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ABSTRACT. We introduce and investigate some new subclasses of
close-to-convex and quasi-convex functions with respect to
2k-symmetric conjugate points. Such results as inclusion relation-
ships, integral representations, convolution properties, integral-
preserving properties, growth and covering theorems for these func-
tion classes are proved. The results presented here would provide
extensions of those given in earlier works. Several other new results
are also obtained.

1. Introduction, definitions and preliminaries

Let A denote the class of functions of the form

(L.1) f(z) = z—l—Zanz”,
n=2
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which are analytic in the open unit disk,
U:={z: zeC and |z|<1}.

Let S be the subclass of A consisting of all functions which are univalent
in U. Also, let P denote the class of functions of the form

p(z) =1+ chzn (z € 1),
n=1

which are analytic and convex in U and satisfy the condition
R(p(2)) >0, (2€0)

We denote by §*, K, C and C* the familiar subclasses of .4 consisting
of functions which are, respectively, starlike, convex, close-to-convex and

quasi-convex in U. Thus, by definition, we have (see, for details, [2, 4,
7,9, 11, 14, 15, 16, 17, 18, 19])

S*::{f:feA and m(zf’<z)>>o (zeU)},

f(2)
IC::{f:feA and %<1+Z;,/;i§)>>0 (ZEU)},
C = {f:feA, Jg € 8* such that %<Z§£i§)>>o (ze[U)},
and
C*::{f:feA, Jg.€ K. such that %<w>>o (zeU)}.

For two functions f.-and g, analytic in U, we say that the function f
is subordinate to ¢ in U, and write

f(z) <g(z)  (2€0),
if there exists a Schwarz function w, which is analytic in U with
w(0)=0 and |w(2)|<1, (z€0)
such that
f(z)=g(w(z)), (z€U)
Indeed, it is known that
f(z) <9(z), (z€U) = [f(0)=9(0) and [f(U)C g(U).

Furthermore, if the function g is univalent in U, then we have the fol-
lowing equivalence:
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f(z) <9(2), (z€U) <= f(0)=9(0) and f(U)C g(U).

A function f € A is in the class §*(¢) if it satisfies the subordination
condition,

2f'(2)
/(z)
The class S*(¢) and a corresponding convex class K(¢) were defined

by Ma and Minda [6]. Furthermore, the results about the convex class
K(¢) can be easily obtained from the corresponding results of functions
in S*(¢).

A function f € Ais in the class C(a, ¢) if it satisfies the subordination
condition,

=< ¢(z2), (z€U; ¢ €P).

/ / /
SUEINCAC)
/() f'(2)
The class C(«, ¢) is a generalization of the well known a=convex functions

which was studied by various authors (see [8, 10, 16, 18, 21]).

Al-Amiri et al. [1] once introduced and investigated a class of func-
tions starlike with respect to 2k-symmetric conjugate points, which sat-

isfy the inequality
zj”(Z))
R >0, cU),
(5 =et

where k > 1 is a fixedpositive integer and for is defined by
(1.2)

Jor(2) - 2kz< ("2) + " f(evz )) <€:exp (T))

A function f € A is said to be in the class SS(IS)(@ if it satisfies the
subordination condition,

2f'(2)
far(2)

where, ¢ € P and fo, is defined by (1.2). Also, a function f € A is said
to be in the class Cglg)(¢) if and only if

(1—a) =< ¢(2), (z€eU; a>0; ¢ €P).

<¢(z), (2€),

2f e SH(p),  (zel).
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The classes Ss(lg)(@ of functions starlike with respect to 2k-symmetric

conjugate points and Cg?(@ of functions convex with respect to 2k-
symmetric conjugate points were studied recently by Wang and Gao
[20].

Motivated by the above-mentioned function classes, we now intro-
duce the following subclasses of analytic functions with respect to 2k-

symmetric conjugate points.

