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MODULE COHOMOLOGY GROUP OF INVERSE
SEMIGROUP ALGEBRAS
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ABSTRACT. Let S be an inverse semigroup and let ' be its subsemi-
group of idempotents. In this paper we define the n-th module coho-
mology group of Banach algebras and show that the first module co-
homology group H}l (B) (£*(8), ¢* (S)(")) is zero, for every odd n € N.
Next, for a Clifford semigroup S we show that 3, (B) (41(S), £1(8) ™)
is a Banach space, for every odd n € N.

1. Introduction

Amini in [1] developed the eoncept of module amenability for a class
of Banach algebras which is in fact a generalization of the Johnson’s
amenability. For example, for every inverse semigroup S with subsemi-
group E of idempotents, he showed that the £!(E)-module amenability
of £1(9), in the particular case where the left action is trivial and the
right action'is natural, is equivalent to the amenability of S. Duncan
and Namioka in [3] have shown that ¢!(S) is not amenable, for some
amenable semigroup S. In fact, they showed that the amenability of in-
verse semigroup algebra ¢! (S) implies that F is finite, but there are many
amenable inverse semigroups including the bicyclic semigroup and Clif-
ford semigroups with an infinite set of idempotents. Amini and Bagha
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in [2] introduced the concept of weak module amenability and showed
that if S is commutative, £(S) is always weak ¢! (E)-module amenable.

Note that in the group case Johnson [6] showed that a group G is
amenable if and only if L!(G) is amenable and in [7] he showed that
LY(G) is always weakly amenable.

In this paper, we shall be concerned with the structure of the first
and second module cohomology group of £!(S) with coefficients in the
n-th dual space ¢*(S)™), for every odd n € N.

We begin by recalling some terminology.

Let 2 and A be Banach algebras such that A is a Banach 2A-module
with compatible actions, that is,

a-(ab) = (a-a)b, ala-b)=(a-a)b (aeA, abe A).

If A and B are Banach algebras and Banach 2-modules with compat-
ible actions, an 2 -module map is a mapping 1" : A — B with

Tatb)=T()xTOH),T(x-a)=a-T(a),T(a-a)=T(a)-a,

where o € 2 and a,b € A. Note that T is not necessarily linear, so it is
not necessarily an 2-module homomorphism.

Let X be a Banach A-module and a Banach -module with compat-
ible actions, that is,

a-(a-z)=(a-a)-z, (a-a)a=a (a-z), (x-2)-a=a- (r-a),

where ao € U, a € A and.x €.X and the same, for the other side action.
Then, X is called a Banach A-2-module, and is called a commutative
Banach A-2(-module whenever «-x = x - , for every o € A and x € X.
If moreover

ax=x-a (acAzxeX),

then X is called a bi-commutative Banach A-20-module.

Let X be a Banach space with the dual space X'. If X is a (commu-
tative):Banach A-2-module, then so is X', where the actions of A and
2A on X' are defined by

(a-f)x)=flz ), (a-f)x)=f(z-a),

where a € A,a € A, f € X',z € X. In particular, if A is a commutative

Banach 2-module, then it is a commutative Banach A-2f-module. In

this case, the dual space A’ is also a commutative Banach A-2(-module.
An 2-module map D : A — X is called an 2-module derivation, if

D(ab) =a-D(b)+ D(a) - b (a,be A),
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Note that D is not necessarily linear and if there exists a constant
M > 0 such that ||D(a)|| < M]|a||, for each a € A, then D is bounded
and its boundedness implies its norm continuity.

When X is a commutative Banach A-2(-module, each x € X defines
an 2A-module derivation

Dy(a)=a-z—2z-a (a€A),

these are called inner 2A-module derivations. If X is a bi-commutative
Banach A-20-module, then the inner derivations are zero.

Definition 1.1. The Banach algebra A is called A-module amenable, if
for any commutative Banach A-A4-module X, every A-module derivation
D:A— X' is inner.

We use the notation Z3(A, X) for the set of all A-module derivations
D : A — X and BY(A,X), for those which are inner. The first 2-
module cohomology group with coefficients'in X is denoted by 'Hél(A, X)
which is the quotient group Z3(A4, X)/B(A, X). Hence, A is 2-module
amenable if and only if Hy(A4, X’) = 0; for each commutative Banach
A-2-module X.

