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NEW COMPLEXITY ANALYSIS OF A FULL
NESTEROV-TODD STEPS ITPM FOR SEMIDEFINITE
OPTIMIZATION
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ABSTRACT. In [H. Mansouri and C. Roos, Numer. Algorithms 52
(2009) 225-255.], Mansouri and Ross presented-a primal-dual in-
feasible interior-point algorithm with full-Newton steps whose it-
eration bound coincides with the best known bound for infeasible
interior-point methods. Here, we introduce a slightly different al-
gorithm with a different search direction and show that the same
complexity result is obtained using a simpler analysis.

1. Introduction

For a comprehensive study of interior-point methods (IPMs), we re-
fer to Roos et al. [9] and deKlerk [1]. Ross in [8], presented a full-
Newton step infeasible interior-point algorithm for linear optimization
(LO); Later, this algorithm was extended to semidefinite optimization
by Mansouri and Ress [5]. Here, we present a slightly different algorithm
obtained by changing the definition of the search direction in the algo-
rithm given in [5]. We show that the analysis of the new algorithm is
easier than the one for the algorithm in [5], whereas the iteration bound
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essentially remains the same.

We consider the semidefinite optimization (SDO) problem given in the
following standard form:

(P) min Tr (CX)
s.t. ’I‘I‘(AZX) :bi, i:1,2,...,m, XZO,

and its dual,

(D) max by
st. Yoy Ai+S=C, S=0,

where, each A;, ¢=1,---, m, and C are symmetric, i.e., 4;, C € 8"
and b € R™. Furthermore, X »= 0(X > 0) means that X is symmetric
and positive semidefinite (symmetric and positive definite). Without
loss of generality, we assume that the matrices/ A; are linearly inde-
pendent. As usual for infeasible interior-point methods (IIPMs), we
use the starting point as in [4, 5] that one knows a positive scalar
¢ such that X* + S* =< (I for some optimal solution (X*, y*, S*)
of (P) and (D) such that Tr(XS) = 0 and the initial iterates are
(2%, 4%, S%) = ¢ (I, 0, I), where I denotes the identity matrix of size
n X n. Using Tr (XOSO) = n(?, the total mumber of iterations for the
algorithm in [5] is bounded above by

max {n¢* |7, || B2}

(1.1) 20n log -

where, r) and R are the initial values of the primal and dual residuals:

(1.2) (rp), = bi—AieX’ i=1 .. m,
(1.3) RY = C=) 404 -5
i=1

Up to a constant factor, the iteration bound (1.1) was first obtained by
Kojima et al. [3] and Potra and Sheng [7], and it is still the best-known
iteration bound for IIPMs.

To describe our aim here, we need to recall the main ideas underlying the
algorithm in [5]. For any v with 0 < v < 1, we consider the perturbed
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problem (P,) to be defined by

(P,) min (C_V<C_§:y?Ai—SO>>OX
i=1

s.t. Aje X =b—v(b—AeX%, X:=0,
and its dual problem (D)) given be
(D,) max D (b — v (bi — Aie X))y,
=1
s.t. ZyiAi+S=C—u<C—Zy?Ai—SO>,SiO.
i=1 =1

Note that if v = 1, then X = X0 yields a strictly feasible solution of
(P,), and (y,S) = (y", S°) gives a strictly feasible solution of (D,). We
conclude that if v = 1, then (P,) and (D,) are strictly feasible, which
means that both perturbed problems satisfy the well-known interior-
point condition (IPC). More generally, one has the following lemma [5,
Lemma 4.1 |.

Lemma 1.1. Let the original problems, (P) and (D), be feasible. Then,
for each v satisfying 0 < v < 1, the perturbed problems (P,) and (D))
are strictly feasible.

Assuming that (P) and (D) are feasible, it follows from Lemma 1.1
that the problems (P,) and (D,) satisfy the IPC for each v € (0, 1].
But then their central paths exist. This means that the system

(1.4) bi—Aie X = v(r)),, i=12...,m, X=0

(15) C=>_widi=S = vR), S=0
i=1
XS = ul,

has a unique solution, for every p > 0. In the sequel, this unique solution
is denoted by (X (u, v), y(u, v), S(u, v)). These are the p-centers of the
perturbed problems (P,) and (D,).

