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ITERATIVE ALGORITHMS FOR FAMILIES OF
VARIATIONAL INEQUALITIES FIXED POINTS AND
EQUILIBRIUM PROBLEMS

S. SAEIDI

Communicated by Heydar Radjavi

ABSTRACT. We introduce an iterative algorithm for finding a com-
mon element of the set of fixed points for an infinite family of nonex-
pansive mappings, the set of solutions of the variational inequalities
for a family of a-inverse-strongly monotone mappings and the set
of solutions of a system of equilibrium problems in a Hilbert space.
We prove the strong convergence of the proposed iterative algo-
rithm to the unique solution of a variational inequality, which is
the optimality condition for a minimization problem. Moreover, we
apply our result to the problem of finding a common fixed point of
a family of strictly pseudocontractive mappings.

1. Introduction

Let C be a closed convex subset of a Hilbert space H. Then, a map-
ping S of C into itself is called nonexpansive if ||Sz — Sy| < ||z — y][,
for all x,y € €. We denote by Fixz(S) the set of fixed points of S.

Recall that a mapping B : C' — H is called a-inverse-strongly mono-
tone [3] if there exists a positive real number « such that

<BI‘ - By>$ - y> > OCHB.’L' - ByH27 V%l/ eC.
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It is easy to see that if B : C — H is a-inverse-strongly monotone, then

itisa é-Lipschitzian mapping.
Let B : C — H be a mapping. The classical variational inequality

problem is to find v € C' such that
(Bu,v—u) >0, YveC.

The set of solutions of this variational inequality is denoted by VI(C, B).
For finding an element of Fixz(S)NVI(C, B), Takahashi and Toyoda
[27] introduced the following iterative scheme:

Tptl = €EpTp + (1 — En)Spc(:L'n — )\ann)’ n >0,

where, xg =z € C, {€,} is a sequence in (0,1), and {\,} is-a sequence
in (0,2aq).

On the other hand, Moudafi [16] introduced the viscosity approxima-
tion method for nonexpansive mappings. Let f be.-a contraction on a
Hilbert space H (i.e., || f(z)— f(y)| <l|x—y|, z,y € Hand 0 <[ < 1).
Starting with an arbitrary initial 29 € H, define a sequence {x,} recur-
sively by

(1.1) Tyl = (1—€n)Stpten f@yn), n >0,

where, {€,} is a sequence in (0,1). It is proved [16, 30] that, under
certain appropriate conditions imposed on {¢, }, the sequence {z,} gen-
erated by (1.1) strongly converges to the unique solution z* in F :=
Fiz(S) of the variational inequality

(I=f)z"je—2") >0, x€F.

Iterative methods for nonexpansive mappings have recently been applied
to solve convex minimization problems and variational inequalities; see,
e.g., [4, 10, , 21, 28, 29, 31, 32]. A typical problem is to minimize a
quadratic function over the set of the fixed points of a nonexpansive
mapping on a real Hilbert space H:

1
(1.2) min > (A2, 2)~{z,u),

where, F is the fixed point set of a nonexpansive mapping S on H and
u is a given point in H. Assume A is strongly positive; that is, there is
a constant 7 > 0 with the property

(Az,x) >7|z|*, forallz € H.
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Xu [28] (see also [31]) proved that the sequence {z,}, defined by the
iterative method

(1.3) Tnt1 = (I—€,A)Szp+eu, n >0,

with the initial guess xg € H chosen arbitrarily, converges strongly to
the unique solution of the minimization problem (1.2) provided that the
sequence {e,} satisfies certain conditions.

Marino and Xu [15] combined the iterative method (1.3) with the vis-
cosity approximation method (1.1) and considered the following general
iterative method:

(1.4) Tnt1 = (I—€, A)Szp+eyf(x,), n >0,

where, 0 < v < 7/a. They proved that if the sequence {e,} satis-
fies appropriate conditions, then the sequence {z,}, generated by (1.4),
converges strongly to the unique solution of the variational inequality,

(1.5) (A=~ f)ax*,z—2*) >0, = € F,
which is the optimality condition for the minimization problem,
1
1. in—(A —
(16) min L (Ar, 7)~h(a)

where, h is a potential function for vf (i.e., h'(x) = vf(x), for x € H).

Finding an optimal point in theintersection F of the fixed point sets
of a family of nonexpansive mappings is a task frequently arising from
various areas of mathematical sciences and engineering. For example,
the well-known convex feasibility problem reduces to finding a point
in the intersection of the fixed point sets of a family of nonexpansive
mappings; see,e.g [1; 8]. A simple algorithmic solution to the problem
of minimizing a quadratic function over F is of an extreme value in many
applications including set theoretic signal estimation; see, e.g., [14, 33].

On the other hand, let C' be a nonempty closed convex subset of H.
Let F': €' x C"=R be a bifunction. The equilibrium problem for F' is
to-determine its equilibrium points, i.e., the set

EP(F):={zeC: F(zx,y) >0Vy e C}.

Let G = {F;}ier be a family of bifunctions from C' x C' to R. The
system of equilibrium problems for G = {F;};cs is to determine common
equilibrium points for G = {F; };ey, i.e., the set

(1.7) EP(G):={zeC: Fi(z,y) >0Vy e CViecl}
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Many problems in applied sciences, such as monotone inclusion prob-
lems, saddle point problems, variational inequality problems, minimiza-
tion problems, Nash equilibria in noncooperative games, vector equi-
librium problems, as well as certain fixed point problems reduce into
finding some element of EP(F); see [2, 9, 11]. The formulation (1.7) ex-
tends this formalism to systems of such problems, covering, in particular,
various forms of feasibility problems [9, 12].
Given any r > 0, the operator J! : H — C, defined by

JE(z) = {zEC:F(z,y)—i—%(y—z,z—x) >0Vy e C},

is called the resolvent of F' (see [9, 12]).

