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TWO RESULTS ABOUT FIXED POINT OF
MULTIFUNCTIONS

SH. REZAPOUR * AND R. HAMLBARANI HAGHI

Communicated by Mohammad Sal Moslehian

ABSTRACT. We shall establish two fixed point theorems for contrac-
tive multifunctions in a non-empty and closed subset of a complete
metric space with certain assumptions.

1. Introduction

In spite of its simplicity, the Banach fixed point theorem still seems
to be the most important result in metric fixed point theory. As we
know, there are many works in-this field. Also, there are some works
about fixed point of multifunctions (see [1], [2], [3], [5], [7] and [9]). In
fact, fixed point theory of multifunctions is generalization of the metric
fixed point theory in'a certain sense. Here, we establish two fixed point
theorems for certain multifunctions of contractive type by using some
ideas of the work of Reem; Reich and Zaslavski ([8]).

2. Main results

Let (X,d) be a metric space. Throughout this section, we suppose
that H(X) is the set of all compact subsets of (X, d) and dj, stands for
the Hausdorfl metric with respect to d.
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Theorem 2.1. Let K be a non-empty closed subset of a complete metric
space(X,d). Assume that T : K — H(X) satisfies

dh(Tx7 Ty) S Cd(l’, y)

for all x,y € X, where ¢ € [0,1) is a contractive constant. Let Ky be
a bounded subset of K and let {Zn}n>1 be a sequence in Ky such that
Uis, Tz, C K, for alln > 1. Then, T has a fized point in K.

Proof. First, we claim that
(2.1) dp(T" 2, T y) < cdp (T2, T'y),

for all i > 1 and all z,y € K with T%z, Ty C K. This claims obtained
from a well-known remark of Nadler [6], which states

dn(T(A),T(B)) < dn(A, B),

for all compact subsets A and B of a metric space. Since K is bounded,
there exist 6§ € K and ¢y > 0 such that

(2.2) d(6,z) < co,

for all z € K. Now, we continue the proofin several steps.

Step I. For each € > 0, there exists ng > 1 such that
(2.3) dp(T'z,, T 2,) < e,
for all n > ng and ng < i < n.
Proof of Step I. If (2.3) does not hold, then for each m > 1 there exist
Ny, and i, such that m < 1,, < n,, and
(2.4) dp(T"™ zp,,, T ay,) > e,
for some € > 0. Choose a natural number m such that

2¢o + dp({0},70)

(1—-c)e

Since ¢ < 1, by (2.1) and (2.4) we have

dh(Tixnm, TH'lxnm) > e,

forall it =1,2,--- ,iy. Since

dp(T 2, Tz, ) < cdp(Ta,,, T',,,),
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foralli=1,2,--- iy — 1, by (2.4) we have
dp(T 22, Tz, ) — dp(T ey Ty )
< (c—1D)dp(T" M ay,,, Tlxy,,) < —(1 = c)e.
On the other hand,
e < dp(T*zn,,, Try,) < cdy({zn, }, Tn,,) < dp({zn,, }, Txp,,)-

Hence,
<(c—1)dp({xn,,}, Tan,,) < —(1 —c)e.

Thus,
im—1
<Y A (TP, T ay,,) — dy(T e, Tay,, )
i=1
(2.5) < —(e¢—=1)ety < —m(l — c)e.

Since dy, is a metric on H(X), from (2.2) and (2.5) we have
m(l = c)e < dn({n,, }, Txn,,)
<dn({zn,,},{0}) +dn({0},70) + dp(T0, Txy,,)

< d(zn,,,0) + dn({0},TO) + cd(0, xn,,) < 2¢co + dn({0},T9),
which is a contradiction. Therefore, (2.3) holds.

Step II. For each.d > 0, there exists ng > 1 such that
(2.6) dp(T 'z, TV z,) < 6,

for all n > ng and ng < ,j < n.

Proof of Step II. Let ¢ < 16(1 — ¢) and choose ng > 1 such that (2.3)
holds, for all m > ng and ng < i < n. Let 4, j and n be natural numbers
so that ng < 4,7 < n. We claim that (2.6) holds. If dj,(T 2, T2,) > 6,
then
dh(Ti:zn, zjn)
< dp(Tixp, T xy,) + dp (T xy,, TV 2y + dp (T 2, TP 2y,

<2 +dp (T xy, T 2,) < 26 4 cdp (T, TV ).
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Hence,
2e

o< dh(Tixn,Tj:xn) < 1 ,
—c

which is a contradiction.

