Bulletin of the Iranian Mathematical Society Vol. 37 No. 1 (2011), pp 101-113.

v»-FACTORABLE OPERATORS AND
WEYL-HEISENBERG FRAMES ON LCA GROUPS
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ABSTRACT. We investigate (p-factorable operators and Weyl-Heise-
nberg frames with respect to a function-valued inner product, the
so called y-bracket product on LQ(G), where G is a'locally compact
abelian group and ¢ is a topological isomorphism on G.-We intro-
duce p-factorable operators on L?(G) and extend the Riesz Repre-
sentation Theorems for these operators. Finally, as an application
of the y-bracket product, we show that several well known theo-
rems for Weyl-Heisenberg frames in L?*(R) remain valid in L*(Q),
and they are unified within of group theory, in connection with the
p-bracket product.

1. Introduction

In [13], we have defined the yp-bracket product as a function-valued
inner product on L?(G), where G is a locally compact abelian (which
will be abbreviated by “LCA”) group and ¢ is a topological isomor-
phism on G. The @-bracket product, as a new inner product on L?(G),
is applicable to extend many ideas and constructions from the theory of
shift invariant spaces, factorable operators and Weyl-Heisenberg frames
on R™; to the setting of LCA groups in a more general and different
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way. Whereas our work in [13] was devoted to basic properties of the
p-bracket product and @-orthonormal bases, here we deal with charac-
terizing o-factorable operators on L?(G) and establishing Riesz Repre-
sentation Theorems for such operators. We continue our investigation
following the line of approach worked by Casazza and Lammers [5], but
in a more general setting, using various tools in abstract harmonic anal-
ysis. In fact, our results generalize some of the results developed in [5] on
R™, in which the authors want to be able to scale the lattice, and so they
introduce a positive parameter a and express their results relative to the
lattice aZ. Here, like in [13], we use a topological isomorphism which
introduces an appropriate scale factor in the setting of LCA groups.
p-Factorable operators are useful and shed light to define and investi-
gate -frames and p-Riesz bases, which are worked out in a forthcoming
paper. After investigating w-Factorable operators, we then, as.an appli-
cation of the y-bracket product, study Weyl-Heisenberg frames on' LCA
groups in connection with the p-bracket product. Our results generalize
some of the results appearing in the literature on the Weyl-Heisenberg
frames. Such a unified approach is useful, since it determines the basic
features of the Weyl-Heisenberg frames, and includes most of the special
cases.

Here, we give some of the basics regarding LCA groups. For a com-
prehensive account of LCA groups, we refer to [8, 11]. Suppose G is an
LCA group with the Haar measure dz. A subgroup L of G is called a
uniform lattice if it is discrete and co-compact (i.e., G/L is compact).
Let ¢ be a topological isomorphism on G. If L is a uniform lattice in
G, then so is ¢(L). Indeed; obviously ¢(L) is discrete. Also, by [11,
Theorem 5.34], G/p(L) is topologically isomorphic to G/L and so it
is compact. Here, we always assume that G/¢(L) is normalized, i.e.,
|G/o(L)| = 1. Denote by (L), the annihilator of (L) in G, ie.,
o(L)t = {y € G; v(p(L)) = {1}}, which is a uniform lattice in G (see
[12-16)).

Let L be a uniform lattice in G. Choosing the counting measure on
L, arelation between the Haar measures dx on G and di on G/¢(L) is
given by the following special case of Weil’s formula [8]:

For f € L*(G), we have >, ., f(zp(k™)) € LY(G/¢(L)) and

x)dr = €T M di
(1.1) /G f()d /G o S S,

(k~ep(L)

where, © = zp(L).
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Let f,g € L*(G). The @-bracket product of f,g is defined by
(1.2) [, 9lo(@) = falae(k™)),

