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ABSTRACT. Let A = (an,k)n,k>0 be a non-negative matrix. Denote
by Luw,p,q(A), the supremum of those L, satisfying the following
inequality:

(z " (z ) ) X! (z wkxz,;) ,
n=0 k=0 k=0

where, z > 0 and z € [,(w) and alsow = (w,) is a decreasing, non-
negative sequence of real numbers. If p = g, then we use L, ,(A)
inested of Ly p,p»(A). Here, we focus on the evaluation of L ,(A")
for a lower triangular matrix A, where, 0 < p < 1. In particular,
we apply our results to summability matrices, weighted mean ma-
trices, Norlund matrices.  Our results also generalize some results
in Chen and Wang {C.-P. Chen and K.-Z. Wang, J. Math. Anal.
Appl. 341 (2008) 1284-1294.], Foroutannia and Lashkaripour [D.
Foroutannia and R. Lashkaripour, Lobachevskii J. Math. 27 (2007)
15-29.], ‘and (Lashkaripour and Foroutannia [R. Lashkaripour and
D. Foroutannia, J. Sei. Islam. Repub. Iran 18 (2007) 49-56.].
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1. Introduction

Let p € R\{0} and let I,(w) denote the space of all real sequences x =

oo
{13372, such that ||z, , == (32 wah) VP < oo, where, w = (W), is
k=0

0 Wn

a decreasing, non-negative sequence of real numbers with 3 % 5 -t

oo with wg = 1.

We write x > 0 if z, > 0, for all k. We also write x T for the case
that zog < a1 < --- < x, < ---. The symbol z | is defined in a similar
way. For p,q € R\{0}, the lower bound involved here is the number
Ly pq(A), which is defined as the supremum of those L obeying the
following inequality:

1 1
o0 00 a\ ¢ () »
<Z Wn <Z an,k$k> ) > L (Z wwi) ; (@ >0,z €ly(w)),
n=0 k=0 k=0

where, A > 0, that is, A = (ank)n k>0 iS a non-negative matrix. We
have

Lup,q(A) < [[Alluw.pa:

In [3], the author obtained L., ,(C(1)) = p, (0 < p < 1), where, (.)!
denotes the transpose of (.) and C(1).= (a1 )n k>0 is the Cesaro matrix
defined by

1
’ 0 otherwise.

This is an analogue-of Copson’s result [2, Eq. (1.1)] (see also [4], The-
orem 344) for weighted sequence space [,(w) and has been generalized
by Foroutannia {3]. He extended it in [3, Theorem 2.7.17 and Theorem
2.7.19] to those summability matrices A, whose rows are increasing or
decreasing.  Also; he gave upper bounds or lower bounds for Ly, ,(A),
for such A. For the case of Hausdorfl matrices, the related result with
0 < p <1 has been established in [3, Theorem 4.3.2], giving a Hardy-
type formula for Ly, ,(H},).

Obviously, the lower bound problems of Copson type for the weighted
mean matrices, (AWM) = (a1 )nk>0, and the Nérlund matrices, (AYM)
= (bnk)n,k>0, or more generally for the summability matrices on weighted
sequence spaces are still less satisfactory (cf. [1, problem 4.20]), where
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the weighted mean matrices and the Norlund matrices are defined as:

wy 0<k<n
an k. = .
0 otherwise,

=3

and

Wy,
bk = Wy 0<k S n
0  otherwise.
Here, W, = >"}_,w}, and w’ = (w},) is a non negative sequence with
wy > 0.

Here we are concerned with the problem of finding L, ,(A") and
Ly p<(A) (see Theorem 2.3), where, 0 < p < 1, % + 1% =1 and A is
a non-negative lower triangular matrix. Our result gives a lower esti-
mate for these two values in terms of the constant M, defined by:

(1.1) ank < Manj, (0<k<j<n).

Here, M > 1. We shall assume that M is the smallest value appearing
n (1.1). If (1.1) is not satisfied, then we set M = co. Asa consequence,
we prove that Theorem 2.3 generalizes some works of Lashkaripour and
Foroutannia ([3], pp.53-54). Also, we obtain lower estimate and upper
estimate for the weighted mean matrix and the Norlund matrix in some
cases.

2. Main Result

The purpose of this section is to establish general lower bounds for
Ly p(A?) and Ly, p+(A), where, 0 < p < 1, % + 1% =1 and A is a non-
negative lower triangular matrix. First, we generalize Lemma 5.2 of [2]
to the weighted sequence space I,(w).

