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ON p-A-BOUNDED VARIATION

M. HORMOZI, A. A. LEDARI* AND F. PRUS-WISNIOWSKI

Communicated by Mohammad Sal Moslehian

ABSTRACT. A characteriation of continuity of the p-A-variation
function is given and the Helly’s selection principle for ABV
functions is established. A characterization of the inclusion. of
Waterman-Shiba classes into classes of functions with given inte-
gral modulus of continuity is given. A useful estimate on -modulus
of variation of functions of class ABV ® is found.

1. Introduction

In 1980 M. Shiba {13] introduced the class ABV® (1 < p < o0)
expanding a fundamental concept of bounded A-variation formulated
and usefully applied by D. Waterman in 1972 [18].

The main objective of this note is to find a necessary and sufficient
condition for the embedding ABV® HY. However, some estimates
on the modulus of variation and on the integral modulus of continuity for
functions in the Waterman-Shiba class ABV () are given because they
were needed in our proof of the main result. Another part of this note
is devoted to.a characterization of continuity of p-A-variation function.
The Helly’s selection theorem for ABV () functions is proved also.
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Let A = (\;) be a nondecreasing sequence of positive numbers such
that > /\% = +oo and let p be a number greater than or equal to 1. A
function f : [a, b] — R is said to be of bounded p-A-variation on a not
necessarily closed subinterval P C [a, b] , if

V(f; P) := sup (f: W)p < +oo,
i=1 !

where the supremum is taken over all finite families {/;}? ; of nonover-
lapping subintervals of P and where f(I;) := f(supl;) — f(inf I;) is
the change of the function f over the interval I;. The symbol ABV (P)
denotes the linear space of all functions of bounded p-A-variation with
domain [0, 1]. We will write V(f) instead of V(f, P)y if P =0, 1].
Also, we will write V(f) instead of V(f) sometimes when it is impor-
tant to emphasize for which particular A-sequence the p-A-variation is
computed.

The Waterman-Shiba class ABV(®) was introduced in 1980 by M.
Shiba in [13] and it clearly is a generalization of the well-known Wa-
terman class ABV. Some of the basic properties of functions of class
ABV®) were discussed by R. G. Vyas in [16] recently. More results
concerned with the Waterman-Shiba classes and their applications can
be found in [2], [3], [10], [11], [12], [14] and [15]. ABV®) equipped with
the norm ||f|a,p := |f(0)] + V(f) is.a Banach space.

Given a function f € ABV®), we will also consider the p-A-variation
function of f

o(@) = V(f; [0, z])
defined for z € [0,,1].

Let h = (h,) be a concave sequence of positive numbers convergent
to 0. The Chanturia elass V[h| is defined to be the class of all functions
f 10,1 — R such that v(n, f) = O(h,) as n — oo, where the
modulus of variation of the function f is given by

v(n, f) = wv(n, f,[0,1]) == sup Y _[f(I)],
k=1

the supremum is taken over all n-element families {Ij} of nonoverlapping
subintervals of [0, 1]. The concept was introduced by Z. A. Chanturia in
1974 (see [4]) and many interesting applications of it to Fourier series are
well-known. It is easy to see that the modulus of variation is subadditive
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with respect to the underlying interval, that is, if f is defined on [a, b]
and ¢ € (a, b), then

v(n, f,[a, 0]) < vn, f, [a, ) + v(n, [, [c b])

for every positive integer n.

Functions in a Waterman-Shiba class ABV () are regulated [15, Thm.
2], hence integrable, and thus it makes sense to consider their integral
modulus of continuity

1-h
w16, f) == sup /0 F(t+h) — ()] dt,

0<h<é

for 0 < ¢ < 1. However, if f is defined on R instead of on [0, 1] and if
f is 1-periodic, it is convenient to modify the definition and put

1
wi(6, f) = sup /0 F(EHR) — F(8)] dt,

0<h<6

since the difference between the two definitions is then nonessential in
all applications of the concept. We will use the second definition in our
note, and thus the main Thm. 4.1 will actually deal with 1-periodic
functions.

A function w : [0, 1] — R is said to be a modulus of continuity, if it is
nondecreasing, continuous, subadditive and w(0) = 0. If w is a modulus
of continuity, then H{ denotes the class of functions f € L;[0, 1] for
which wi(d, f) = O(w(d)) as & — 0+.

2. Continuity of p-A-variation function

In this section we are going to establish a characterization of conti-
nuity of the p-A-variation function analogous to [19, Thm. 4] First, we
prove a lemma.