kel
for all z € G. We define the @-norm of f as || f|l,(%) = ([f, fle(#))"/2.
In the sequel, we recall some basic properties of the ¢-bracket product,
for the proofs of which and more details the reader is referred to [13].
Let f, g € L*(G). Then, |[f,dls| < |Ifllsllglly (the Cauchy-Schwartz
Ineqtiality). Also, (1.1) implies fG/@(L) [f, glp(2)di =< f,g >p2). For
v € G, denote by M., the modulation operator on L?(G), i.e., M, f(z) =
y(x)f(x), for all f € L*(G). Then, for f,g € L*(G) and v € @(L)*, we
have the following relation between the ¢-bracket product and the usual
inner product in L?(G):
(1.3) [f9le(v) =< f, Myg >12q) -
We say g € L*(G) is p-bounded if there exists M > 0:so that [|g||, <
M a.e.. For f,g € L*(G), the function [f, gleg need not generally be in
L?(G). But, we have the following result.

Proposition 1.1. If f, g, h € L*(G) and g, h-are p-bounded, then [f, gl,h
€ L*(@G).

A sequence (gn)nen C L*(G) is called @-orthonormal if [gy, gim], = 0,
for all n # m € N and |[|gn|ls =1, for all n € N. Let f € L*(G)
and (gn)nen be a @-orthonormal sequence in L?(G). An extension of
[5, Theorem 4.13] from R to the setting of an LCA group gives Bessel’s
Inequality for ¢-bracket products as follows:

(1.4) DI gale @ < NIFIIR @), for ae. i € G/o(L).

neN

A p-orthonormal sequence (g, )nen is called a p-orthonormal basis if
[f,9n]e = 0a.e., for all n € N, implies f = 0 a.e.. Let (gn)nen be a
p-orthonormal sequence. It is not difficult to mimic the standard proofs
for.a usual erthonormal sequence in a Hilbert space to obtain equivalent
conditions for (g,)nen € L?(G) to be a p-orthonormal basis (see also
[13]).

Proposition 1.2. If (gn)nen i a p-orthonormal sequence in L*(G),
then the following are equivalent.

(1) (gn)nen is a maximal p-orthonormal sequence, i.e., (gn)neN s
not contained in any other p-orthonormal set.
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(2) (gn)nen is a p-orthonormal basis.

(3) For each [ € LQ(G)7 f= EneN[fa gn]tpgn a.c..

(4) [IF11Z = Xpen|lfs gnlol® ace., for all f € L*(G) (the Parseval
Identity).

(5) {Mygn}nenyepr)t s an orthonormal basis for L*(@).

Thanks to Zorn’s Lemma and Proposition 1.2, L?(G) admits a ¢-
orthonormal basis.

The rest of this paper is organized as follows. In Section 2, we intro-
duce a -factorable operator on L?(G), where G is an LCA group and
establish the Riesz Representation Theorems for these operators.

Over the last ten years, there have been a lot of research-on frame
theory in general, and the Weyl-Heisenberg frame theory, in particular
[2-4, 7, 18], most of which are on the Euclidean space. Our main goal
in Section 3 is to represent the Weyl-Heisenberg frame identity and the
frame operator of a Weyl-Heisenberg frame in terms of the ¢-bracket
product on an LCA group.

2. p-factorable operators

Throughout this paper, we always assume that G is a second countable
LCA group, ¢ is a topological isomorphism on G and the notation are
as in Section 1.

A function h € L*(G) is said to be p-periodic if h(xp(k)) = h(x), for
every k€ L, x € G.

Definition 2.1. We say an operator U : L?(G) — LP(E), 1 < p < oo,

is @-factorable if U(hf)= hU(f), for all f € L*(G) and all p-periodic
h € L>®(G), where E-is.a subgroup of G or G/¢(L).

A bounded operator U is p-factorable if and only if it commutes with
modulations. More precisely, we have the following result.

Lemma 2.2. Let U be a bounded operator from L*(G) to L*(E), where
E is.a subgroup of G or G/p(L). U is p-factorable if and only if

(2.1) U(M,g) = M,U(g), for all g € L*(G), v € p(L)" .