Lemma 2.1. Suppose that 0 < p < 1, %4— p% =1 and N € N. Let
Ch = (ean(N)). 1=, be the matriz with entries

— 0<k<n+N
Cn,k(N) = {O+N k>n+N.
Then,
1\t 1
Loy p ((CN) ) = Lo p- (CN) =D-
Moreover, for r € N and r > maz{N — 2, %}, there exists a sequence
{aRyoo_ such that x = (0,...,0, 27 1y, ) =0, 2 g > a2l ) >
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. HIL”]GHw’p =1, for all m, and also

lim ||z, =0, lim H(C}V)tx’ﬁH =p.
m— oo ) m— oo w,p

Proof. Applying Proposition 2.5 of [6], it suffices to prove the case
Luyp ((CX)') = p. For > 0, we have

[enye], =leay=],,.

where, 2’ = {x} } 7, is defined by

, {0 0<k<N-—-1,
Ty =

(21) Tk—N+1 k Z N —1.

This implies that Ly, ((CN)') > Ly (C(1)") =p. For the rest of
the proof, it suffices to prove the existence of {2z} ~_, for r € N, with
r > max{N —2, ;1)} Choose a sequence, say {pm }oozg » such that pg < r
and pp, | %. Define z3} = {z}'} -, by

m

0 0<k<r—N+1,
ﬂfk =

@lom) ™ (NI ) /(N kN,

where,

B =

oo-(_& el ey)

k=r—N+1

We have 27} = (0,...,07557’TZ_N+1,...) >0, o' |, forall k >r— N +1,
and ||:E]mVpr = 1, for all m. Applying ([7, Vol.I], p.77, Eq. (1.15)), we
have

—1- y L'(r+1) _
k+N—1—pm k+N -
<k+N—1—7p« >/< - 1) ~ m(lﬁ-]\f—l—?“) Pm as k — oo.

Since ppy l,% and }D > 1, it follows from the monotone convergence

theorem that lim ¢ (p,) = oco. Moreover, there exists a constant C
m—0o0

such that

lim sup Z W {(zi%:tf'”)/(k*g*v} < C’annfl/p < 00.

Mmoo k=r—N+1 n=1
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So, lim H:L’%Hw , = 0. We know that C(1) is the same as the Hausdorff
m—o0 5
matrix H, with du(8) = df. By modifying the argument given in ([3],
pp. 80-81), we can prove that
1(CR) 2R llwp = ICQ) @R) lwp — p, as  m — oo,

where, (z7¢)’ is obtained from 27 by means of (2-1). This completes the
proof of the lemma O

In the following lemma, we extend Lemma 2.1 from matrix C}; to
general matrix C’fv, with [ € N.

Lemma 2.2. Suppose that 0 < p < 1, = + I% =1andl,N.€ N. Let

1
P
Cﬁv = (Cfl k)n,kz() be the matrixz with

1
N 0<k<n+N-I+1

Cn,k_
0 k>n+N=1+1

Then,
Lup ((Cﬁv)t) = Ly p <C§V> <p.

Moreover, the following two assertions -hold:
(1) For l < N and x > 0 with x |, we have

(2.2) H(C&)%Hi’pg ey | s PR

p
- el

where, ®' = {x},} 2, is defined by (2.1).
(it) There exists a_sequence {xn}y_o such that xny > 0, zn |,
||xNpr =1, and also

; _ : 1\t —
]\}gnoo HxNHw’l - 07 ]\}gnoo H(CN) xNHw,p — b

Proof. For x >0,
we have

(Cfv)tx}lfu’p < H (CN) xHZ’p. Applying Lemma 2.1,

Lw;p((cgv)t) < Lw,p*((cjlv)t) =D
The left side in (2.2) follows from the observation,
ICn) zllh,, < ICx)zllh,, = ICQ)|IE,, (x> 0).