Note that since X°S° = 107, X0 is the u%-center of the perturbed
problem (P;) and (y°, S°) is the u’-center of (D1). In other words,

(X (1%1), y (u,1), 8 (17,1)) = (X747, 8%).
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In the sequel, we will always have u = v u%, and we will accordingly
denote (X (u, v), y(u, v), S(p, v)), simply by (X (v), y(v), S(v)).

We measure proximity of iterates (X, y, S) to the u-center of the per-
turbed problems (P,) and (D,) by the quantity J (X, S; u), which is
defined as follows:

§(X, 8, p)=6(V)=5|[V -V

(1.6)
where, V := ﬁD*lXD*1 = ﬁDSD.

Here, D = P2 with
1 1 1 =t 1 —1 1 1 i —1
(17) P:=X3 (X§SX§) 2 X3 =87 (SEXS§)2 S7,
which is a symmetric nonsingular matrix. For more details, see [6].
Initially, we have X = S = ¢I and pu = ¢2, where, V' = I and
5(X, S 1) = 0.

In the sequel, we assume that at the start of each iteration, § (X, S; p)
is smaller than or equal to a (small) threshold 7 > 0. So, this is certainly
true at the start of the first iteration.

We now describe one iteration of our algorithm. Suppose that for some
v € (0, 1], we have X, y and S satisfying the feasibility conditions (1.4)
and (1.5) and such that

(1.8) Tr (XS) =nu, and d(X,S; p) <,

where, ;1 = v¢2. Each main iteration consists of one so-called feasibility
step, a pu-update, and-a few centering steps, respectively. First, we find
new iterates X/, g/ and S/ that satisfy equations (1.4) and (1.5), with
v replaced by vt As we will see, by taking § small enough, this can
be realized by one feasibility step, as discussed subsequently. Therefore,
as a result/of the feasibility step, we obtain iterates that are feasible
for (P,+) and (D,+). Then, we reduce v to v = (1 —0)v, with 6 €
(0, 1), and apply a limited number of centering steps with respect to the
pt-centers of (P,+) and (D,+). The centering steps keep the iterates
feasible for (P,+) and (D,+), and their purpose is to get the iterates
X+, y% and ST such that Tr (X*+S+) = nu™, where, ut = v7¢? and
§(XT, S*; uT) < 7. This process is repeated until the duality gap and
the norms of residual vectors are less than some prescribed accuracy
parameter ¢.
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Before describing the search directions used in the feasibility step and
the centering step, we give a more formal description of the algorithm
in Fig. 1.

Primal-Dual Infeasible IPM

Input:
Accuracy parameter ¢ > 0;
barrier update parameter 6, 0 < 0 < 1;
threshold parameter 7, 0 < 7 < %;

X%%>0,5%~0, 4% =0and p° > 0 such that X°S% = ;7.
begin
X :=X% 8:=89 y:=9% p:=puo%
while max (Tr (XS), |||, ||Re]|) > edo
begin
feasibility step:
(X, y, 8) = (X, 9.9 + (AT X, Ay, ATS);
p-update:
pe= (1= 0)p;
centering steps:
while 0 (X, S, ) > 7 do
begin
(X,y,5) =(X,y, 5+ (AX, Ay, AS);
end

end
end

Figure 1. Infeasible Full-Newton-Step Algorithm.
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For the feasibility step, in [5] we used the search directions Af X, Afy
and ATS,

(1.9) Tr(AiAfX> — (), i=1,...,m,

(1.10) > Afydi+AIS = 6vR)
=1
(1.11) A'X + PATSPT = St - X,

where, we used the NT-‘trick’ to symmetrize A/ X with P as defined in
(1.7). It is easy to see that if (X, y, S) is feasible for the perturbed prob-
lems (P,) and (D,), then after the feasibility step the iterates satisfy the
feasibility conditions for (P,+) and (D,+ ), provided that they satisfy the
positive semidfinite conditions. Assuming that the step 6 (X, S; u) <7
holds, before hand and by taking 6 small enough, it can be guaranteed
that after the step, the iterates

(1.12) X' =X+ AKX,
y' =y+ Ay,
(1.13) st =85+AJs,

are semidefinite and moreover § (X LS /ﬁ) < %, where,

pt = (L= 0) .