Definition 1.1. Let Ss(ég)()\,qﬁ) denote the class of functions f in A
satisfying

(1.3) f(z)zf/('z) #0,  (2€0)
and the subordination condition

2f'(2) + A2 f"(2)
(1= N faw(z) + Azf5,(2)
where, ¢ € P, 0 < A <1, k > 1 is a fixed positive integer and for, is
defined by (1.2). Moreover, a function f €A is in the elass c§’§)(>\, @) if
and only if

(1.4) <¢(z), [(zel),

2f' € S (N ).

Definition 1.2. Let ’];(Ck)()\, ¢; g) denote the class of functions f in A
satisfying (1.3) and the subordination condition,
2f'(2) + A2 f"(2)
(1 = N)gar(2) +Azgy(2)
where, o € P, 0 < A.<1, k> 1is a fixed positive integer and

<¢(z) (2€0),

k—1
(1.5) g2k (2) = % Z (E*”g(a”z) + 5”g(£”§)>
v=0

with g € SE (), ).

Definition 1.3. Let Kgli)(a,é) denote the class of functions f in A

satisfying (1.3) and the subordination condition,
2f'(z) | (=f'(2))
—« + « < ¢(z), (€0,
o) T ) OB e
where, ¢ € P, a > 0, k > 1 is a fixed positive integer and fo is defined
by (1.2).

(1.6) (1
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Definition 1.4. Let H¥ (v, ¢; g) denote the class of functions f in A
satisfying (1.3) and the subordination condition,

2f'(z) | (=f'(2))
11—« + « < ¢(2), z € U),
where, p € P, a > 0, k > 1 is a fixed positive integer and go is defined
by (1.5) with g € K& (av, ¢).

Remark 1.5. In view of definitions 1.1 and 1.3, we know that the

classes 3§’§)(A, ¢) and ICgZ)(oz, ¢) unify the classes of starlike and convex
functions with respect to 2k-symmetric conjugate points.

In our proposed investigation of the function classes
s e), o), TP dg), KP(ae) and HE(a,d:9),
we need the following lemmas.

Lemma 1.6. (See [3, 6]) Let 3, v € C. Suppose that ¢ is conver and
univalent in U with
»(0)=1 and R(Bo(z)+ ) >0, (zeU).
If m is analytic in U with m(0) = 1, then the subordination
2/ (2)
m(z) + —————— < ¢(z
B () 19
implies that
m(z) <6(2).
Lemma 1.7. (See [12]) Let. 3,y € C. Suppose that ¢ is conver and
univalent in U with

#(0)y=1 and R(Bo(z)+7v) >0, (z € U).

Also, let
q(z) < ¢(z).
If u € P and satisfies the subordination
2/ (2)
)+ oy e < 62,
then,
u(z) < ¢(z).

Lemma 1.8. (See [20]) Let ¢ € P. Then,
S (g)cccs.
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Lemma 1.9. (See [20]) Let ¢ € P. Then,
c®(¢) ccrcc.
Lemma 1.10. (See [10]) Let
a>0 and ¢ €eP.
Then, f € C(a, ¢) if and only if
2f'(2)

r = 16) (L) e 50

Here, we aim at proving such results as inclusion relationships, inte-
gral representations, convolution properties, integral-preserving proper-
ties, growth and covering theorems for the function classes

S, ¢), (N 8), TE(, ¢;9), K¥(a,¢) and . HE e, ¢; g).

The results presented here would provide extensions of those given in
earlier works. Several other new results are also obtained.

2. Properties of the classes Ss(ég)()\,qb), Cg(,f)()\,gb) and ’Z;(Ck)()\,qb;g)

First, we give some inclusion relationships for the classes Sﬁ’f)(A, ?)

and C (), 8), which tell us that S&(A\(¢) and C{¥ (), ¢) are subclasses
of the classes C and C*, respectively.