Hence, to prove (1) it is suffices to show the right side of (2-2). Assume
that { < N, 2 > 0 and « |. Applying definition of z}, we get
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120
» N—-1 [e%s) , p o) e} , p
lcaya|,, =5 wk( > +) S <z +)
k=0 n=N-—1 k=N n=k
(23) N 1SS . p 0o 00 . p
k=0 n= k=N+1 n=k—N-+1
=3 + s

We know that a? 4+ b > (a + b)P, for all a,b > 0. Hence,

N—I < P N k—N+4I—1 P
T
S Y w2 ) £ w Y A
k= n=0 k=N—-I+1 n=0

(2.4) 0 b
+ > CoiTn :
n=k—N+l
k—N+41-1
The monotonicity of z,, implies that Py (l/ N) 2, for all
n=0

N — 1 < k < N. Inserting this into (2.4), yields:

N—1 0o p lp+1l‘p N o p
(2.5) X; < Z W <Z cilkxn> + N7 0 4 Z Wy, (Z Ciﬂﬂn) .
k=0 n=0 k=N—1+1 n=0

In the same way as in (2.4), one can show

%) k—N+1-1 y %) P
o< Y wg Yoo wN |+ > chpn
n=k— N+l

T k=N+1 =k— N+1

(2.6) ,
P == D = — )
< SR+ S wk(z) |
k=N+1 k=N+1 n=0

Putting (2.3), (2.5) and (2.6) together, yields:

t P P(l+1)
leq |, < H(Cfv) 2+ = el
w’p
This completes the proof of (7).
=z = ep, where, eg = (1,0,0,...). For

11). Let xp = 21 = ... =
(3) 0= T 3]+
each N > % + 1, it follows from the case ¥ = N — 1 of Lemma 2.1
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that there exist x) with the properties: zny > 0, oy |, ||1‘N||w7p =
L flzn]l,; < + and

] [Cy P s
w,p
Obviously,
t
Jim [znly1 =0, s H (CﬁV) oW wp -

Applying (2.2), we get

| an| <lle@rayl, = @) x|,

<Jicty sl + 24 T

Making N — oo, it follows that

lim H (Cﬁv)t TN

N—oo

= Hm (O =, =»
'w,p Ninoo ( N) N w,p b

This completes the proof. O

Note that, in general, Ly, ,((C&)%) # p. In fact, we have Ly, ,((CY)?)
< % < p, if N > 1. One can see this by considering the definition of

K P
CN .

Theorem 2.3..Let 0 < p < 1, % + % =1 and A = (ank)nk>0 be a
lower triangular matriz with A > 0. Then,

(2.7) pMP7H(inf  Jan ) < Lup(A").

Also, the same inequality holds, if Ly, p(AY) is replaced by Ly p+(A).
Here, M is defined by (1.1).

Proof. Applying Proposition 4.3.6 of [3], we have Ly, (At) = Ly p- (A4),
and so it suffices to prove (2.7). Let x > 0 with |z||,, = 1. Since
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p—1<0, from Lemma 2.7.18 of [3] with (1.1) and Fubini’s theorem, it

follows that:
00 P
Wi (Z an,kxn>
0 n=~k

Z W Z a; kT Z An,kTn
: nsj

118

t.|P  —
||A x ||w7p -

2 p
k=0 j=k

,—Mﬁ‘

—~
N
09]

~—

Y]

k=0  j=k

p—1
1 o0 oo oo
pMP=2 0w Y aj kT (Z an,jl“n)
n=j

%

0o 00 p=1 7
pMP~! Zowjfﬂj > n,jTn <Z ach)
j= n=j

k=0

%

) p—1
J o0 [ee]
71 .
pMP (1_I>1f > aj,k> > wiTj | Do anjTn
720 k=0 =0 n=j

Applying Hélder’s inequality, we deduce that
o0

p—1 p—1
0 00 1 ﬁ 00
e ) — P p* (p— .
D wizi | D an i = i Zj | Wy > AnjTn
j=0 n=j j=0 j

J= n=j

1 1
00 P o0 1 oo PN »*
D P
> | > wiah > wi > ajk;
=0 k=0 j=k

— t,.||[P=1
- H‘er:p HA wa,p :

Inserting this estimate into the corresponding term in (2.8), gives

J
g 2 (130 By

~ k=0

This leads us tothe lower estimate in (2.7). O

Theorem 2.3 has some applications. For example, consider the weighted

mean matrix, say (A{VY), associated with the sequence W’/ = (w/,)%,
where, [ =10;1,2,---, wi =w] =--- =w, =1 and w), = %, for n > 1.

Applying inequality (2.7) for M = 2, we have

Lw,p((A%]\f)t) > p2p_1-

Next, consider the Nérlund matrix (AYM), where, w' = (w),)%% is a

non-negative sequence with wy > 0 and W), = > jwj.. If w), |, then
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M = 1. Applying (2.7), we deduce that

Lup((ARY)") = p.