So, after the p-update, the iterates are feasible for (P,+) and (D,+), and
p is such that § (X7, §7; p*)< %

In the centering steps, starting at iterates (X, y, S) = (Xf, yf, Sf) and
targeting at the u-centers, the search directions AX, Ay and AS are the
usual primal-dual NT directions, (uniquely) defined by

AjeAX = 0, i=1,2,....,m,
(1.14) D AgAi+AS = 0,
=1
AX + PASPT = puS7!'-X,

where, matrix P is defined as in (1.7). Denoting the iterates after a
centering step as X, y and ST, we recall the following from [1].
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Lemma 1.2. If § := 6 (X, S; u) < 1, then the primal-dual NT step
is feasible, i.e., X and ST are nonnegative, and Tr (XTST) = npu.
Moreover, if 6 =6 (X, S; p) < %, then 6 =6 (X, S; p) < 62,

The centerting steps serve to get iterates that satisfy Tr (XS) = nu™
and 0 (X, S; uT) < 7, where 7 is much smaller than % By using
Lemma 1.2, the required number of centering steps can easily be ob-
tained. This goes as follows. After y-update, we have § (X f st /ﬁ) <

%, and hence after k centering steps, the iterates (X, y, S) satisfy

5 (X, 5, ut) < (%)2

Just as in [5], this implies that no more than

1
(1.15) log, <log2 T2>

centering steps are needed.

Having described the approach taken in [5], we are now able to explain
our aim here. We present a slightly different algorithm which is obtained
by changing the definition of the feasibility step, replacing (1.11) by

(1.16) A X + PATSPT = .

As we will see, this simplifies the analysis of our algorithm, whereas the
iteration bound essentially remains the same.

The rest of the paper is organized as follows. Section 2 is devoted to
the analysis of the new feasibility step, which is the main part of our
work. We will see that the new search direction requires a different
analysis, but at some places we can use the results obtained in [5]. In
such cases, we will cite these results without repeating their proofs. The
final iteration bound is derived in Section 3. The concluding remarks
are given in Section 4.

Notations

Some notations used throughout the paper are as follows. The su-
perscript T denotes transpose. R™, R’ and R’ denote the set of
vectors with n components, the set of nonnegative vectors and the
set of positive vectors, respectively. For any =z = (z1; z2; ...; zp) €
R", Zpin = min (z1; x2; ...; Tp) and Tymax = max (z1; X2 ...; Tpn).
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R™*™ is the space of all m x n matrices. S", S8 and S7, denote
the cone of symmetric, symmetric positive semidefinite and symmet-
ric positive definite n X n matrices, respectively. P and D denote the
feasible sets of the primal and dual problem respectively. The relative
interior of a convex set C is denoted as ri(C). I denotes the n x n
identity matrix. We use the classical Lowner partial order > for sym-
metric matrices. So, A > B (A > B) means that A — B is positive
semidefinite (positive definite). The sign ~ denotes similarity of two
matrices. The matrix inner product is defined by A e B = Tr (ATB).
Folr any symmetric positive definite matrix ¢ € St , the expression
@2 denotes the symmetric square root of ). For any symmetric ma-
trix G, Amin (G) (Amax (G)) denotes the minimal (maximal) eigenvalue
of G. When X\ is a vector, we denote the diagonal matrix diag (\)
with entries A; by A. For any V € S, we denote by A (V) the
vector of eigenvalues of V arranged in non-increasing order, that is,
Amax (V) =M (V) > X (V) > ... > Xy (V) = Amin (V). The Frobenius
matrix norm is given by [|U]? := 37, > i1 Ul =Tr (UTU).

For any p x ¢ matrix A, vec (A) denotes the pg-vector obtained by
stacking the columns of A. The Kronecker product of two matrices A
and B is denoted by A® B (we refer to [2] fora comprehensive treatment
of Kronecker products and related topics).

2. Analysis of the Feasibility Step

Let X, y and S denote the iterates at the start of an iteration with
Tr (XS) = nu and (X, S, 1) < 7. Recall that at the start of first
iteration this is certainly true, because Tr (X OSO) = nu’ and

5 (X9, 8%, 1) = 0.