Lemma 2.1. Let f be of class ABV®) on I. If [x,y] C I and |f(x) —
)| =6 >0, then

o(y) — v() > (g) (M) (;) ;
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ko = inf 4 ki - (é ;) " > (§> o()

Proof. For given n > 0, there exist a finite sequence of intervals
I,, n=1,..,N in [a,z], such that the corresponding numbers |f(I,)|
are nonincreasing and

N 1/p
v(z) < (Z If(In)\p/An> + 1.
n=1

Let m = inf({n : |f(I,)| < 6/2} U{N + 1}). We shall show that

v -v0) = (5) (£ (M) il

1/p
Put |f(I,)[" = a, and T = (Zflvﬂ K—:) . Let S denote the sum

obtained by adjoining 0 to the collection {a,} and forming a sum of
N + 1 terms as indicated below:
19 If ap, > 6/2, n=1,...,k but apeq < §/2;set

where

S=(ar/M + ot ap/Ne+ O [t + @rra/Ner2 + -+ an/An1) P
then

SP=T% > ((0" — arg) /Art1 + (Gk+1 = Ghy2)/Abs2 + -+ an/ANt1)
s —(8)"

>
Akt1

Hence,

Sp TP 1 o — (3P
1 > (5P =T7) > 4444549244<

b prHA,p prHA,p )\k+1

S—T >

20, If @,, > /2, for all n, set

S =(a1/M +..+an/Ay + 8/ Ani1)YP;
then
SP— TP 1 5P
Spfl > p—l (Sp - Tp) > p——l
p PlIfIIA PSR, AN+

S—T>
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30. If §/2 > ay,, for all n, set

S=0P/M+ar/re+ ...+ aN/)\N+1)1/p;
then
PSPl PR,
Now, v(y) > S. Hence,
v(y) —v(x) >v(y) —T—-n>S—-T—n

S—T>

p—1
Ap

and so

(g)p ()‘k1+1) <pf|1§pl> —-n If (077 > 5/2

forn <k, app1 < 9/2,
p 1 1
N >
) ( )(mm,;) 0 1f an28/2 for alln,

AN+1

P11 1
) ()Tl) <1W>_n If a, <6/2 for all n,

v(y) —v(x) = (

(

N[>

[\JIS9)

which is (*).

Now, kg > m since
a) if m=1, therefore ky > 1;
b) if m=N+1, then

N 1/p 5 N 1/p
oe) > <Z |f<fn>|p/xn> > (3) (Z 1/An)
n=1

n=1

where for I, = [an, by, f(In) = f(by) — f(an). Therefore, kg > N + 1;
c)if 1<m <N +1, then

o= () (Em)

therefore kg > m.
From (*) we have

v(y)v@)z(g)” L

1y
plIfIIR, Ao

which implies the desired result since kg is independent of 7 .
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Let us recall that all ABV(®) functions are regulated [15, Thm. 2],
that is, the left-side limit f(z—) and the right-side limit f(x+) exist and
are finite at every point.

Lemma 2.2. If f is of bounded p-A-variation on [a, b], then
6) lm V(i (aatd) = 0= lm V(S b-eb);

() lm V(o atd) = L@=Sabl
e—0t )\1;
£(b) = f(o-)]

(iii) lim V(f;[b—e¢ b)) =

e—0t

Proof. We are going to prove (i) first. We may assume without loss of
generality that Ay > 1. Indeed, it suffices to replace A by the A-sequence
N = )\il - A\, if necessary.

Clearly, V(f; (a, a+¢€]) > 0, for every € € (0, b—a). Suppose that (i)
does not hold. Then, limsup,_,o+ V(f; (a5 a+€]) > g, for some g > 0.
Because V(f; (a, a+ €]) is non-decreasing a function of €, we conclude
that V(f; (a, a+¢€]) > g, for every e > 0.

Given a positive integer n, the sequence (A;):2,, . ; is again A-sequence
and it is denoted by A(,) usually. We claim now that for every positive
integer n there is a number 5, >0 such that

gP
V/{)(n)(f; (a, a+¢€]) > 1
for every € € (0y9,).  In fact, it suffices to take =, small enough to
satisfy

Mog”

(2.1) FDF < =5

for all subintervals I C (a, a + 7,). Such a choice is feasible by the
existence of the right-hand side limit of f at the point a. If v > 0 is
smaller than v,, then the inequality VY (f; (a, a+~]) > ¢P implies that
there is a family {I;}*_; of non-overlapping subintervals of (a, a + 7]
such that

k
Z|f(/<z)‘p > gP.
i=1 ¢
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Because of (2.1) it must be k> n and thus

k n
|f(L:)[P » fL)P @h o gP
i:zn;rl Ai - ; Ai 72

which proves our claim. Therefore, we can construct an increasing se-

quence (kp)>2, of positive integers and a sequence <{IZ-(n)}ffL1rk )
- "/ n=1

of finite families of subintervals inductively so that

1) < min (2™
1+knglgl?(§kn+2(sup ! ) - 1+knr£122kn+l (ln ¢ )
and i
S AL ]
) Ai 2
i=1+kn

for all n. It follows that f & ABV®) a contradiction: Thus, it must be
V(f; (a,a+¢€)—0 as e = 07.