It is shown [5, 7] that under suitable hypotheses on F', J£ : H — C is
single-valued and firmly nonexpansive and satisfies Fiz(J!') = EP(F),
Vr > 0.

Using this result, Takahashi and Takahashi [26] introduced a viscosity
approximation method for finding a common element of EP(F) and
Fiz(S), where S is a nonexpansive mapping. Starting with an arbitrary
element x1 in H, they defined the sequence {&,} recursively by

(1.8) Tog1 = enf (@n) +(17€0) 8L .

They proved that, under certain appropriate conditions over €, and
Tn, the sequences {x,} and {Jf; Zpn} both converge strongly to z* =
Priz(synepr) ().

By combining the schemes (1.4) and (1.8), Plubtieng and Punpaeng
[17] proposed the following iterative scheme:

(1.9) Foit= ey f (@) +H(I—n A)S ] .

They proved that if the sequences {e,} and {r,} of parameters sat-
isfy appropriate conditions, then the sequences {z,} and {Jf; Zn} both
converge strongly to the unique solution z* € F := Fix(S) N EP(F) of
the variational inequality (1.5), being the optimality condition for the
minimization problem (1.6). Note that the result in [15] is a particular
case of this, corresponding to the choice F(z,y) =0 (so that JI =I).

Very recently, Colao et al. [6] proposed the following explicit scheme
with respect to W-mappings for a finite family of nonexpansive map-

pings:
(1.10) Tnt1 = en V[ (T0)+B2n+((1-B) - AW, JE 3,
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They proved, under weaker hypotheses, that both sequences {x,} and
{Jf; xn} converge strongly to a point z* € F, which is the unique solu-
tion of the variational inequality (1.5).

Here, motivated by Colao, et al. [6], Takahashi and Toyoda [27] and
some of our previous results [19, 20|, we introduce an iterative algorithm
(Theorem 3.1) for finding a common element of the set of solutions of
a system of equilibrium problems EP(G) for a family G = {F; : i =
1,..., M} of bifunctions, the set of solutions of variational inequalities
VI(C, By) for a family {B; : j = 1... N} of a-inverse-strongly monotone
mapping from C into H and the set of fixed point for an infinite family of
nonexpansive mappings ¢ = {5; : C' — C}, with respect to W-mappings
defined in [22]. We prove the strong convergence of the proposed iter-
ative process to the unique solution of the variational inequality (1.5).
Our results cover all previous schemes specified by (1.1), (1.3), (1.4),
(1.8), (1.9) and (1.10). Moreover, we apply our result to the problem of
finding a common fixed point of a family of strictly pseudocontractive
mappings (Theorem 3.2).

2. Preliminaries

Let C be a nonempty closed and convex subset of H. Let F': CxC —
R be a bifunction. The equilibrium problem for F' is to determine its
equilibrium points, i.e., the set

EP(F):={zx€C: F(x,y) >0Vy € C}.
Given any 7 > 0, the operator.J" : H — C, defined by
JE(2) = {zGC’:F(z,y)%—%(y—z,z—@ >0Vy e C},
is called the resolvent of F'; See [9, 12].

Lemma 2.1. ([9, 12]) Let C be a nonempty closed convex subset of H
and F: C x C — R satisfy

(A1) F(z,z) =0, for all x € C;
(A2) F is monotone, i.e., F(x,y) + F(y,z) <0, for all z,y € C.
(A3) for all x,y,z € C,

ligniglfF(tz + (1 —-t)z,y) < F(z,y);
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(A4) for all x € C, y — F(x,y) is conver and lower semicontinuous.
Then,

1) JF is single-valued;

T
2) JI is firmly nonexpansive, i.e.,

15w = I yl? < (Jfe— Iy, —y), for allz,y € H;

(3) Fiz(JF) = EP(F);
(4) EP(F) is closed and convez.

(
(

Recall that the metric (nearest point) projection Po from a Hilbert
space H to a closed convex subset C of H is defined as follows: given
x € H, Poz is the only point in C' with the property,

o — Poal| = mf{Jlz — y| : y € CY.
It is known that Po is a nonexpansive mapping and satisfies
(2.1) | Poz—Poy|? < (Pox—Poy, z—y), Va,y € H.
P¢ is characterized as follows:
y=Porx <— (z—y,y—2)=20, Vze C.
In the context of the variational inequality problem, this implies:
(2.2) ueVI(C,B) <= u= Pa(u—ABu), YA > 0.

A set-valued mapping T : H — 2 is said to be monotone if for all
x,y € H, f € Tx, and g € Ty, we have (f — g,z — y) > 0. A monotone
mapping T : H — 2 _is said to be maximal if the graph G(T) of T is
not properly contained in the graph of any other monotone mapping.
It is known that a monotone mapping is maximal if and only if, for
(x,f) e Hx H, {f —g,x—1y) >0, and (y,9) € G(T), we have f € Tx.
Let B : C' — H. be an inverse-strongly monotone mapping and let Nov
be the normal cone to C' at v € C, i.e.,

Nev={we€ H : (v—u,w) >0,YVu € C},

and define
| Bv+ Ngv, ved,
Tv= { 0, v C.
Then, T is maximal monotone and 0 € T if and only if v € VI(C, B)
(see [13, 18]).

The following lemma is an immediate consequence of the inner prod-
uct on H.
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Lemma 2.2. For all x,y € H, we have
2+l < 2] + 2(y, & + y).