Theorem 2.1. Let
peP and 0<A<I1.
Then,
S Ng) cSP(¢)cccs.

sc

Proof. Let f € 5§’§)(A, ¢). Replacing z by ez (un=0,1,2,...,k—1) in
(1.4), then (1.4) also helds true, that is,

elaf!(etz) + A(eHz)2f" (e#2)
(L= A)Jar(692) + Aebz [ ()
It follows from (2.1) that
&z f'(erZ) + Merz)? f"(e#2)
(L NI + 0% )

(2.1)

< ¢(2).

(2.2) < é(2).

Note that
fon(e!z) = e far(2),  for(e"2) = for(2),
for(erZ) = e Ffar(2) and ), (e#Z) = for(2).
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Thus, we know that (2.1) and (2.2) can be written as follows:
2f!(ehz) + A22et f/(eF2)

23) 0N ale) T hefy () O
and
(2.4) JED) + AT

(1= M) far(z) + Azf3,(2)

Upon summing (2.3) and (2.4), we obtain

5 (£ + @) + 4 (41" (e42) + e 77(e9))
(1= AN fan(z) + Az f5,(2)

Letting p = 0,1,2,...,k — 1 in (2.5), repeatedly, and summing the
resulting equations, we easily get:

(2.5) =¢(2).

k—1 L , h—1
i & (1) + ) + 4 £ (o410 e P
p= s
(1= ) far(2) + Az f5,0(2) < ¢(2),
or equivalently,
2f3(2) + A2 [ (2)
(2.6) L=\ for(2) 4 02 (2) =< ¢(2).
If we set /
_ Aalz)
q(z) = For(2) (z € U),
then (2.6) can be written as follows:
or) ARG o d@)

(1 =N farlz) + X215, (2)

We now prove

(2:8) q(z) < ¢(2),
considering the following two cases.

(1) If A= 0, from (2.7), we know that (2.8) obviously holds true.
(2) If 0 < A < 1, by noting that

%<¢(z)+§\—1)>0,

in view of Lemma 1.6, we readily get (2.8).
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By setting

p(z) = 2f'(2)

 fak(2) (D),

we get
2f'(2) + A2 f"(2)
(1= A) far(2) + Az fy,(2)
(L= NS A
(1= A) far(2) + Az fy,(2)
_ (- Np(2) far(2) + Az [P/ (2) far (2) + p(2) for (2)]
(1 = N) far(2) + Az fy,(2)

(2.9) (1= Mp(=) + Aep () + 2D ()
RN C
() +p(2) [(L-2) + A
S o
Azp/(2)

= + .
VeI
Now, by similarly applying the above proof for
a(2)’< ¢(2),

and using Lemma 1.7 in (2.9), we know that

L)
p(T =G <06,

which implies that
S 0) < SE(@).
Furthermore, by Lemma 1.8, we find that

SE(N, ¢) c S®(p) cccs.

Remark 2.2. Indeed, if we set
Fo(2) = (1 = A) fan(2) + Az for,(2)
with f € Ss(l(f)(/\, ¢), then it follows from (2.6) that

2Fy; () .
For(s) ¢(2),
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which implies that

Po(2) = 2+ Y _(1+ MNk)R(ag41)2"" T € S7(9).
=1
Thus, the functions with missing and real coefficients belonging to the
class S*(¢) are in the class 85(15)()\, ®).

By means of Lemma 1.9, and making use of similar arguments given
in the proof for Theorem 2.1, we easily get the following inclusion rela-

tionship for the class ng)()\, ®).
Corollary 2.3. Let
peP and 0< AL,
Then,
cid(\¢) cCiP(g) ccrce
We now give some integral representations for the function classes

SN, ¢) and CP (N, ¢).

Theorem 2.4. Let f € ng)(A, ¢) with 0 <A < 1. Then,
(2.10)

ka(z) =
P(w(H ) *+e(w(er()) ) —2 1
fo exp <2k Zu 0 0 ( z ) d{) u> Ldu,

where, for, is defined by (1.2), w is analytic in U with
w(0)=0 and |w(z)|<1l, (z€l).