Proof. If U is p-factorable and v € o(L)*=(C G C L™(G)), then since 7
is p-periodic, (2.1) obviously holds. Conversely, assume (2.1). Then, U

is -factorable using the facts that (L) (= G /(L)) is an orthonormal
basis for L?(G/¢(L)) and L*=(G/¢(L)) € L*(G/p(L)). Note that there
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is a one-to-one correspondence between L (G/¢(L)) and the set of all
p-periodic h € L>*(G). O

Our main goal in this section is to characterize p-factorable operators
U:L*(G) — LP(G/p(L)), for p=1 and p = 2.

Clearly, the operator U, defined by U(f) = [f,gl,, for f € L*(G), is
p-factorable. We will also show that every (-factorable operator U :
L?*(G) — LY(G/p(L)) is of this form. First, we establish a lemma in
which we show that two (-factorable operators are equal on L?(G) if
and only if their integrals over G/¢(L) are the same.

Lemma 2.3. Let U;,Us : L*(G) — LY(G/p(L)) be two p-factorable
operators. Then, Uy = Us if and only if

/ Uy (f) (@) di = / Us(f) (&)
G/p(L)

G/e(L)
for every f € L*(Q).

Proof. The necessity is obvious. For the converse, by [8, Theorem 4.33],

—_—

it is enough to show that Ui(f) = Ux(f); for all f € L*(G). Let ¢ €
@(L)* and f € L%(G). Since ¢ as a function in L>(G) is ¢-periodic, we
obtain:
DE) = Juyun V(D@
= fG/go(L) U&7 f)(E)d
) .

= Do)
Hence, U; = Us. O

Now, we have the following Riesz Representation Theorem which gen-
eralizes [5, Theorem 4.5.5] and characterizes all p-factorable operators

from L?(G) to L'(G/p(L)).

Theorem 2.4. A bounded operator U : L*(G) — LY(G/p(L)) is ¢-
factorable if and only if there exists g € L*(G) such that U(f) = [f, 9, a-e.,
for all f € L*(G). Moreover, ||U|| = ||g||-

Proof. Let U : L?>(G) — L*(G/¢(L)) be a bounded ¢-factorable opera-
tor. Define the linear functional ¢ : L?(G) — C by

b(f) = /G G
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By the standard Riesz Representation Theorem [9, Theorem 5.25], there
exists g € L?(G) such that ¥(f) =< f,g >r2q), for all f € L*(@).
Thus, fg/g,(L) U(f)(@)ds = (f) =< f,g >L2(e)= fG/go(L) Lfs g]w(j)djf'
By Lemma 2.3, U(f) = [f, g], a.e., for all f € L?(G). Moreover, for any

f e L*(a),
U = fgjoy U gl (@)ldi
< Joyowy Il (@)lglly(£)di
< Uy IIZ@E ([ g2 (0)di) /2
= [ fll2llgll2-
So, U] < llgll2- Also, [Uglh = fs,u1, llg: 91o(@)|dit = [l glj3~ There-
fore, |U]| = |lgll2- O

The following theorem, which generalizes [5, Theorem 4.5.8], charac-
terizes ¢-factorable operators from L?*(G) to L*(G/¢(L))-

Theorem 2.5. A bounded operator U : L*(G) — L*(G/p(L)) is ¢-
factorable if and only if there exists a p-bounded g € L*(G) such that
U(f) =1f,9ly ae., for all f € L*(G). Moreover,

IUN? = ess supsea/aw) 9l (&)-

Proof. Let U(f) = [f, 9], a-e., for some p-bounded g € L*(G). Then,
obviously U is ¢-factorable and by the Cauchy-Shwartz Inequality, we
have

||U(f)‘|%2(g/¢(L)) = fG/<p(L) |U(f)($)‘2d33

fG/¢(L) L/, g]@(a’c)\de:

Jeyow) WAIZ @) glIZ (&) di

ess supsec/p(n)ll9lb @172

(2.2) B
<

Letting f = g above, we get [|U|| = ess supzeq /o) llgllo(®)-

For the converse, let U be a ¢-factorable operator from L2(G) to
L?(GJp(L)). Since G/p(L) is compact, L*(G/¢(L)) € L*(G/e(L)) and
so by Theorem 2.4, there exists g € L*(G) such that U(f) = [f, 9], a.e.,
for all f € L?(G). But, also g is p-bounded. To show this observe
that |U(g)(2)| < [|[U||llgllo(2) for ae. & € G/p(L). In fact, for every
p-periodic h € L>®(G), we have
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fc/w(L) |h(¢)\2\U(g)(x‘)|2dm' = fG/¢(L) \U(hg)(a’x)\Qd:'c
= UG 2 0w

U117 [ Ihg(x)|*dx

= |up? fc/v(L) ng(k)ELp(L) |hg(zp(k~))|di

= NI fg o) MO X piyepn) l9@ek™))?de

= NUIP Japm M@ lIgl%(£)dz,
that is, |U(g)(2)] < |U||lgllo(&) for a.e. & € G/@(L). So, we get
lgllZ(@) = [Ulg)(@)] < [Ulllglly(@) for ae. @ € G/p(L). Hence,
llgllo(2) < ||U]|| a.e. That is, g is p-bounded. O

IA

Next, we show that every bounded ¢-factorable operator on-L?(G) is
adjointable.

Proposition 2.6. Let U : L*(G) — L?*(G) be a bounded p-factorable
operator and U* be its adjoint. Then, U* is p-factorable. Moreover,

(2.3) U(f), gl = £, U (9)lg, ae., for all'f,g €L2(G).

Proof. Clearly U* is o-factorable. Indeed, for f,g € L?*(G) and ¢-
periodic h € L*°(G), we have
<U*(hf)7g>L2(G) = <hfiU(g)
= < f,hU(9)
= < f,U(hg) >p2(q)
= <UAf)hg >12c)
= < hU*(f),g >L2(G) .
Moreover, given f,g € L?(G), we have
fG/¢(L) [U(f): glp(@)di = <U(f),9 >12c)
= < f,U"(9) >r2a)
N fG/Qp(L)[f’U*(Q)]cp(i)dﬂby
which implies (2.3). O

Example 2.7. Let G = R", forn € N. Then, L = Z" is a uniform
lattice in G. Let A be an invertible n x n real matriz. Define ¢ : G — G
by(z) = Az, forx € R™. Then, for g € L*(G), the operator U given by
U(f) = [f,gle, where [f,glo(x) = > pezn fo(x — Ak), is a p-factorable
operator from L*(G) to LY(G/¢(L)) (= L*(T™)).

Example 2.8. Fiz a prime p. Let A, denote the group of p-adic in-
tegers, as defined in [11, Definition 10.2]. Consider the LCA group
G =R x A, and let L be the subgroup {(n,nw)}nez of R x A,, where
u = (1,0,0,...). Then, L is a uniform lattice in R x A, (obviously,
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L is discrete and by [11, Theorem 10.13], R x A,/L is compact). Let
a:= (1/p,0,0,...) € A,. Then, the mapping ¢ : R x A, — R x A,
defined for (x,v) € R x A, by p(x,v) = (2x, av), is a topological iso-
morphism on R x A,. For g € L3(R x Ayp), the operator U, given by
U(f)(x,v) =D ez f9(x — 2k, v— kau), is a p-factorable operator from
L3R x Ap) to LY(R x A,/L).

The next section is devoted to an application of the ¢-bracket product
to the Weyl-Heisenberg systems.

3. Applications to Weyl-Heisenberg frames

In this section, we investigate the Weyl-Heisenberg frames with regard
to the ¢-bracket product. For general references on the Weyl-Heisenberg
frames on R, we refer to the survey articles [2, 3].

Suppose L1 and Ly are two uniform lattices in'G, g € L?(G) and
Ty(r)g is the translation of g by ¢(k). We call (MyT,@)9) yep(Ly) L kelys
a Weyl-Heisenberg system (Gabor’s system). If this system is a frame
in L?(G), we call it a Weyl-Heisenberg frame. In this'case, the frame
operator associated with it is defined to be

S(f) = Z Z < [y MyT o009 > My Tp)9-

YEP(L2)*+ kE€Ly

We would like to consider the Weyl-Heisenberg frame Identity and the
frame operator of a Weyl-Heisenberg frame in terms of the ¢-bracket
product. The following proposition is an extension of the Weyl-Heisenberg
frame Identity ([5, Theorem 4.6.2]) with regards to the @-bracket prod-
uct; see also [6].