Lemma 2.3. ([29]) Assume {a,} is a sequence of nonnegative real num-
bers such that

an+1 < (1 —yp)an + 6, n >0,
where, {y,} is a sequence in (0,1) and {0,} is a sequence in R such that
(i) 2 nz1 n = 0
(i) imsup,, o On/vn < 0 or > 27 |0n] < o0.
Then, lim,, . a, = 0.

Lemma 2.4. ([23]) Let {z,} and {z,} be bounded sequences in a Ba-
nach space X and let {B,} be a sequence in [0, 1] with 0. < liminf,; .~ Fn
and limsup,, ., Bn < 1. Suppose

Tn4+1 = ﬁnxn + (1 - ﬁn)zna

for all integers n > 0 and
limsup(|zn41 — 2nll — [|#ag1 = 2]) < 0.
n—oo

Then, lim, .o ||Zn — yn|| = 0.

Definition 2.5. Let {S; : C'— C} be an infinite family of nonexpansive
mappings and {p;} be a nonnegative real sequence with 0 < p; < 1,
Vi > 1. For any n > 1; define-a mapping W, : C' — C as follows:

Un,n+1 =1,

Un,n = MnSnUn,n—i—l + (1 - Nn)Ia

Un,n—l = Nn—lSn—lUn,n + (1 - Nn—l)I;

Un i = 1xSpUn g1 + (1 — px) 1,
Upi—1 = pe—1Sk—1Un o + (1 — pi—1)1,

Ung = p252Un 3 + (1 — p2)1,
(2.3) W, = n,l = ,ulslUmg + (1 — Hl)I‘

Such a mapping Wy, is nonexpansive from C to C and it is called the
W -mapping, generated by Sy, Sp—1,...,51 and fp, n—1,- -+, f41-
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The concept of W-mappings was introduced in [24, 25]. It is now a
main tool in studying convergence of iterative methods to common fixed
points of nonlinear mappings.

Lemma 2.6. ([22]) Let C be a nonempty closed convex subset of a
Hilbert space H, p = {S; : C — C} be an infinite family of nonexpansive
mappings with Fiz(p) := N2, Fix(S;) # 0, and {wi} be a real sequence
such that 0 < u; <b<1,Vi>1. Then,

(1) W, is nonexpansive and Fix(W,) = N Fixz(S;), for each n > 1;
(2) for each x € C and for each positive integer k, lim, .o Up 2 exists;
(3) the mapping W : C' — C, defined by

Wx = lim Wyx = lim U,

n—od n—oo
is a nonexpansive mapping satisfying Fix(W) = Fiz(e) and it is called
the W-mapping, generated by S1,S2,... and 1,12, -..;
(4) if K is any bounded subset of C, then
lim sup |[Wzx — Wyz| = 0.
€K

n—oo x

Lemma 2.7. ([15]) Assume A is a strongly positive linear bounded op-
erator on a Hilbert space H with coefficient %> 0 and 0 < p < ||A|~L.
Then, |1 — pA|l <1 p7.

3. Main Results

The following is our-main result.

Theorem 3.1. Let C be a nonempty closed convexr subset of a Hilbert
space H, ¢ = {S; : C — C} be an infinite family of nonexpansive
mappings, G = {Fj 1 j = 1,...,M} be a finite family of bifunctions
from C x C into R which satisfy (A1)-(A4), {Br : k =1...N} be a
finite family of a-inverse-strongly monotone mappings from C into H,
and F =N VI(C, B,) N Fiz(p) N EP(G) # 0.

Let A be a strongly positive bounded linear operator with coefficient 7,
f be an l-contraction on H, for some 0 <1 < 1, {€,} be a sequence in
(0,1), {Men i, be sequences in [a,b] with 0 < a < b < 2a, {ij}j]\/il be
sequences in (0,00) and vy and (3 be two real numbers such that 0 < § < 1
and 0 < v <7/l. Assume:
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(C1) limy, €, = 0;

(C2) Y27 | en = 005

(D1) hmlnf Tin >0, for every j € {1,...,M};

(D2) limy, 75,5 /Tjn1 = 1, for every j € {1 , M}
(D3) limy, [Agpn — Agny1]| =0, for every k € {1 ..,N}.

For every n € N, let W,, be the W-mapping defined by (2.3). If {x,}
1s the sequence generated by r1 € H and Yn > 1,

_ JFMm Fy 71F1
Zn = ‘]T’M, ‘]7’2 nJT1 n$n7

(3.1) Yn = Pc(f — )\N,nBN) . PC'(I — )\QmBg)Pc(I - Al,nBl)zm

Tn+l = fn'}’f(xn) + ﬁwn + ((1 - ﬁ)I - €nA)Wnyn7

then {zy} and {JE* x,}11, converge strongly to z* € Fi= N VI(C, By)
NFiz(e) NEP(G), which is the unique solution of the variational inequal-
ity (1.5). Equivalently, we have Pr(I — A + v f)a* = z*.

Proof. Since ¢, — 0, we shall assume that ¢, < (1 — 3)||4]|~' and
1 — €, (7 — Iy) > 0. Observe that if ||ulj=1, then

(L=PB —enA)u,u) = (1= 5) — en(Au,u) = (1 = — €| A]]) = 0
By Lemma 2.7, we have
(3.2) |(1-8) =€, A|| < 1—0F—€,7.

Moreover, by taking
VAT S
kom

T1,n?

Vke{l1,...,M},

jn =1,

and

PE = Pi(I-NewBy) . .. Po(I-X2nB2)Pe(I-A1nB1), Yk € {1,..., N},
PO.=1,

we write the scheme (3.1) as
(33) Ln+1 = En')’f(xn)+/6$n+((1_5)I_€nA)Wn'P7]LVJT{VIxn'
We shall divide the proof into several steps.