Proof. Suppose that f € 5§]§)(A, ¢). We know that the condition (1.4)
can be written-as follows:

2f'(2) + A2 (2)
(L=A) far(2) + Az f5,(2)
where, w is analytic in U with
w0)=0 and |w(2)|<1l, (z€0).

By similarly applying the arguments given in the proof for Theorem 2.1
o (2.11), we obtain:
(2.12)

(1= N2fh(2) + Az(2fy(2) 1 h—
(B REFErE LS (sluleh2)) + 503

(2.11)

=ow(2), (2€U),

pn=0
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It now follows from (2.12) that
(2.13)

(EVACER OO NE (9(wlet2)) + 9L -2
(1= N for(2) + Azfh(2) 2 2k '

Upon integrating (2.13), we readily get

g (1) 284 (2)

z

kel (¢(w<aﬂo) + ¢<w<€’@>) 2
ﬁl;)/o dg,

¢
that is,

(1 =X far(2) + Az fhy(2) =

(2.14) EL e (G(w(e)) +o(w(en])) ) —2
z.exp(lz/o< ; +0) dc).

2k = g

The assertion (2.10) in Theorem 2.4 can now easily be derived from
(2.14). O

Theorem 2.5. Let(f € 8§]§)()\,¢) with 0 < X\ < 1. Then,

(2.15)

RN LY g (222 h <¢<W<€“<>>+?<w<aﬂc>>) 2dc)

where, w is analytic in U with

w(0)=0 and |w(z) <1, (z€0).
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Proof. Suppose that f € Ss(f)()\, ®). Then, in light of (2.11) and (2.14),
we have

(2.16)
(L= Nf(2) + Mzf'(2))

ULV ACER SO R

w(e"Q)) + p(w(e()) ) — 2
= exp (Qk Z/ : ) dC) “p(w(z)).

Upon integrating (2.16) two times, we easily get (2.15). This completes
the proof of Theorem 2.5. O
By similarly applying the arguments given in the proof for theorems

2.1 and 2.4 for the class Cglg)(A, ®), we get the following results.

Corollary 2.6. Let f € CF)(\, ¢) with 0 < X <1. Then
for(2) =

iZl_/ / P 2/<;Z/ N +?—(m)_2dc

deux~2du
where, for is defined by (1.2), w_is analytic in U with
w(0)=0.and |w(z)| <1, (z€l).

Corollary 2.7. Let f € ¢ (A, @) with 0 < A < 1. Then

(2.17) f(2) ;11// /
exp (ka/ w(et¢)) ?( (6“?))) QdC)

 $(w(€))dedtun2du,
where, w is analytic in U with

w(0)=0 and |w(z) <1, (z€0).

In view of theorem 2.1 and Corollary 2.3, we get other integral repre-
sentations for the classes S§§)(A, ¢) and Cgf)(k, ®).
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Theorem 2.8. Let f € CgIZ)()\, ¢) with
0<A<1 and ¢e€P.
Then,

(2.18) / / exp( /C‘M(” ~14 )-¢<w2(<>>d<d§,

where, w; (j = 1,2) are analytic in U with

wi(0) =0 and |wi(z)] <1, (2€U; j=1,2).

Proof. Suppose that f € c§’§>(>\, ¢). By Corollary 2.3, we know that

for(2) € K(9),
that is,

(2f3,(2)) _
(2.19) ) P(wi(2)),
where, w; is analytic in U with
wi(0) =0 and |wi(2)| <1, (z€U).

By similarly applying the arguments given in the proof for Theorem 2.4

0 (2.19), we get
(;5 w
log ( f,(2 / !

or equivalently,

(2.20) Fu(2) Zexp < /0 ’ Wdt) .

On the other hand, if f € Cgf)()\, ¢), by Corollary 2.3 we also have
fe Cgf)(@, which implies that
/ /
(2.21) Gz
fék(z)
where, ws is analytic in U with
w2(0) =0 and |wa(2)| <1, (z€U).