Before dealing with the analysis of the algorithm, we recall a lemma
that will be needed.

Lemma 2.1 (Lemma A.1 in [1]). Let Q € S, and let M € R"*" be
skew-symmetric (i.e., M = —M7T). Then, det (Q + M) > 0. Moreover,
if the eigenvalues of Q + M are real, then

0< )\min(Q) S )\min(Q+M) S )\max(Q+M) S )\maX(Q)'
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2.1. The feasibility step and the choice of 7 and 6.

As established in Section 1, the feasibility step generates new iter-
ates X/, 3/ and S/ that satisfy the feasibility conditions for (P,+) and
(D,+), except for possibly the positive semidefinite conditions. A cru-
cial element in the analysis is to show that after the feasibility step,
1) (Xf, St ;ﬁ) < %, i.e., that the new iterates are positive and within
the region, where the N'T process targeting at the ut-centers of (P,+)
and (D,+) is quadratically convergent.

We introduce scaled versions of the search directions A/ X and A/ S as
follows:

DY := D 'AIXD™!, Df := =DALSD,
(2.1)

(V/)* = -LD ' x/ 5D,

with D as defined in Section 1. By using (2.1) and replacing (1.11) by
(4.1), we can rewrite (1.9)-(1.11) as follows:

1
’I‘r(DAiDDf> — o (®). " i=1,...,m,
X \/ﬁ ( b)z
Ui Afyz f 1 0
22 Y DA;D + D}, = ~—_9uDR'D,
~ i 2 VI

DL +pl = o

From the third equation in (2.2), we obtain, by multiplying both sides
on the left with V/,

(2.3) VD4 + VDL =o.

Using (1.6), (1.12), (1.13) and (2.1), we obtain
X! = X+a'X =D (v + D) D,
s = s+als=up~ (v+pf) D7,

Therefore,
x7sf = up (v +DL) (v +Df) D7
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The last equality shows that the matrix X7Sf is similar to
u(v+ L) (v+Di).
This means that we have
x7s! ~u(v+D%) (v+Df).

To simplify the notation, in the sequel we use

fo_Yinrpr o pipt
(2.4) Dl =5 (DkD+ DDk ).
and
1
(25) M= (Dkv-vDL)+3 (DkDh - DiDY).

Note that DQS is symmetric and M is skew-symmetric. Now, we may
write, using (2.3),

(v+D%) (v+D§) = v?+vDh+ pkv DD
_ 2 f ) I'nf
= V*=VDy+ DxV + Dy Dy.
By adding and subtracting %D£D§( to the last expression, we get

1

1
2 f nf fnf f f f nf fnf
V= + 5 (DXDS + DSDX) + (DXL -V DX) Ty (DXDS - DSDX> :

Using (2.4) and (2.5), we obtain
(2.6) x/g/! ~,u(V2+D§(S+M).

Lemma 2.2. Let X > 0 and S = 0. Then, the iterates (Xf, yf, Sf)
are strictly feasible if

V24 Dy~ 0.
Proof. The proof is similar to the proof of Lemma 4.4 in [5]. O

By the Rayleigh-Ritz theorem (see [2]), we easily have the following
result.

Lemma 2.3. Let A, B € S™. One has
Ai (A4 B) > Muin (A) — Dmax (B)|, i=1,---, n,

where, Amin (A) denotes the smallest eigenvalue of A and A\pax (B) is the
largest eigenvalue of B.
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Proof. By the Rayleigh-Ritz theorem, there exists xg € R” such that

T(A+B T A T B
Ai(A+B) = )\rnin(A—FB):xO( T+ )96‘0:$0Tx0 $0T330

vt Azg |2l Bxo rT Az z” Bz
T — T > min 7 — hax T
Ty To Ty To A0 T X z#0 | T T
= )\rnin (A) - |>\max (B)| .
This completes the proof. ]

From the third equation in (2.2), we have Dé = —Dg(, and therefore
by replacing in (2.4), we have
f o _Yorpt o ptpt) — AN
(2.7) D=3 (pkpi+Dipl) = (p)".
The equation (2.7) and lemmas 2.2 and 2.3 imply the following result.