Step 1. The sequence {z,} is bounded.
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Proof of Step 1. Let v € F. Since, for each k € {1,..., M}, Jf;kn is
nonexpansive, we have

172 n = ol = T3 2 — T ol < Jlzn — ol

On the other hand, since for each k € {1,... N}, the mapping By : C —
H is an a-inverse-strongly monotone mapping, for any z,y € C and
Ak € [a,b] C [0, 20a], we have

(I = M Br)z — (I = M Br)yll? = [[(z — y) = Men(Brz — Bry)|?
= |z — ylI> = 2\en{z — y, Brx — Bry) + M, || Bex — Bry|)?
<l = yl* + Aen(Ap — 20)[| By — Byy|* < [l = yl)?,
which implies that Po(I — A, B)) is nonexpansive, and consequently

that the mappings P¥ are nonexpansive. From Lemma 2.6 and (2.2),
we have PNv = v = W,v. It follows that

lzn1 = oll = [1((1 = B)I — en A)(Wa P T = W PR T, 0)
enY(f(2n) = f(v) + en(vf(v) — Av) + Blan — v)|

_ - v) = Av
< (1= (T~ 1)l vl + (7 ) T2 20
v =y
which gives
lzn — o]l < max{ | — o], DFLD A g oy

v =1y

Step 2. Let {wy,} be a_bounded sequence in H. Then,
(3-4) lim [| 71 wn—Tywall = 0,
n—oo

for every k € {1,..., M}.
Proof of Step 2. From [6, Step 2], we have that

(3.5) lim 15, won—Jfk wall =0,

for for every k € {1,...,M}. Note that for every k € {1,..., M}, we
have

Ty =k Tt

Tk,n
So,
||jf+1wn - j,fwnH < ||Jf;'fn+1 fﬁlwn - Jri’fnjrlﬁllwn”
T TR TR, — B TR T+
S [ R R O N D RO R A
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B TR TEs TR B, — JEe Rt g JE TR w,|
< H Tk n+1j+1wn_JFk j+1wn||

F) F)
+ HJ kk 11n+1j +1 wn JT: 11nt7n+ wn”

e e = TR w4 (LT — Jr wnl

T2 ‘n+1 T1 71+1 T2, YT, ntl T1,n+1 Wn, T1,n

k F
= Zj:l ‘|Jrj,n+1(u7n+1wn) - Jrj,n( n+1wn)”

Now, apply (3.5) to conclude (3.4).

Step 3. Let {w,} be a bounded sequence in C. Then,
i [|Po(I = N1 Bi)wn = Po(I = AnBi)wa| = 0,
and
lim [|PF, w, — Prw,|| =0,
n—oo

for every k € {1,...,N}.
Proof of Step 3. Since {wy,} is bounded and By, for-k € {1,..., N},
is a Lipschitzian mapping, we know that

L := sup{|| Bxwn ||} < oc.
n

Now,
1Po (I = Nyt Be)wn — Po (I = A Br)wy|
< (= A1 Bidwn — (I= A Bi)wn|
= |Ment1 — Menll| Bewn] € Ak g1 — Agpn|L — 0, as n — oo.
From this and applying a technique similar to that used in proof of Step
2, it is easy to prove the second assertion.

Step 4. limy, oo ||Zn+1 = Znl| = 0.

Proof of Step /. Define a sequence {z,} by 2z, = (zn1 — Bxn)/(1 = B)
so that x,41'= B, + (1 — )z,

Now, compute

(3:6) [Znt1—2nll = 1(@nt2—=Bnr1—(Tnr1—PBan)|l

1
1-8
1
= 1= ﬂ HfY(enf(w”‘H)_enf(wn))—i_((1_ﬂ)I_@H—lA)Wn+1p7jlv+1j%1$n+1

—((1=B) = en AYW Py T |

= H 1 j ﬁ(enf(wnJrl) - enf(xn)) -

N M
(ent1AWn 1Py 1 T 1Tn1

1
1-p
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_EnAWnPr]szvyl’n) + Wn+1737]lv+1~77¥|-1$n+1 - Wnpr]zvjvf\/[xnn
Since {x,} is bounded and by (3.6), we have for some big enough con-
stant K > 0,

(3.7) llzn41—2nll < ‘|Wn+1731]1\[+1~77£\—/|[-1$n+1*Wnpr]yjrf\/[xn||+K(€n+l+€n)
< Wi P I n gt — W PR Tl |
HIWn i1 PRy Tt an = Waia Paly T |
W1 P T wn = Wit P T |

N 7M N 7M
+HWn+1P j Tp — W P j an +K(€n+1 + Gn)
< lznsr — 2l + (|7, +1$n jMan + P +1\7M$n Pévjfﬂfn!!
+||Wn+173n jn Tn — n’Pr]szr{V[an + K(eny1 + €n).

Now, since ¢, — 0 and by Steps 2, 3 and Lemma 2.6, we immediately
conclude from (3.7) that

11msup(Hzn+1 — zn|l = [|[Zns1 — Znl|)
< limsup{|| 720 — T wall + PG T o — P T

W PG — WP T ok K + en)} <0
Apply Lemma 2.4 to get limy, ||2p+1 — zp|| = (L —5) lim, ||z, — 25| = 0.