Therefore, in light of (2.20) and (2.21), we readily arrive at the assertion
(2.18) in Theorem 2.8. O
By similarly applying the arguments given in the proof for Theorem

= dwa(2)), (20,

2.8 for the class SSUCC)()\, ¢), we can prove the following result.
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Corollary 2.9. Let f € ng)(A,¢) with
0<A<1l and ¢€P.

o= [ C A=) - ppentoac

Then,

t
where, the w; are analytic in U with

wj(0)=0 and |wi(2)] <1, (j=12).
Let f, h € A, where f is given by (1.1) and b is defined by
h(z) =z+ i bp2".
n=2
Then, the Hadamard product (or convolution) f b is defined (asusual)
by .
(f#B)(2) =2+ > anbaz" =: (% F)(2).
n=2

We now derive some convolution properties for the function classes
S (A, @) and €5 (A, ).
Theorem 2.10. Let
feAand ¢<EP.
Then, f € Sﬁ’é)()\, @) if and onlyif
(2.22)

i{f* [(1 ) ((1 M- qs(;mh) Iy ((1 S <f>(;i0)h>, ]

S CORE (1_2% + ;\zh’> () } #0,

for all z € U and 0 < 6 < 27, where h is given by (2.27).

Proof. Suppose that f € Sé?()x, ¢). Since the statement,
2f'(2) + A2 f"(2)
(1= A) far(2) + Az f3,(2)

< ¢(z)

is equivalent to
2f'(2) + A2 f"(2)

(2.23) (1= N far(2) + Az /5. (2)

# p(e'?),
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forall z € Uand 0 < 6 < 27, it is easy to know that the condition (2.23)
can be written as follows:

(2.24)

A= 02P@) + 2@ — (1= N Fslz) + AeFiu(2o(e) 0

On the other hand, it is well known that

(2.25) 2f'(2) = f(2) * ﬁ
Moreover, from the definition of fo, we know that
(2:26) Farlz) = 5 ((F ) + T R)E))
where,
1
(2.27) h(z) = ¢ > —
v=0

Upon substituting (2.25) and (2.26)) into (2.24), we easily get (2.22).
The proof of Theorem 2.10 is evidently complete. g
By similarly applying the arguments given in the proof for Theorem

2.10 for the class Cg’é) (A, @), we prove the following convolution property.
Corollary 2.11. Let

feA and ¢eP.
Then, f € Cs(,lcf)()\, ®) if and only if

i{f{ [(1 ) ((1 A ¢(;@'9)h> I ((1 E Cf)(;i")h)/ ]}

e h () T } ‘0

for all z € U.and 0 < 6 < 27, where h is given by (2.27).

Next, we provide the growth and covering theorems for the classes
ng)(A, ¢) and ng)()\, ¢). For this purpose, we assume that the function
¢ is an analytic function with positive real part in the unit disk U, ¢(U)
is convex and symmetric with respect to the real axis, ¢(0) = 1 and
#'(0) > 0. It is easy to check that the functions ke, (n = 2,3,...)
defined by

kon(0) = k:zm(O) —-1=0,
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and
A (2

Kon(2)
are important examples of functions in C(¢). The functions hgy, satis-
fying

1+ =¢(z""),  (z€),

h¢n = Zk:ﬁn
are examples of functions in S*(¢).
For simplicity, we write

(2.28) k‘¢2 = /€¢ and h¢2 = h¢.
In order to prove our next result, we need the following lemma.

Lemma 2.12. (See [5, 14]) Let min,|—, |¢(2)| = ¢(—7), max|,—, [¢(z)| =
o(r) with |z| =r < 1. If

fz)=z+ aksz“ + ak+2zk+2 + - € K(o),

(1 () <17 (s () s

where, k¢ is given by (2.28). This result is sharp.