Proposition 3:1. Let L1 and Lo be two uniform lattices in G. Let
g € L*(G) be p-bounded. Then, for every f € L?(G) which is bounded
and compactly supported, we have

(3.1) Z Z | < f, MyT,)9 > ? =

keLi yep(L2)*

3 / Tty f. Floin ()10, Ty @loin (&),
€Ly G/@(Ll)

where, [fa g]CP,Li(':t) = ZkeLZ— fg(l'(p(k‘_l)), 1= 1a 2.
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Proof. For k € L1, using the Plancherel Theorem, we have

> oep(ra) | < F MyTpuyg > 2

=2 oot | Jo (@) My Ty g () da]?

= oot o Soatentin £ @o)gp(lk)7()di

=Y ezt 1ER(V

_ 2
| "”H L2(GTp(L2))

= I1FkZ2(6/p(20))

where, Fi.(z) = 3 )ep(r,) [ (@p())g(zp(lk™")). So, we get

Yker, vep(rayr | < My Towmg > I

= Yoker Josonn) | eep(rs) f@eD)g(e(ll™))Pdi

=2 ker, fG’/cp(Lz) D (l)ep(Ls) F(@o()g(ze(lk™))

D o(myco(ry) I (@p(m))gzp(mk="))di  (put m = nl)

= ket Ja/own) 2 oLy F(@p)g(zo(lk™))

2pmyes LQ)f(w(nl)) (zp(nlk~"))di

= Yher, Jo F@)9(xo(k™) X ey F@p)g(@o(nk™"))de

= Yners Jo F@) fao(n) Xper, 9(xp(kh))g(xe(nk™"))dz

= Yner, Jo F@) f(ze(n))[g, Tom-190]oir, (v)dz

=Y ers Ja oy Zeweswn F@PN o) f(xo)]g: Tpm-1)9)p,, ()dE
= ZnELg fG/<p(L1)[Tw(n*1)f7 Fe.Li(0)]9, Ton-1)9le.L, (£)dit. -

As a consequence of Proposition 3.1, we have the following corollary.

Corollary 3.2. Let L1 and Ly be two uniform lattices in G. Let g €
L2(G) such that
(3.2)

B = SUP3eG /(L) ZszLz ‘[g’TW(kQ)g]‘val( )‘ < 0, and
A= infiecrownllgl}, (@) = Xigzhaers 119 Totka)9le,La (2)1] > 0.

Then, (MyTp1)9) ke, yep(L)- 18 a Weyl-Heisenberg frame with bounds
A and B.
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Proof. Put Hy(z) = 1cr, g(zo(k~1)g(ze(nk™1)). Then,

Yo T He@ = Y [Hy (@)

0#ka€ Lo 0#ka€ Lo
Using Proposition 3.1, we have
Dkery 2ovep(nayt | < FMyTomg > *
| Xosners Jo F@)fzo(n) Xper, 9(zeo(k™)g(zp(nk™"))dz|
< Yosners Jo F@IWIHn (@) | Ty-1) f (@) |/ [ Hn ()| da
< Yosner, Ug 17 @) P Ha(@)lda) > (fo | Tpn-1) f(@)*| Ha () | da) '/
< (Cogners Jo 1N @PHn(@)d2) (X ey Jo 1 Tom1) F (@) Ha(x) da) 2
< U lF @ Xosner, Ha(@)|d2) ([ 1f (@) Cosner, Towm) Hn(@)lde)2
= Jo lF @) o ner, Hn(z)ldz.
Thus, by (3.2) we, get the desired inequalities:

Allfl3 < Y I < M T,09 > 17 < BIF3.
keLiyep(La)+

=

0

It is useful to note also that the Weyl-Heisenberg system has the
following property.