Step 5. lim, oo | TF2,, — TFH 24l =0, VE € {0,1,...,M —1}.
Proof of Step 5. Let v € F and k € {0,1,...,M —1}. Since Jiﬁln is
firmly nonexpansive, we obtain

F F
lo = T @l = W0 — Jnl, Tl

(J,i]fllnjfxn — v, TFz, —v)
= S G Sl + 1T — ol — T80 — L, T,
It follows that
(3:8) (T en—|* < llan—vlP =Ty wn =T .
Set ty =~f(x,) — AW, PN TMz, and let A > 0 be a constant such that
A > supd[tall, o — ]}
n.k

Using Lemma 2.2 and noting that ||.||? is convex, we derive, using (3.8),

(3.9) lzns1 = ol = (1 = B)(Wa P T w0 — v) + Blan — v) + entnl|?
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< 0= B WP TN — ) + Bl — ) + 2, Tnir — )
< (1= B)[WaPy T wn = ol* + Bllon = v* + 2X%€n.
So,
|zns1 =0l < (1= BNTa 2 —ol® + Bllan —o® + 20%,
< (1= A)llzn — vl = |TEzn — TEal2) + Bllan — ]2 + 2X%,
= [lzn — UH2 - (1= ﬁ)”jfxn - j,iﬁ_lanQ +2X %€,
It follows, by Step 4 and condition (C1), that

erlfxn - \7rlf+1mn”2 < (l|zn — UH2 — |41 — U”2 + 2)‘2671)

1
1-8
1
1-5

< ||z — znt]| + 2X%¢,) — 0, as n — oo

Step 6. lim, oo |7, — W, PY TMa,|| = 0.
Proof of Step 6. Observe that

|2n — Wnpévjryl’nll < n — o | Fllznt1 — Wnpr]zvjvyxn“
= |zn — 2pp1 ||+ len (v f(2n) _AWTL’PfLV«Z{VIIEn) + B(zn — WnPyszZi\/[fEn)H

< ||xn_$n+1||+€n(7||f($n)||+||AWnP711V~7éwmn||)+ﬁ||$n—WnP7]LVJéVI$nH-
It follows from Step 4 that

|zn = Wnpévjyﬂ?n\l

1
< m(”xn_wn-i-l“"‘en('YHf(xn)||+HAWnP7]zV~77{WxnH) — 0, asn — oo.

Step 7. lim, soo |[PETMz,, — PEHLTM 2, || =0, VE € {0,1,...,N — 1}.

Proof.of Step-7. Since {By : k = 1...N} are a-inverse-strongly
monotone, by the assumptions imposed on {\,}, for given v € F and
ke {0,1;...,N — 1}, we have

W PN TMx, — || < |PFLITM 2, — v

= 1Pc(I = Mer10Brs1)PETM 2, — Po(I — MNey1.0Brs)v||?

< = Meg1,n Bre)) PRI wn — (I = Meg1,0 Brey1)v]?

<|[PET M xn — 012 + Mg 10 Mg 1.n — 20)|| Bepa P T @ — Bigro|)?
< ||@n — vl + a(b — 20) | B PET M 20 — Byl
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Thus, by (3.9), we have
|znsr —v? < (1= B)IWaPY T w0 — vl* + Bllzn — v* + 2%,
< (1= B)llzn —ol* + ab = 20) | Bit1 P T w0 — Brravl*}
+ Bllen —v|]? +2X%€,
= (1-B)a(b—2a)||Bin1 Py T, wn — Brgav|?
+ lzn — o] + 2X\ %€,
So,
(1= B)a2a = )| Br1 PRI, w0 — Bryrv|?
< lzn =l = e —ol® + 20 %,
< lon = znpall(lzn — ol + [2n _U||)+2)‘26n'

Since 0 < 8 < 1, and ||z, — Zp41]| — 0, we obtain:
(3.10) |Bei1PrIMa,— By qv]| — 0 (n — o).

Again from (2.1) and the fact that I — A\g41 ,Bi41 is nonexpansive, we
have

|PIH T M, — o2

= [|Pc(I = M1, Br1)PETM 2y, — Po(I — Ngi1,nBrs1)v|)?

< <<,P]Tf*7rjwan - )‘k:-‘rlmBk-i-l,PyIfjrf\/Ixn) - (U y )\k:—&-l,an—i-lU)yPyk;—i_ljy{Wxn - ’U>
= %{”(,P'rljjr{wxn - Ak+1,an+1P7I§j7{\4$n) - ('U - )\k+1’an+1v)H2

+ [[PE T M, — o2

NPT w0 —=Akg 10 Brr PE T ) = (0= Xy 1.0 By 1v) — (PR T —0) ||}
<S{UPFTY xn —0|? + |PIT T M= v

—[[PE T wn = PR T M 20 — My a(Bes1 PRI &n — Bry1v)|?}

= HIPETMan —v|]? + | PEV T Mayn — v||> — |PETMan — PRV T M 2,2
2Nkt 1.0 (PR TN wn — PR T @, Beya PRI M 20 — Bry1v)
N1l Ber PRI &n — By41v|?}.

This implies:
1P T, =l < PRI wn — ol = PRI @0 — PR T |
+27 k10 (PR T w0 — PR T w0, Bea PRI @ — Bryav)
A1l Ber PRy e — Brgaol*.
Then, by (3.9), we have
|zni1 = vl|* < (1= B) WPy T wn — 0l1* + Bllan — v]* + 2X%€,
< (1 =P)PET TN e = vl* + Bllwn — v])* + 2X %€,
< (1=IPLTY wn — ol = 1PETN 2 — PYTI TN a?
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+2/\k+1,n<7)1]§~77{wxn - Pﬁ*ljé\/[mm BkJrlPSjéwxn — Bi11v)
~Ns 1l Ber1 P @ — Brrav]|?} + Bllen — vl* +2X %,
< lan — vl = (1= B)IPRT 2 = P T el
+2(1=B) Mo 1,0 (Ph TN =PI T M 20, By P T 20— Bry10)+20 26y,
which implies:
(1= BPRT 20 = Py T an|? < flan — ol = [lzngs — v]* +2X%,
+2(1 = B) Mt 1l PRI 20 = PR T || B PR @n — Bigaoll.
Hence, it follows from Step 4 and (3.10) that
|Paa e = Pt T | = 0.