Step III. For each € > 0, there exists ng > 1 such that
(2.7) dp(T™ 2y, T xy,) < ¢,

for all ni,ng > ng.

4cq
e(l—c)

Proof of Step III. Choose a natural number m such that m >
and let n1,n9 > m. We claim that

(2.8) (T2, , T™zn,) < €.

If (2.8) does not hold, then dy, (T 'z, , T xy,) > €, for alli=1,2,- .4 m,
because ¢ < 1. Note that

e < dp(Txp,, Txn,) < cd(xn,, Tn,) < d(@ny, Tn,)-
So, —d(xp,,xn,) < —e. Since
dp(T 2y, T 2y,) < cdp (T2, , Ty,
foralli=1,2,--- ,m—1,
dp (T, T ) — dp (T, , Tl ay,)
< (¢ = 1)dp(T'@ny, T'z,) < —(1 = c)e,
forall ¢ =1,2,--- ,m — 1. This implies that
—d(Tpy, Tny) S dp(T™xp, , T Tpy) — d(Tpy, Tny)
< l[dh(T”lxm T ) — dp (T, T, )]
i=1
+dp(Txn, , Trn,) — d(Tn,, Tny,)] < —m(1 — c)e.

3

Il

Hence,
m(l - C)E < d($n1,$n2> < d(xnu 9) + d(97$n2) < 2007
and so,
260
m < .
“e(l—c¢)

This contradiction shows that (2.8) holds.
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Step IV. For each € > 0, there exists m(e) > 1 such that
dp(T' 2, T 2y, < €,

for all ni,m2 > m(e) and all natural numbers i € [m(e),n;) and
J € [m(e), na).

Proof of Step IV. Let € > 0 be given. By using (2.7), choose m; > 1

such that
€

17
for all ny,ng > my. Also, by using (2.6), choose mg > 1 such that

dy(Tizn, Tiz,) < Z,

dh (Tml Ty, Tmlxnz) <

for all n > mg and mg <i,j < n. Now, let n1,ny > m(e) := my + mo,
i € [m(e),n1) and j € [m(e),n2). Then, we have

A (T Oz, T 2,) < dp(T™ 2, , T™ 2g) <

Also,
dp(T™ g, Tx,,) <

, Ay (T, Tix,,) <

] ™

€
4
Thus,
(T, T 20,) < dp(@™ Oz, Ty,
+dp(T™ Oz, T g Yo dy (T, T 2,,) < e
This completes the proof of the step.

Now, we complete the proof of the theorem. Consider the sequences
{T" 22, }n>3 and {T" 12, Juna. For each e > 0, take N = m(e)+2. Let
m,n > N,i=m—2,j =n—2,n; =mand ng =n. Then, i € [m(e),n1)
and j € [m(g),ng). Hence, by Step IV, dj,(T™ 2x,,, T"2x,,) < e. Thus,
{T" 2z, },>3 is.a Cauchy sequence. A similar argument shows that
{T" 'z, },>4 is a Cauchy sequence and

lim dp(T" 22, T" a,) = 0.

n—oo

Note that the sequences {T" 2z, },>3 and {T" 12, },>2 lie in K and
(H(K),dp) is a complete metric space. Hence, there exists A € H(K)
such that
lim dp(T" 2x,, A) = lim dy(A,T" '2,) = 0.
n—oo n—oo
Since
dp(T" ta,, T(A))
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=max{ sup inf d(ay,b1), sup inf d(ci,dy)}
a€T7L72$n7(11 cTa beAb1€TH dieTd,deAc1 ETC,CET"I*QI”
=max{ sup inf sup inf d(a;,bisup inf sup inf d(c1,d1)}
a€Tn 2z, b€A a1 €Ta b1€TD deAc€T"2zn gy eTd c1€TC
<max{ sup infdp(Ta,Th),sup inf dp(Tec,Td)}
acTn—2z, beA deAceET2gy,
< cmax{ sup infd(a,b),sup inf d(c,d)}
acTn—2z, beA de A ceT" 2z,

= cdp(T" 2z, A) — 0,
we obtain that A = T'(A). Thus, T|4 : A — H(A) is a contraction mul-
tifunction and (A, d|ax4) is a complete metric space. Therefore, by [4;
Theorem 6], T'|4 has a fixed point in A, that is, there exists zg € A C K
such that zg € Txg. O

Now, for clarity of the matter, we give two examples concerning The-
orem 2.1.

with the Euclidean norm, m > 4 a fixed

Example 2.2. Let X = [0, 00)
7%7%7}U{071} and KO = {%a%v%:}

natural number, K = {%
Define T': K — H(X) by
T x T
Ty ={— — ... =
xr { 9 ’ 3 9 ) m },
for all x € K. Note that the values'of T" are compact and

1

for all z,y € K. Since Tz C K, for all x € Ky, it is easy to see that if
{@n}n>1 is a sequence in Ko, then |JI, Tz, C K, for all n > 1. Thus,
T satisfies the conditions of Theorem 2.1. Finally, zg = 0 is the unique
fixed point of 7.