In general, for the summability matrix A (see [1]), with increasing rows
M =1, we observe that (2.7) has the following form:

(2'9) p < Lw,p(At) = Lw,p* (A)

Inequality (2.9) is an analogue of ([4], Theorem 4.2), obtained by a
different way.

Theorem 2.4. Let 0 < p <1, % + z% =1, wy, > 0 and w), > 0, for all

n > 1 and also lim W/ = oo. Then, the following assertions are true:
n—oo

(i) Luwp ((A%M)t> = Ly (ANM) <p (llim K(l)) ;
where, K(l):= sup (n+ N+ 1w,

n>0, NI, I<k<ntN  n+N
(i) Ly (AF™)') = Lupe (AFY) < p (ﬂf&k(l)) ,

1 /
where, k(l):=  sup (n;‘)wk .
n>0, I<k<n n

Obviously, k(I) < K(I), forall i > 1. Since k(I) | and K(I) |, then
the limits in (7) and () can be replaced by linlg . We have
€

W/
K1) < ! inf —" ).
DR A /<3£zn+1>

Proof. Let xy and a'y be defined as in Lemma 2.2. Since a? + b7 >
(a + b)Py for all ;b > 0, we deduce that

S [ s (O

where, Al = A{,VVM—AI1 and A = (@n & )n k>0 is the matrix obtained from
A]V\(/W by replacing the (n, k)th entry of AJV\{/W with 0, for all n, k, with
n—1 <k <n. Consider N > [+ 1. Obviously, apsn_1% < K(I)/n+ N,
for 0 <k <n+N -1, and apyN—1% = 0, for £ > n+ N — 1. This implies

p
(N =0),
w7p

(2.10) H (ANM) 2y
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that
p P

(2.11) "(Aﬁ)thV

g (R

On the other hand, it follows from the definition of A} that

w7p

t P max{w67w/17'-‘7wl, 1} b
212 () | <o =) ol
w,p WJ/V—I P
Putting (2.10) and (2.11) together with (2.12), yields:
t p t P
[y an) < oy |en) e

(e

N-1 w,p
We have ||zy||,,, = 1 and W, — o0, as N — oo, and applying Lemma
2.2(i1), we get Ly, ((ANM)) < pK(1). Hence,
L (A1) < pling K (1) = p lim K (1),
S —00
This proves (3).

Now, consider (ii). Let {7} ~_, be the corresponding sequence given
in Lemma 2.2. Similar to AN M. erte AWM AL + AL where, A is
the matrix obtained from AWM by replacmg the (n k)th entry of AjyM
with 0, for alln > 0 and 0 < k <'l.“As seen above, one can easily derive:

|t @i, <@ @Ry, + I @,

< (kP |[(ON) 2% l%,,

maz{wo,wl, W) _ 1} )

lel? .
for all [ € N. Therefore,

I

which gives pr(AWM) ) < pk(l),
) < plint k(1)) = p lim k().

(

(A’

This completes the proof of the (7). O

Applying (2.9) for the summability matrix A, with increasing rows,
we have

P < Lup(A") = Lup (A).
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Also, applying Theorem 2.4(1), we deduce the following corollaries.

Corollary 2.5. Let 0 <p <1, % + ﬁ =1, w), | @ and o > 0. Then,

Lw,p((AI]/VVM)t) = Lw,p*((A%M)) =D

Remark 2.6. The case o = 0 in Corollary 2.5 is false. In general, a
counterexample is the Norlund matrix (A]V\(,M ), where, wy =1, w], | 0,

l};gfo w(')_s-wi(:r% > p. For this matriz, o = 0, but
00 1/p
Loy p((ANM)Y) > inf (Z wn(anmxn)P)
Izl ,=1,2>0 \n=0

> . 'LUO
1%

> p.

In ([5], Theorem 4.1), the upper bound of Ly, ,(A") is established for
those summability matrices A, whose rows are decreasing, where, such
matrices, Ly, ,(A") < p. For this of type matrix, applying (2.7), we have

pMP=E <L, 5(A") <p.

Also, we have the following results for particular cases of such matrices.

Corollary 2.7. Let 0 <p <1, % + 1% =1, w) | « and o > 0. Then,

wo

P2V < Ly (AFM)') = L (AY) <.

Corollary 2.8. Let 0 <p <1, %—k ]% =1,w, T aandwy>0. Then,
a t
P < Luy ((AVM)') = Lugr (AN) <.
0
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