Step 8. The weak w-limit set of {zy,}, wy(xy), is a subset of F.

Proof of Step 8. Let zp € wy(xy,) and let {x,,, } be a subsequence of
{z,,} weakly converging to zp. From steps 5 and 7;we also obtain that
j:mxnm — 20,

for all k € {1,..., M}, and
Pﬁmjé\ixnm — 20,

for all k € {1,...,N}. We need to show that zp € F. First, we prove
20 € N, VI(C, B;). For this purpose, let k € {1,..., N} and T} be the
maximal monotone mapping defined by

| Brxz+ Nz, x¢cC;
Tkm_{ 0, x¢C.

For any given (z,u) €/ G(T}),u — Brxr € Nox. Since PEgMa, € O, by
the definition of Ngy we have

(3.11) (x=PETM g, u—Bz) > 0.

On the other hand, since P* Mz, = Po(P*1TMa, — A\ BLPE1TMa,),
we have

(@ — PrT o, Ph T w0 — (PY ' TN 0 — Mo BiPr ' T ) > 0.
So,
PRI wn — PR T
M
By (3.11) and the a-inverse monotonicity of By, we have

(x — P,]fmj,{\fn:cnm, u)y > (x — Pﬁmjé\i:rnm, Byx)

(w — PETM 2, + By Ph T x,) > 0.
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> (@ —Pk TN, Bix)
PE IMay, —PEITM 2,
)\kﬂ’bm
= (x — Py Tt n,, Bex — ByPY T wn,,)
+a@—PF TM ey, BePE TM o, — ByP LT, )

k M k=1 7M
anjn Tnpm _an jnmxnm

m

—(x—=Ph TMan,, + ByPy T )

- <x - P”];;n jé\'rjn xn"” >
)\k,nm

k M k M k—1 M
> <1‘ - anjnmxnm?Bkanjnmxnm - kanm jnm$7LM>

k M k—1 7M
o <ZU T InpmYng L

).

Ak,nm
Since ||PETMz, — PEA1TMa, || — 0, PE GMx,  —=zoand {By: k=
1,..., N} are Lipschitz continuous, we have

lim (x — Psmj%xnm,w = (z — zo,u) > 0.
m—0o0

Again, since T} is maximal monotone, then 0.€ Tjzg. This shows that
2o € VI(C, By). From this, it follows:
(3.12) 20 € NN, VI(C, By).

Note that by (A2) and giveny € C and k € {0,1,...,M — 1}, we
have
1

k+1 1 k k+1
o <y_*-7n+ xn’jrlzﬂ_ Ty — JpTn) > Flc+1(yv~7n+ Tp).
n,k+1

Thus,

T, k+1

(3.13)  (y—Tnt wn, ) > Foa(y, T an,,).

By condition (A44), Fi(y,.), Vi, is lower semicontinuous and convex, and
thus weakly semicontinuous. Step 5 and condition lim inf,, 7, ; > 0 imply
that

T, k+1

— 0,

in norm. Therefore, letting m — oo in (3.13), yields:

Fir1(y,20) < liglanH(y, Tt 2n,) <0,
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forally € C and k € {0,1,..., M —1}. Replacing y with y; := ty+ (1 —
t)zo with ¢ € (0,1) and using (A1) and (A44), we obtain:

0= Fit1(yt, yt) < tFpq1(ye,y) + (1 = t) Frga (ye, 20) < tFit1 (e, y)-

Hence, Fj1(ty + (1 —t)z0,y) > 0, for all ¢ € (0,1) and y € C. Letting
t — 0" and using (A43), we conclude Fy1(z0,y) > 0, for all y € C' and
ke€{0,...,M — 1}. Therefore,

M
(3.14) z0 € (| EP(Fy) = EP(G).
k=1

We next show zp € N2, Fixz(S;). By Lemma 2.6, we have, for every
zeC,

(3.15) Wi,z — Wz,

and Fiz(W) = N, Fix(T;). Assume that zg & Fixz(W). Then, zy #
W zy. From Opial’ s property of Hilbert space, (3.12), (3.14), (3.15) and
Step 6, we have

liminf |2y, — 20| < liminf||z,,, — Wzo|
m m
< limminf(Hxnm — W P T 2|

Wi PN TM 20— Wi PN T 20]| + [ Wi, 20 — Wao]))
< liminf(||zn,, — 20] + W20 Wol)) = liminf |2, — zo]-

This is a contradiction: Therefore, zy belongs to Fiz(W) = N2, Fix(S;).

Step 9. Let z* be the unique solution of the variational inequality,

(3.16) (vf—A)x* x—2*) <0, z € F.
Then,
(3.17) limsup((yf—A4)z*, z,—z*) < 0.

Proof of Step 9. Lemma 2.3 of Marino and Xu [15] guarantees that
Pr(yf+(I—A)) has a unique fixed point z*, which is the unique solution
of (3.16). Let {z,, } be a subsequence of {z,} such that
(3.18) h}gn(('yf—A)w*, T, —*) = limsup((yf—A)z", z,—2x).

n—~oo
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Without loss of generality, we can assume that {x,, } weakly converges
to some z € C. By Step 8, z € F. Thus, combining (3.16) and (3.18),
we get

limsup((vf — A)z*, x, — ") < ((vf — A)z*,z — z*) <0,

n—oo

as required.