Example 2.3. Let- X = C[0,1] with the supremum norm, K = {f €
X f>0band Ko ={f € K :0< |fllo < 1}. Define T : K — H(X)
by

- 1t 1t
0= U -3 [ reis Ui -3 [
n=1 n
for all ¢ € [0, 1]. Note that the values of T' are compact and

A(T(F),T(0)) < 51 f ~ gl
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forall f,ge K. If f € Ky, then 0 < f(x) <1 and so
1t 1
O<1—2/t f(x)dx<§,

for all t € [0,1] and n > 1. Hence, Tf C K, for all f € Ko. Thus,
if {fn}n>1 is a sequence in Ky, then |J;_, T"f, C K, for all n > 1.
Therefore, T satisfies the conditions of Theorem 2.1. Now, consider the

t=1) in X. Since

1 1
1= [ sz = go(o),
1

function go(t) = ezl

for all t € [0,1], go € T'(g0), that is, go is a fixed point of 7.

We will use the following result of Lassonde ([4]) in our second result.

Lemma 2.4. Let E be a locally convex topological vector space, X a
convez subset of E and T € K.(X,X) a compact multifunction. Then,
T has a fixed point in X.

Theorem 2.5. Let G be a non-empty subset of a normed space (Y, ].])
such that 0 € IntG, where IntG is the interior of G. Assume that
T :G — Y is a nonexpansive and compact multifunction which satisfies
the condition

(2.9) TeN{iz:A>1} =0,

for all x € OG, where 0G is the boundary of G. Also, let Tx be a closed
convex subset of Y, for allx € X. Then, T has a fized point in IntG.

Proof. Suppose that U = IntG and put 71 = T : U—Y. We
show that 7T} is-upper semi-continuous. Let z¢ be an element of U, V
an.open set in Y with Tyxzg C V and Tixg = {2; : ¢ € I}. For each
i € I, there exists r; > 0 such that N,,(z;) C V. Clearly, Thizy C
UicrdV n (zi), Thzo is closed and T is compact. Hence, T1x( is compact

and so there exist z;,,--- , 2, € Tizg such that Tyzg C Jy_y Nriy (23, )-
. ) 2
Put ¢ = min{r;1 -+, 2} Now, let d be the metric induced by the

norm, dj, the metric induced by d, ||xo — y|| < € and z € Tyy. Then,
dn(Thzo, Thy) < ||lxo — y|| < € and there exists 9 € Tizp such that
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[to — 2|| < e. Take j € {1,---,n} such that tog € Nri; (z;;). Then,
2

T,
[to — zi;|| < < and ||z — z;;[| < ||z —tol| +[[to — 2i;|| < ri;. Hence, z € V
and so Thy C V. Thus 17 is upper semi-continuous.

Now, let p be the Minkowski semi-norm of U. Define r : Y — U by
() { x relU
r(x) = z 77

Then, r is continuous because p(x) = 1, whenever z € U. Put

f= r’co(ﬁ) :

Note that f is continuous and if F = Tif, then F is<upper semi-
continuous, compact, convex-valued and compact-valued multifunction.
Thus, F is a Kakutani multifunction. Hence, F € K.(co(TU), co(TU))
and by Lemma 2.4, F has a fixed point, say zo, in co(TU). We show
that zg € U. If 29 € Y\U, then 2z € T1(-2) and p(20) > 1. Hence,

p(20)
20 20
20 ETH(——)N{A(——=) A > 1}
e ITEn L
Since p(p(zzoo)) = 1, % € 9OU. This contradicts (2.9) and so
20 € U. Since f(20) = 20, 20 € T29. This completes the proof. d

Now, we give the following example for Theorem 2.5.
Example 2.6. Let Y = Rwith the usual norm and G = (—m, 7). Define
T:G—Y by
Tz = [min{sinx, cos z}, max{sin x, cos z }|,

for all € G. Note that T is nonexpansive and compact multifunction
and the values of T" are convex and compact. Since

T(=m)N{=Am,A>1} =0 and T(7m) N {7, A > 1} =0,

T satisfies in the condition (12). Also, note that o = 0 is a fixed point
of T.
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