Proposition 3.3. Let Ly and Lo be two uniform lattices in G. If f, g €
L?(G) and g is p-bounded, then

(3.3)
Yo D 1< EMT 9> P = D I Tom9eia 72 o))
vEQ(L2)* kel kel

Proof. Using the Plancherel Theorem we have the following calculations
which proves (3:3):

Zvew(h)L ZkeLl | </ M“/Tcp(k)g > |2

= Yeotayt ety | o £ @) T g(z)7(x)dz]?

= Z’yé(p(Lg)J- ZkeLl | fg/¢(L2) Zw(l)ew(m) f(?‘ﬂ(l).)Tg?(k)g(xSD(l))7($)d$'|2

= Yovegtrn) 2 ner: | Jo ol Tot9e,L. (£)7(2)dz]?

= 2376.0(%)L ZkeLl I/, Tw(k)g]%L2 2

= Zk€L1 ||[f’ T‘P(k)g}@,Lz ||2L2(G//<p—@2))

= 2ker, I Tw(k)g}%Lz||2L2(G/¢(L2))4
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In the sequel, we will identify the frame operator of a Weyl-Heisenberg
frame. For this, we need a couple of lemmas.

Lemma 3.4. Suppose g € L*(G) is p-bounded and p-periodic. Let L be
a uniform lattice in G. Then,

(3.4) Z < f,Myg > M,g=[f,glog ae. forall fe L*G),
yep(L)+

where the series converges in L*(G). In particular, if ||gll, = 1 a.e.,

and P is the orthogonal projection onto Spcm{M,yg},Ye@(L)L, then Pf =

[f,9l,9 a.e..
Proof. Let f € L*(G). By (1.3), we have

o —

Dovepr)t < fiMyg > (@) = 3 comyr U 9le(NV(@) = [f, glp (@), for
a.e. © € G/p(L). Hence, (3.4) holds, where the convergence of the
series in L?(G) follows from Proposition 1.1. In particular, if |gf, = 1,
then (Myg),cp(r)+ is an orthonormal basis for span{Myg} c ) So,

Pf=3% ot <[, Myg>Myg=][f glpg ae.

Lemma 3.5. Let Ly and Ly be two uniform lattices inG, g € L™= (G/p(L1))
and (MyT 1)) yep(L1) L keL, be a Bessel sequence with bound B in L*(@).
Then, HgHi,L2 < B.

Proof. Let f € L*(G) be p-periodic and k'€ Lo. Then, f - T,;ng €
L%(G/p(Ly)). Since p(L1)* is/an orthonormal basis for L2(G/¢(L1)),
we _have
Yeomyt | < T Tow@ My > B I - Towy G2 cyp(rn)
Jejoron 1 @) Plg(zo(k™)) 2di.
So,

(3.5)
ZWGMLI)L"“GL? < fiMyTypyg > ? = ZA/G¢(L1)LJ€€L2 | < f - Towg, My > 2
fG/w(Ll) |f ()] > keLs lg(zp (k1) 2di
Jasown F@Pllgl? L, ()di.
On the other hand,

(3.6) Z | < f My Tpuyg > > < BHf”%Q(G/(p(Ll))'
’YECP(Ll)J-,kJELQ
Hence, (3.5) and (3.6) imply that HgHiL2 < B, ae.. O

The frame operator of a Weyl-Heisenberg frame is given by the fol-
lowing theorem, which is a generalization of [5, Theorem 4.6.8].
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Theorem 3.6. Let Ly and Lo be two uniform lattices in G and g €
L>(G/p(Ly1)). Suppose (M~T,1)9)vep(r,)ker, 15 @ Weyl-Heisenberg
frame with the frame operator S. Then, S has the form

(3.7) S(F) = D 1 Tory9orn Loy 9-
k€Lo

where the series converges unconditionally in L*(G).

Proof. By Lemma 3.5, T,1)g is ¢-bounded, and so we can use Lemma
3.4 to obtain:
S = Xhepwn)tkers < Fr MyTpgyg > MyTuang

= D rer,lfs To) 9o To)9- -
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