Step 10. The sequences {x,} and {J* 2, }7, converge strongly to z*.
Proof of Step 10. Taking

up = W, PN

Nm

T wn, V> 1,
we have ||u, — z*|| < ||z, — 2*||. By using lemmas 2.2 and 2.7, we have
Jnsr — 212 = (1 = B)I — enA) (un — %) + Bz =)
+en(7f(2n) — Az”)|?
<A = B — end)(un — 2%) + Blay — )|
+2en(7f (2n) — Az™, 2p g1 — 27)
((1_5)‘[—671/1) * *
<(1-p) - (un = 2 + Bllzn — 2™
+2eny(f(wn) = f(2%), wnp1 — &%) + 26, (VF (@) — A™, wng1 — 27)
_ 0= B - cua]?
< -5
+2enyll|wn — 2*|[|ents — @l 4 2ea(vf(27) = Az®, 2nga — 27)
(1 -8 —enAl?
1 =0
tenyl(llon — 27| #llznte — 27)1%) + 2en(7f(2") — Ax*, 241 — 2*)
Ay A )2
-9 7
1-p
e lllzns — *|° + 2en (v f(2") — Az, 2py1 — 2%).
It follows that

lun — 2 W2 Blln — 2"

<! o — 21+ Blan — 2"

+ B + enl) |0 — =*|?

. 2(7 —ly)e N
[ns1 —a? < (1~ 27— fr)en “Yan — 2|
1—lve,

~2
€ * * * € *
P GO — A s =) e — o).

Now, from conditions (C1) and (C2), Step 8 and Lemma 2.3, we get
|zn, — 2*|] — 0; namely, x,, — 2*, in norm. Finally, noticing ||JTFk’€n:nn —
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|| < ||z, — x*||, we have that, for all k € {1,..., M}, JTFkknﬂUn — ¥, in
norm. ]

A mapping T : C — H is called strictly pseudocontractive on C if
there exists k& with 0 < k < 1 such that

|72 — Tyl < |l — y|]? + k| (I = T)a — (I - T)y|?, for all 2,y € C.

If £k =0, then T is nonexpansive. Put B =1 — T, where, T : C — H
is a strictly pseudocontractive mapping with k. It is known that B is
12k _inverse-strongly monotone and B~1(0) = Fiz(T).

Now, using Theorem 3.1, we state a strong convergence theorem for
a family of strictly pseudocontractive mappings as follows.

Theorem 3.2. Let C be a nonempty closed convexr subset of a Hilbert
space H, ¢ = {S; : C — C} be an infinite family of nomexpansive
mappings, G = {F; : j = 1,...,M} be a finite family of bifunctions
from C x C into R which satisfy (Al)-(A4), v ={Tj+5=1...N} be a
finite family of strictly pseudocontractive mappings with 0 < k < 1 from
C into C, and F := Fiz(p) N EP(G) N Fix(y) # 0.

Let A be a strongly positive bounded linear operator with coefficient
¥, [ be an l-contraction on H for some 0 <1 < 1, {e,} be a sequence
n (0,1), {)\j,n}é\f:l be sequences in la,b], with 0 < a < b < 1 —k,
{Tj,n}j]vi1 be sequences in (0,00) and v and B be two real numbers such
that 0 < <1 and 0 <y < 7/l. Assume:

(C1) limy, €, = 0;

(C2) Y2, € = oo:

(D1) liminf, rj, >0, forevery j € {1,...,M};

(D2) limy, 75,5 /7 jmt1 =1, for every j € {1,...,M};

(D3) limy, [Ajp — Njmg1] =0, for every j € {1,...,N}.

For every n€ N, let W,, be the W-mapping defined by (2.3). If {x,}
is the sequence generated by r1 € H and Yn > 1,

o= S T2 TR
Yn = ((1 - )\N,n)l + )\NJLTN) s ((1 - )‘Q,n)I + )‘27"T2)
X((L = A p)I 4+ A nT)2n,

Tni1 = enVf(2n) + Ban + (1 = B) — €, A)Whyn,
then {xy} and {JF+ .} 0L, converge strongly to z* € F := Fix(p) N

EP(G)NFix(v), which is the unique solution of the variational inequal-
ity (1.5). Equivalently, we have Pr(I — A+ ~vf)x* = x*.
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Proof. Put B; = I —Tj, for every j € {1,...,N}. Then, Bj is lgk—

inverse-strongly monotone. We have that Fiz(Tj) is the solution set of
VI(C, By); i.e., Fix(Tj) = VI(C, B;). Therefore, by Theorem 3.1, the

result follows. OJ

Remark 3.3. We may put
VUp = PC(I_)\N,TL(I_TN)) e Pc(I—AQ’n(I—TQ))Pc(I—Al’n(I—Tl))un,

in the scheme of Theorem 3.2, and obtain a scheme for families of non-
self strictly pseudocontractive mappings.

REFERENCES

[1] H. H. Bauschke and J. M. Borwein, On projection algorithms for solving convex
feasibility problems, SIAM Rev. 38 (1996) 367-426.

[2] E. Blum and W. Oettli, From optimization and variational inequalities to equi-
librium problems, Math. Student 63 (1994) 123-145.

[3] F. E. Browder and W. V. Petryshyn, Construction of fixed points of nonlinear
mappings in Hilbert space, J. Math. Anal. Appl. 20 (1967) 197-228.

[4] L. C. Ceng, H. K. Xu and J. C. Yao, A hybrid steepest-descent method for
variational inequalities in Hilbert spaces, Appl. Anal. 87 (2008) 575-589.

[5] L. C. Ceng and J. C. Yao, A hybrid iterative scheme for mixed equilibrium
problems and fixed point problems, J. Comput. Appl. Math. 214 (2008) 186-
201.