Replacing f(z) by f(b—a— x), we see that the second equality in (i)
follows from the already proven one.

We will now prove that (ii) holds. Given any family {;}7_; of [a, a+¢€],
one has

SO o, MO, s
=1

A a<z<a+te >\1

and hence

0 < VP(f;[a,a+€). < sup
a<zr<a+te )\1
Passing to limits'with e — 0T, we obtain
- P
(2.2) lim Vp(f; [a, a -+ 6]) < ’f(a) f(CH_)‘ )
e—0F )\1
On the other hand,

VP(f; [a, a+€]) > | f(a) —i(a+6)|p

for every € > 0 which implies that

(2.3) lim VP(f: [0, a4 ) > LW =S@tolf
e—0t )\1

It follows from (2.2) and (2.3) that (ii) holds.
The proof of (iii) is quite similar and we will leave it out.
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Theorem 2.3. Let f be of class ABVP). Then, its p-A-variation func-

tion v is right (left) continuous at a point if and only if f is right (left)

continuous at the point.

Proof. It follows from Lemma 2.1 that if f is discontinuous at a point x,

then v is similarly discontinuous at the point. On the other hand, since

p-A-variation is subadditive with respect to intervals, the inequalities
v(z) < v(zt+e) < (@) + V(fi[z, z+¢),

which is valid for € > 0, lead in the case of f right-continuous at z to
the conclusion

lim v(z+e€) = v(z

Tim vz o) = u(a)
by Lemma 2.2. That is, right-countinuity of f at z implies right-

continuity of v at z.

3. Estimates on moduli

Our first theorem generalizes an estimate on the modulus of variation
given by M. Avdispahié in [1].

Theorem 3.1. If f € ABV®) then
[4¢))

(Cr )

v(n, f) < 'm

Proof. We get by Avdispahié’s trick

- n(V(f))?
6.) S e < 2P
i=1 2im i
for any f € ABV® and any family {I;}_, of nonoverlapping subin-
tervals (cf. [7, proof of Thm. 11.11]). Now, for p € (1, +o0), Holder

inequality yields

SIAI)| < ' (Z\f(fi)’p>
=1 i=1

Thus, it follows from (3.1) that

n

Z|f(fi)| < n—
=1 (Z?:l)%)p

D=
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for any f € ABV® and any family {I;}1_, of nonoverlapping subin-
tervals of [0, 1] which implies the required inequality.

The estimate given in Thm. 3.1 enables us to give a short proof of the
Helly’s selection theorem for ABV(®) a proof based on a very general
form of selection principles for functions of a real variable found by V.
V. Chistyakov not long ago.

Theorem 3.2. If (f;) is a sequence in ABV®) with || f;lla., < M,
then there exists a subsequence (f;,) converging pointwise to a function
fin ABV®) with ||f||a., < M.

Proof. Given any sequence (f;) C ABV® uniformly bounded in
p-A-variation, we get by Thm. 3.1
V (/)

limsup v(n, f;) < limsup n ——=——+ = o(n).
Jj—o0 Jj—oo (Zn L);
i=1 X,

On the other hand, it is elementary that if the sequence (f;) is uniformly
bounded in p-A-variation norm, then it is uniformly bounded (cf. [14,
proof of Lemma 1.6]), and hence pointwise precompact. Thus, by [6,
Thm.1], there is a subsequence (f;,) of (f;) that converges pointwise to a
function f. Since the p-A-variation is sequentially lower semicontinuous
with respect to pointwise convergence, we have

/]

A S Tminfllfllap < M,

and therefore the pointwise limit belongs to ABV®) which completes
the proof.

Another useful consequence of Thm. 3.1 is the following estimate on
the order of magnitude of Fourier coefficients f(n) of ABV®) functions
(cf." [11, Corollary]). Before we state it, it is crucial (and easy) to note
that the estimate given in Thm. 3.1 is independent of the fixed domain
interval, so it can be [0, 27| instead of [0, 1].

Theorem 3.3. If f € ABV®W) | then
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Proof. It follows directly from Thm. 3.1 and from the following result
of Z. A. Chanturia [5]: if f € V[h], then |[f(n)| < %w (see also [7,
Thm. 11.19)).

It is worth noticing that the inequality of Thm. 3.1 combined with [4,
Thm. 5] provides a quick proof of the fact that all functions of bounded
p-A-variation are regulated.