Lemma 2.4. The iterates (Xf, yl, Sf) are strictly feasible if

)\i<D§()‘§)\min(V), i=1, - n

We continue this section by recalling a lemma from [9] that is crucial
in the analysis of the algorithm.

Lemma 2.5 (cf. Lemma I1.60 in [9]). Let = 6 (V') be given by (1.6).

Then,

1
2.8 —— <N (V)£ p(9),
(2.8) 2 (0) = (V) =0 (9)
where,

(2.9) p(8) =6+ 1+ 02

Assuming /2 +D§( g = 0, which according to Lemma 2.4 implies that
the iterates (X foyl st ) are strictly feasible, we proceed by deriving an
upper bound for 4 (Xf7 St /ﬁ). According to Definition 1.6, we have

5 (XTI, 85 pt) =1 \ Vi (vf)*H,

(2.10)
f__1 p-lyfp-1_ _1 f
where, V/ = \/;FD X'D™ = \/;FDS D.
In the sequel, we also denote & (Xf7 St ,u+) by § (Vf). We need some
technical results which give information on the eigenvalues and the norm
of V7.
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Lemma 2.6. One has

N ((Vf>2) S (p(;f _ Hv + (D))’ ) |

Proof. Using (2.6), after division of both sides into u™ = (1 — 6) u, we
get

V24Dl + M) 2, f
(2.11) (Vf>2’“ u( = _ A Pys + M
ut 1-6
It follows that

2 1
Ai ((Vf) ) = 5N (V2 +D§(S+M> .
Since M is skew-symmetric, lemmas 2.1 and 2.3 and (2.7) imply
% 1 2 pf
Amin (V ) > m)\min (V +DXS>

> 1%0 <>\min (V) — ‘)\max <(D§(>2> D .

By using Lemma 2.5, we easily obtain

Amin ((Vf)2) = 1T10 <p(15)2 B H(DQQ
v (02) 2755 (5 ~ v+ (28]

Since V2 is a positive semidefinte matrix, we have
This completes the proof. O

).

Proof. The proof is the same as the proof of Lemma 4.8 in [5]. O

Lemma 2.7. One has

HI_ (Vf>2H : Tle (x/ﬁw— 1)+ Hv2+ (D§)2

Using (2.10) and lemmas 2.6 and 2.7, we have the following result.
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Lemma 2.8. One has

o) (v -v+ |2+ (o))

\/(1 —9) <1 —p(8)2|v2+ (D§)2H>

We conclude this section by presenting a value that we do not allow

2
V24 (DQ) to exceed. Since we need to have ¢ (Vf) < %, it follows

2 (V) <

from Lemma 2.8 that it suffices to have

2

0 (5) <\/ﬁ(0— 1) + ‘v? +(p{) )
< V2.
2
\/(1 —9) <1 —p (|2 + (Dg}) )
At this stage, we decide to choose
1 «o
2.12 == = — < 1.
( ) T 87 9 2\/57 o N
Then, for n > 1 and § < 7, one may verify that
2 1
2 f < f <
(2.13) Hv + (DX> H <1= 5(v ) < 75
2 2
Since ||V?2 + (D;}) ‘ < HV2H+ ‘(DQ) , it is possible to replace (2.13)

by a weaker condition as follows:

(2.14) V2| H<D§>2H SEXIE \}i

Using (2.14), we find out that in order to have § (Vf ) < %, we should
vV | (04)° (04)°] = 17
suffices to have V? satisfy HVZH < % So, we have 5(Vf) < L if

V2

Ai (Dg()‘ < %, for all ¢ = 1, ---, n. We proceed by considering the

vector Df( in more detail.

< 1. Therefore, since
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2.2. An upper bound for HDQH

It is clear from system (2.2) that Dﬁ( is the unique solution of the
system

1
Tr(DAZ-DDﬁ() — (), i=1,...,m,
Vi
" ATy, 1
S =YpaD+ D} = —6vDRID.
o VH Vi

To derive an upper bound for ‘ Dg(

‘ , we recall a result from [5]. There,
we proved that if the matrix () satisfies

1
Tr (DA,DQ) = —Ov(r))., i=1, ..., m,
( ) N (),
ZﬂDAiDJrQ = —60vDRD,
i=1 Yz Vi
then it follows that
0
Q< ———Tr (X +9).
1Qll Do V) ( )

By using almost the same arguments, we also have

o
gmi‘r(XJrS).

