =37 objz’ € R[z;a, 0], fg € nil(R[z; ., d])
if and only if a;b; € nil(R), for each i,j, 0 <i<m,0<j<n.

Proof. (=) Let f =" aa’,g = > =0 bjx) € R[z;, ] be such that
fg € nil(R[z; «, 6]). Then,
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1=0

fo= (3 aa')(3 b

= (3 aizbo + (X ax)bix + - - + (3 a;xt)bya™
1=0 =0

i=0

- iaifg(bo) + <§aif1i(bo) + iaifé(bl)) s

+{ X (Zm: aif;@t))) ok 4 @™ (by) 2™t € nil(R[z; o, 6)).
st+t=k i=s

Then, we have the following system of equations, by Proposition 3.6:

(1) Apn = ama™(by,) € nil(R),
(2) Amin1 = ama™(by_1) + am_1a™ (b)) + am [ _1(by) € nil(R),

(3) Amin—2 = ama™(bp—2) + i aift_1(bn—1)

i=m—1
+ .}mlzaiffﬁ_g(bn) € nil(R),
(4) Ac= ¥ (X afilh) € nil(R):
s+t=k 1=s

From Eq. (1), amb, € nil(R):Now, we show that a;b, € nil(R),
for each 7, 0 < i < m. If we multiply Eq. (2) on the left side by by,
then b,am—10™ 1 (by) = b A ne1 = (b5 a™ (by—1) +bpam f71 (b)) €
nil(R), since nil(R) of a semicommutative ring is an ideal. Thus, by
Lemma 3.5, we obtain bya,,—1b, € nil(R), and so we have bya,—1 €
nil(R), am-1bp € Mil(R). If we multiply Eq. (3) on the left side by
by, then we obtain bnam_gf&”:g(bn) = bpam—20™2(by) = bpApyn_o —
bnamam(bn—2)_bnam—lfnnz__ll(bn—l)_bnamf;nn_l(bn—l)_bnam—lfqiln__gl(bn)
_bnamf;:_g(bn) = bnAm+n—2 - (bnam)am<bn—2) - (bnam—l) 7—,77;__11 (bn—l)
—(bnam) f—1(bn—1) — (bn@m-1) ;nn—_zl(bn) = (bnam) fi—o(bn) € nil(R),
since nil(R) is an ideal of R. Thus, we obtain a,,—2b, € nil(R) and
bpam—2 € nil(R). Continuing this procedure yields that a;b, € nil(R),
for each i, 0 < i < m, and so a;f!(b,) € nil(R), for any t > s > 0
and any i, 0 < i < m, by Lemma 3.4. Thus, it is easy to verify
that (3%, aiwi)(zy;ol bjx’) € nil(R)[z;«,d]. Applying the preced-
ing argument repeatedly, we obtain that a;b; € nil(R), for each 1,
0<1<m,0< 7 <n. O
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(<) Suppose that a;b; € nil(R), for each i, j. Then, a; fi(b;) € nil(R),
for each 7, 7 and each positive integers, i > s > 0, by Lemma 3.4. Thus,

> O aifi(ty)) €nil(R), k=0,1,2,---m+n.

st+t=k i=s

m-+n m

Hence, fg= > ( 3 (3 aifi(by)))z* € nil(R[x; «,d]), by Proposition
k=0 s+t=k i=s
3.6.

Proposition 3.9. Let R be an («, §)—compatible and reversible ring. If
R is a nilpotent p.p. ring, then so is S = R[x;«, d].

Proof. Let f(z) = agp + a1z + -+ + apz™ € S = Rlz;«,d], with
Ns(f(z)) # S. If g(z) = bo + biw + -+ + b2 _€ Ns(f(z)), then
f(x)g(x) € nil(S). Thus, we have a;b; € nil(R) for each i,j, by
Proposition 3.8, and so b; € Ng(a;), for each i,5,0 < ¢ < m and
0 < j < mn. If Ng(a;) = R, for each i,°0 < i < m, then for any
h(z) = ho + hix + -+ + ' € S = R[&; o, 8], we have a;h; € nil(R),
for each 4,7, and so f(z)h(x) € nil(S), by Proposition 3.8. Thus,
Ng(f(z)) =S, which is a contradiction. So, there exists ani,0 <7 <m
such that Ng(a;) # R. Since R is a nilpotent p.p. ring, there exists a
¢ € nil(R), with Ng(a;) = cR. Now, we show that Ng(f(z)) = c¢-S.
Since bj € Ng(a;) = cR, for.each j, 0 < j < n, there exists r; € R such
that b; = cr; for each j,0.< j <m. Hence g(x) = bo+bix+---+bya" =
clro+mz+ -+ rma”) € c- S. Thus, Ng(f(z)) € ¢-S. On the
other hand, any u(z) = wg + vz + -+ + ugz? € S = Rlz;,6]. Since
¢ € nil(R) and nil(R) is an ideal of R, we obtain a;cu; € nil(R), for
each 4,7, and so f(z) - cu(x) € nil(S), by Proposition 3.8. Thus, we
obtain Ng(f(x)) 2 - S. Hence, Ng(f(z)) = c¢- .S, where ¢ € nil(S).
Therefore, S = R[x;«,d] is a nilpotent p.p. ring. O

Corollary 3.10. Let R be an ao—compatible and reversible ring. If R is

a nilpotent p.p.ring, then so is R[z; .

Proposition 3.11. Let R be an a—compatible and reversible ring. Then,
R is a nilpotent p.p. ring if and only if R[x;a] is a nilpotent p.p. ring.
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Proof. Suppose that R is a nilpotent p.p. ring. Then, so is R[x;q],
by Corollary 3.10. So it suffices to show that R is a nilpotent p.p. ring,
when R[z;a] is a nilpotent p.p. ring. Let p € R, with Nr(p) # R. If
NR[:E&]( ) = R[x;a], then Ng(p) = Npjs:a)(p) N R = R, by Lemma 2.4,
which is a contradiction. Thus, we have Ngj,.q)(p) # R[z;a]. Since
Rlx; a] is a nilpotent p.p. ring, there exists f(x) =a+azr+---+
amx™ € nil(R[z; a]) such that Ngp,.q(p) = f(z) - Rlx;a]. Since f(x )—
ap + ax + - - + apz™ € nil(R[x; ), we have a; € ml(R), for each i,
0 < i < m, by Corollary 3.7. Now, we show that Ng(p) = agR. Since
ap € nil(R) and nil(R) is an ideal of R, we obtain p-aoR C nil(R), and
so Ng(p) 2 apR. If m € Ng(p), then m € Npjy.q)(p). Thus, there exists
h(x) = ho + hix + - - - + hgz? € R[x; a] such that

m-+q
m = f(x)h(z) = Z Z a;a’(hj) | @°.
s=0 i+j=s

Thus, we have m = aghy € agR, and so Nr(p) C apR. Hence, Nr(p) =
agR, where ag € nil(R). Therefore, R is a nilpotent p.p. ring. O
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