Theorem 2.13. Let minj,|_, [¢(2)| = ¢(—r), max) . |p(z)] = ¢(r)
with |z| =r < 1. If

then

S

fecx ¢ ccr
with 0 < A < 1, then

1 1
b o0 (s () a2 e
(2.29) | ) 1
1*/ / / k:¢ tk )’“dtdsur2du,
0 S
and
(2:30)

f() 2 {w w] < %rlﬁ / /Ou % /0 d(—t) (k; (—tk>>i dtdsuiQdu} .

Proof. Suppose that f € C k)()\, ¢), and ¢(z) is convex and symmetric
with respect to the real axis. Since

2\ Qhy1 + Gt >

lk+1 lk+1 1 1

for(2) = 2+ lek-‘r =24+ > Rlags)2™,
=1 =1
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by Corollary 2.3, it follows that

(1= \) for(2) + Nz fhy (2 Z (1 4+ MNE)R(ag1)2* 1 € K(¢).

Thus, by Lemma 2.12, we have

(¥ (=) < Mot + () < (8 (1)
Now, for |z| = r < 1, we have
o) (K (=) F < [ Qar) + |

zM\zf"(z
= | QG s (I (2

<ot (1)

Upon integrating (2.31) from 0 to r two times, we get

/0 8/ o(— k))zdtds

(2.32) <|(1- (Z) + AZf( )

|
z
k
/08/ ) (k5 (£5))" aeds.

From (2.32), we easily get (2.29). Moreover, (2.30) follows from (2.29).
O

el

(2.31)

Theorem 2.14. Let miny—, [#(2)| = ¢(—r), max,—, [¢(z)] = &(7)
with |z| =r < 1o If

fesd0e) cc
with 0 < X < 1, then

1 [T " 1_
S bt s <17 < 5 [ hos)sh 2,
0 0

f(U) > {w w] < %rl_% /07" h¢(—s)si_2ds}.

Proof. Let f € Ss(](f)()\, ¢) C C and suppose that

2f'(2) + A2 f"(2) _ 2F'(z)
(1= M) far(2) + Azfo,(2)  Far(2)

and

P(z) = < ¢(2),
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where,

F(2) = (1= N)f(2) + Azf'(2)
and

Fo(z) = (1 = A) fan(2) + Az fop,(2).
By virtue of (2.6), it follows that
Fy, € S*(gf))

Hence, we have

—he(=7) < [For(2)] < hy(r).
Now, for |z| = r < 1, we find that

233)  |u e = ) < A0 .
and
(2.34) |F'(2)] > $=rhsl(=r) = hy(=7):

—r
Upon integrating (2.33) and (2.34) from 0 to r, we can get the first part
of Theorem 2.14. The other part follows easily. O

The following results are shown that the classes ng ) (A, ¢) and Cél,f) (A, &)
are closed under the following integral operator. The proof of these re-
sults are much akin to that of Theorem 2 obtained by Parvatham and
Radha [13]. Here, we to omit the details.

Corollary 2.15. Let f € S§’§)(A,¢) with 0 < XA < 1. Then

1 z
= 7% / foe2dte SH(N¢) c SW(g) cCccS.
0

Corollary 2.16. Let f.€ CF (N, ¢) with 0 < A < 1. Then
1
= &3 / FOrx2dt e CH (N, ¢) c c®(¢) c ¢* c C.

By s1m11arly applying the arguments given in the proof for Theo-
rem 2.1, we easily get the followmg inclusion relationship for the class

’T(ck)()\, ®;9), which tells us that ’TSC (X, ¢; g) is a subclass of the class of
close-to-convex functions.

Corollary 2.17. Let
peP and 0< AL

Then,
TW O, ¢:g) € TW(0,¢;9) c C C S.
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By similarly applying the arguments given in the proof for Theorem
5 obtained in [13], we get the following structured formula for the class

TP (N d9).
Corollary 2.18. f € ’Ts(ck)(k, ®;9) if and only if there exist a function
G in U with G(0) = 0 such that

2G'(2)
Gy o)

and an analytic function p with p(0) =1 and

p(z) <#(z), (2€U)
such that
HEgE, (A =0),
fl(z) = 1
o Jo PG 2dE, (0 < A< 1),

3. Properties of the classes ICgIZ)(a, ¢) and Hglé)(a,qﬁ;g)
(

Here, we give some inclusion relationships for the classes ICSIZ)(a, )
and Hglz) (o, ¢; g), which tell us that these classes are subclasses of the
class C.