We conclude the section with an estimate on the integral modulus of
continuity for functions in the Waterman-Shiba class. An estimate of
equal strength was established by S. L. Wang [17, Thm. 4] in the case
p = 1 first. Unfortunately, there are two misprints in the statement
of his theorem, including a replacement of big "O” by little 70”, but
they can be found easily by reading the correct proof there. Later M.
Schramm and D. Waterman extended the estimate top > 1 [11, Thm.1].
Our proof shows that it is a consequence of Thm. 3.1.

Theorem 3.4. Let f in ABV®) be 1-periodic.- Then,

Proof. Given a positive integern, we get

1
(32)  vn £, 0,1+ +]) <twln, f,[0,2)) < 2v(n,, f, [0, 1]),
because f is 1-periodic and because the modulus of variation is sub-

additive with respect to intervals. Therefore,

1
0<h<-

1
1L, )0 < N sup / @+ h) — f(z)|da

= s > [T i) f@)lde

k
O<h<t 217/ %%

n 1

— s Z/nlf(x+’“;1+h)—f(x+’“;1)!dw
0<h<y =1 70

= sup /n2|f(a:+k;1+h)—f(a:+k;1)]dm
0 k=1

1
0<h§;
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1
< swp [Tun £ 14 e
0<h<l JO
(3.2) 2
< —
< vl )
(Thm. 3.1) 2V(f)

Finally, given a & € (0, 1], we set n := [}] (that is, n is the integer

part of the number % ) and obtain

@G f) < wmt < D AW

1
; :
(%)’

N
]
|| oot
— L
e
N
=

4. The embedding ABV®) c HY

Our main result provides a characterization of the embedding of
Waterman-Shiba classes into classes of functions with given integral
modulus of continuity. Our proof of the following theorem follows the
lines of the proof invented by U. Goginava for characterizing the inclu-
sion ABV C HY [8, Thm. 1] very closely.

Theorem 4.1. The inclusion ABV® c HY holds if and only if

1
4.1 liminf w?(1))  — 0.
(4.1) iminf w (n)z)\ >

n—00 i
=1

1
Proof. If (4.1) holds, then (Z?:l %) " = O(w(L)), and hence wy (£, f)
= O(w(%)) for any f € ABV(®) by Thm. 3.4 which proves that
ABV®YC OY.

We are now going to show that if the condition (4.1) is not satisfied,
then there is a function f € ABV® that does not belong to HY. In
fact, if (4.1) fails, then there is an increasing sequence of positive integers
(myg) such that

mg

1
lim wp(mik)z)\— = 0.

k—o0 ;
i=1 "
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Then, setting ny := 1, we can choose a subsequence (ny) of (my) such

that

(4.2) Mng—1 < ng;

(4.3) w%é)éii < < 1)@

Ng—1

for all k. Define even numbers

2j + 1
ng

r(ng) = max {j € 2N: <

inductively. It follows from the definition that

2(r(ng) +2)+1 - 1
ng ng—1

which is equivalent to

23

(4.4) r(ng) —1 >

T
an_l 2 '

Next, define the functions

(=1 e (ngz — 25 + 1) for oz €[22

ngk

fe(x) = < (1) ep(npz =25 —1) for z € [72717
0 otherwise,
where
1
)\
w —_
(4.5) cp = I .

It is easy to see that

(4.6) r(ng) < my

I, 1< < r(n),

1 <j <r(ng),

for all k£ and that the sequence (ci) decreases to 0. Thus, f(z) :=
Y req fu(x) is a well-defined continuous function on [0, 1]. We extend
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it to a 1-periodic function on R. Since

2r(n
ves 0,1) < V(s o, 20y govegp, (2R
ni ni
) r(nl)
(2¢;)P c1
< Z , Aj * A1
=1 j=1
4.6),(4.5 >
( )<( ) 2p2
i=1
4.3 1
(<) QPZ L
i=1 "%—1

the function f belongs to ABV®).
We are now going to show that f ¢ HY. Since fi(z + n%) = —fi(x)
2r(ng)—1

1
for xe[n—k, o |, we get
1 2r(ng)—1
[t 2ms@ldn = [ M (5@t 2) - f)lda
.
r(ng)—
2/2ni1\f(x>\dm 2o () ~ 1)
pr— P— - —_— P T'n J—
1 2 b Nk k
Ty
@4) . 2¢p Nk _Z (42) 2¢. my Ck
ng \2ng_1 2 ng 4ng_1 2np_1’
and finally
wl(%, f) S wl(%uf) " 1
o) T ae(l) T dmer ()

i=1

which completes the proof of the theorem.
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It will be interesting to find conditions necessary and sufficient for
more general inclusions ABV®) ¢ HY for q € [1, +00) as U. Goginava
did for the Waterman class ABV [9].
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