[6] V. Colao, G. Marino and H. K. Xu, An iterative method for finding common
solutions of equilibrium and fixed point problems, J. Math. Anal. Appl. 344
(2008) 340-352.

[7] P. L. Combettes, Quasi-Fejérian analysis of some optimization algorithms, in
Inherently Parallel Algorithms for Feasibility and Optimization and Their Ap-
plications (D. Butnariu; Y. Censor, and S. Reich, eds.), 115-152, Stud. Comput.
Math., 8, North-Holland, Amsterdam, 2001.

[8] P. L. Combettes, The foundations of set theoretic estimation, Proc. IEEE 81
(1993) 182-208.

[9] P. L. Combettes and S. A. Hirstoaga, Equilibrium programming in Hilbert
spaces, J. Nonlinear Convez Anal. 6 (2005) 117-136.

[10] F. Deutsch and I. Yamada, Minimizing certain convex functions over the inter-
section of the fixed point sets of nonexpansive mappings, Numer. Funct. Anal.
Optim..19 (1998) 33-56.

[11] A. Gopfert, H. Riahi, C. Tammer and C. Zilinescu, Variational Methods in
Partially Ordered Spaces, Springer-Verlag, New York, 2003.

[12] N. Hadjisavvas and H. Khatibzadeh, Maximal monotonicity of bifunctions, Op-
timization 59 (2010) 147-160.

[13] H. Iiduka and W. Takahashi, Strong convergence theorems for nonexpansive
mappings and inverse-strongly monotone mappings, Nonlinear Anal. 61 (2005)
341-350.


www.SID.ir

Iterative algorithms for families of variational inequalities 267

[14]

[15]
[16]

[17]

[18]

[19]

[20]
[21]

[22]

23]

[24]

[25]

[26]

[27]
28]
[29]
[30]

[31]

A. N. Tusem and A. R. De Pierro, On the convergence of Han’s method for
convex programming with quadratic objective, Math. Programming Ser. B 52
(1991) 265-284.

G. Marino and H. K. Xu, A general iterative method for nonexpansive mappings
in Hilbert spaces, J. Math. Anal. Appl. 318 (2006) 43-52.

A. Moudafi, Viscosity approximation methods for fixed-points problems, J. Math.
Anal. Appl. 241 (2000) 46-55.

S. Plubtieng and R. Punpaeng, A general iterative method for equilibrium prob-
lems and fixed point problems in Hilbert spaces, J. Math. Anal. Appl. 336 (2007)
455-469.

R. T. Rockafellar, On the maximality of sums of nonlinear monotone operators,
Trans. Amer. Math. Soc. 149 (1970) 75-88.

S. Saeidi, Iterative algorithms for finding common solutions of variational in-
equalities and systems of equilibrium problems and fixed points_ of families and
semigroups of nonexpansive mappings, Nonlinear Anal. 70 (2009) 4195-4208.
S. Saeidi, Iterative methods for equilibrium problems, variational inequalities
and fixed points, Bull. Iranian. Math. Soc. 36 (2010) 117-135.

S. Saeidi, Modified hybrid steepest-descent methods for variational inequalities
and fixed points, Math. Comput. Modelling 52 (2010) 134-142.

K. Shimoji and W. Takahashi, Strong convergence to common fixed points of
infinite nonexpansive mappings and applications, Taiwanese J. Math. 5 (2001)
387-404.

T. Suzuki, Strong convergence of Krasnoselskii and Mann’s type sequences for
one-parameter nonexpansive semigroups- without Bochner integrals, J. Math.
Anal. Appl. 305 (2005) 227-239.

W. Takahashi, Weak and strong convergence theorems for families of nonexpan-
sive mappings and their applications; Ann. Univ. Mariae Curie-Sklodowska Sect.
A 51 (1997) 277-292.

W. Takahashi and K. Shimoji, Convergence theorems for nonexpansive mappings
and feasibility problems, Math. Comput. Modelling 32 (2000), 1463-1471

S. Takahashi and W. Takahashi, Viscosity approximation methods for equilib-
rium problems and fixed point problems in Hilbert spaces, J. Math. Anal. Appl.
331 (2007) 506-515.

W. Takahashi and M. Toyoda, Weak convergence theorems for nonexpansive
mappings and monotone mappings, J. Optim. Theory Appl. 118 (2003) 417-428.
H. K. Xu, An iterative approach to quadratic optimization, J. Optim. Theory
Appl. 116 (2003).659-678.

H. K. Xu, Iterative algorithms for nonlinear operators, J. London Math. Soc. (2)
66 (2002) 240-256.

H. K. Xu, Viscosity approximation methods for nonexpansive mappings, J. Math.
Anal. Appl. 298 (2004) 279-291.

I. Yamada, The hybrid steepest descent method for the variational inequality
problem over the intersection of the fixed point sets of nonexpansive mappings, in
Inherently Parallel Algorithms in Feasibility and Optimization and Their Appli-
cations, D. Butnariu, Y. Censor, and S. Reich, eds., North-Holland, Amsterdam,
2001, 473-504.


www.SID.ir

268 Saeidi

[32] 1. Yamada, N. Ogura, Y. Yamashita, and K. Sakaniwa, Quadratic optimization
of fixed points of nonexpansive mappings in Hilbert space, Numer. Funct. Anal.
Optim. 19 (1998) 165-190.

[33] D. C. Youla, Mathematical theory of image restoration by the method of convex
projections, in H. Stark, ed., Image Recovery Theory and Applications, Academic
Press, Florida, 1987, 29-78.

S. Saeidi

Department of Mathematics, University of Kurdistan, P.O.Box 66177-15175, Sanan-
daj 416, Iran

Email: sh.saeidi@uok.ac.ir and shahram_saeidi@yahoo.com


www.SID.ir