Theorem 3.1. Let
a>0 and ¢ € P.
Then,
K (@, 0) C S (¢) cccs.

Proof. Suppose that f € K (o, ¢). It follows from (1.6) that
2f'(z) | ['(z)+2f"(2)

3.1 1—a + « < ¢(2).
o e pe 9
Upon substituting z by e#z (. = 0,1,2,...,k — 1) in (3.1), then (3.1)
also holds true, that is,

elzf(etz f(etz) + etz f"(etz
PP TEREC I CE N ACEET R AED
for(etz) foy(e12)
From (3.2), we have
elz f'(elz) N f!(etZ) + eFZ f"(ekZ)

far(e"Z) for(e#Z)

< ¢(z2).

(3.3) (1—a) o(2).
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Upon summing (3.2) and (3.3) and applying the similar arguments given
in the proof for Theorem 2.1, we have

) GG
(3:4) =) T 1

< ¢(2).

We now let

2) = 2f31,(2)
Q( )_ ka(Z) :

Then, (3.4) can be written as follows:

(- a2z | EIE) oy (206,

far(z) o (2) q(z)
Thus, by Lemma 1.6, we have
_ 2fy(2)
At the same time, if we let
_ 2f'(2)
7 Tl
then (1.6) can be written as follows:
_ 2 @GR 2p'(2)
U ne e P <o
Since
q(z) < ¢(2),
by Lemma 1.7, we know that
_ 2f'(2)
PO = G HO9

which implies that
KE (@, 6) € SE(9).
Furthermore, by Lemma 1.8 we have
K® (a,¢) c B ($) cCc S.

O
Indeed, from (3.4) we know that if f € K (o, ¢), then foy, € C(av, 9).
Thus, by Lemma 1.10 we easily get the following result.
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Corollary 3.2. Let f € Kglz)(a,@. Then,
P = ) (25 e '),

where, for, is defined by (1.2).

By similarly applying the arguments given in the proof for Theorem
3.1, we easily get the following result.

Corollary 3.3. Let
a>0 and ¢eP.
Then,
HE (a,é19) CHE (0. 659) cCCS.

For the class /Cg’;) (a, @), by similarly applying the arguments given in
the proof for Theorem 2.8, we get the following integral representation
for functions belonging to this class.

Corollary 3.4. Let f € Kglz)(a,gb). Then,

_ [ ¢ Pwi(t) — 1
10 = [ ([T HD =N - oenlac
where, w;j (j =1,2) are analytic in U with
wi(0) =0 and |wi(z)] <1, (j=1,2; z€ ).
(

We now give some inclusion relationships for the classes Ks]é)(a,gﬁ)

and Hgﬁ)(a, ®; g). The proof of the following result is much akin to that
of Theorem 3 obtained by Yuan and Liu [21]. We thus choose to omit
the analogous details.

Corollary 3.5. Let as > «q > 0. Then,
K (a2, 0) € K (a1, 9),
and
HE (o, 69) € HE (o1, 3 9).
From the proof of theorems 2.10 and 3.1, we easily get the following
convolution property for the function class Kg’é) (o, b).

Corollary 3.6. Let f € Kglz)(a,¢). Then,
1 z () $(e”)
e (g - M) -2 ] 2o
for all z € U and 0 < 6 < 27, where h is given by (2.27).
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By similarly applying the arguments given in the proof for Theorem

4 obtained in [21], we know that the class Kglé)(oz, ¢) is also closed under
the following integral operator.

Corollary 3.7. Let [ € Kglz) (o, ) with a > 0. Then

F(z) = ézki /0 FO)ta2dt € KB (a, ¢) c SW(p) c C C S.
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