This inequality implies that, for all 1 =1, ---, n,

(2.15)

A (Dg})] ngz(V)Tr(X+S).

2.3: Bounds for Tr (X + S) and Ay, (V): The choice of 7 and a.

Recall that X is feasible for (P,) and (y, S) is feasible for (D, ), and
0(X, S; u) < 7. We need to find an upper bound for Tr (X + S) and a
lower bound for the eigenvalues of V. From Lemma 2.5, we have

1

(2.16) <N (V)< p(9).

p(6) — -
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Using Lemma 4.16 in [5], we get
Tr (X + ) < (p(8)* +1) nc.
By substituting into (2.15), we get
A (D§(> < nfp (6) (1 +p(5)2) , forall i=1,---,n.

Since § < 7 = % and p () is monotonically increasing in §, we have

i (Df()‘ < nbp () (1 +p (5)2) <nfp (é) (1 +p <;)2> = 2.586n6.

x (B4 ‘:

By using 0 = ﬁ, we obtain the following upper bound for

2.586n«
5 (04)] = =55

In Section 2.1, we found that in order to have § (Vf ) < %, we should
A (Dﬂ;)’ < L. Since |\ (Df()‘ < 2:380na " the Jatter inequality

have

V2 2yn
is satisfied if we take
1
2.17 = —
(27) 0= 5
because

V2

=0. >
2.586 figo =

N | =

3. Complexity

As already shown in Section 1, with 7 as defined in (2.12), according
to (1.15) we need at most

1
log, (log2 T2> = log, (log, 64) < 3

centering steps to get iterates satisfing 0 (X, S; ™) < 7. So, each it-
eration consists of one feasibility step and at most 3 centering steps.
In each iteration, both the duality gap and the norms of the residual
vectors are reduced by the factor 1 — 0. Hence, using Tr (X OSO) =n(?,
the total number of iterations is bounded above by

Uy N LA
g
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Due to (2.12) and (2.17), we have
1
0=_-"_=_—
2y/n 4n
Hence, the total number of inner iterations is bounded above by
max {n¢* |||, [|Re]l}
€

16 nlog

We have the following main result.

Lemma 3.1. If (P) and (D) have optimal solutions (X*, y*, S*) such
that X* + S* <X (I, then after at most

max {n¢?, ||r]|, ||R2}
9

16 n log

iterations the algorithm finds an e-solution of (P) and (D).

The above theorem gives a convergence result under the assumption
that (P) and (D) have optimal solutions (X*,y*, S*), with zero duality
gap, and such that the eigenvalues of X™* and .S* do not exceed (. One
might ask what happens if this condition is not satisfied.

Our analysis of the algorithm has made clear that as long as we have
§(X7, 8T ut) < 1/v/2 after each feasibility step, then the algorithm will
generate an e-solution of (P) and (D), and the number of iterations will
be as given by Theorem 3.1. So, if during the execution of the algorithm
it happens that after the feasibility step, §(X/, S/; ut) > 1//2, then we
must conclude that there exists . no optimal solution (X*, y*, S*) with
zero duality gap such-that the eigenvalues of X* and S* do not exceed
(. In that case, one might rerun the algorithm with larger values of (.
If this does not help, then eventually one should realize that (P) and/or
(D) do not have optimal solutions at all, or they have optimal solutions
with positive duality gaps.

4. Concluding Remarks
We presented a slightly different algorithm from our previously pro-

posed one, obtained by changing the definition of the feasibility step.
The new step is defined by

A'X + PATSPT =,
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whereas, the feasibility step in [5] was defined by
AX 4+ PASPT = us—1 — X.

There is one more candidate for the definition of this step, namely,

AFX + PATSPT = (1 -0)uS™! - X.

It is certainly worthwhile to analyze a full-Newton step method based
on this candidate search direction. Other interesting endeavors are the
extension of the ideas discussed here to second-order cone optimization
and symmetric cone optimization.
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