Definition 1.2. The Banach algebra A is called weak 2A-module amenable,
if Hy(A, A') is zero.

Definition 1.3. A is called n-weak A -module amenable, if Hy(A, A™)
18 zero.

Let 2l and A be Banach algebras such that A be a Banach 2-module
and let X be a Banach 2-A-module with compatible actions. An n-2-
module map is a mapping ¢ : A" — X with the following properties;

dlag, <. a;—1,btc aiq1,...,an) =d(ar, ..., a;i—1,b,ai41,...,an)
to(ar,...,ai-1,¢,ai11,...,an),
dla-ar,ag,...,an) =a-@lar,ag, ..., a,),
dar,ag, ... an - a) = ¢(ar,az,...,ap) @
and

d)(ala ey Qi—1,04 - O, Q41 - '7a’n) = (b(ah ey A1, Q5,0 Qg 1y 7an)7
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where aq,...,a,,b,c € A and o € 2. Note that ¢ is not necessarily
n-linear. The n-2A-module map ¢ : A — X is bounded, if there exists
a constant M > 0 such that

[0(ar; az, ..o an)| < M || [lar]| - - [lanll,

where ai,...,a, € A. We use the notation Cj(A, X) for the set of all
bounded n-A-module maps from A to X.
For n > 1, the map 6" : C3(A, X) — Ch (A, X) is given by

5"T(a1, ‘oo an+1) = aj- T(ag, e ,an+1)
n
+ Z(—l)iT(ah e @i, -l 1)
i=1
+(=D)" T (ay, ... an) - any1,

where T' € Cjj(A, X) and ay,...,a,41 € A.

For every n > 2, the space ker " of all bounded n-2-module cocy-
cles is denoted by Zj(A,X) and the space Im 0" 1 of all bounded n-
2-module coboundaries is denoted by By (A, X). We see that Bg(A, X)
is included in Z§(A, X') and that the n-th A-module cohomology group
Hy (A, X) is defined by the quotient

_ 234, X)

Hiy(A, X) W

(n>2).

The space Zy(A, X) is.a Banach space, but in general Bj(A, X) is not
closed, we regard Hyj (A, X) as a complete seminormed space with re-
spect to the quotient seminorm. This seminorm is a norm if and only if
By (A, X).is a closed subspace of C(A, X), which means that Hj (A, X)
is a Banach space. It is unknown whether or not Hy(A, X) is a Banach
space, for every n € N.

Proposition 1.4. [8, Proposition 1.1] Let X and Y be Banach spaces
and let ® : X — Y be a bounded linear map. If there exists a constant
M such that, for every y € Im® there exists an element x € X such
that ||| < M ||ly|| and y = ®(z), then Im ® is closed.


www.SID.ir

Module cohomology group of inverse semigroup algebras 161

2. First module cohomology group of inverse semigroup
algebras

Let S be a commutative inverse semigroup and E be the set of idem-
potent elements in S, then E is a commutative inverse semigroup and
?1(9) is a commutative Banach ¢! (E)-module with the actions

Os 0 = 0¢ - 05 = Jse (e€e E,s€S),

where d; is the point mass at s. Since E is commutative, these actions
are module actions.

In this section, for a commutative inverse semigroup S, we will show
that the first module cohomology group of £1(S) (as an ¢!(E)=module)
with coefficients in (¢1(5))®" 1) is trivial or H},  (£4(S), &") = 0 where

X =) (9).

(E)

Remark 2.1. Set X = (£1(5))®. We note that (£X(S)) = £°(S) is
a commutative unital C*-algebra. Because the second dual of a commu-
tative unital C*-algebra is a commutative von Neumann algebra, then
X! = (£1(8))® ) s the underlying space of @ commutative von Neu-
mann algebra, and hence it is an L>-space.. The space Xy of real-valued
functions in X' forms a completelattice in the sense that every nonempty
subset of Xy that is bounded above has'a supremum.

Note that for every ¢t € S there exists a unique t* in S such that
tt*t =t and t*tt* = ¥, we say that t* is the unique inverse of t.

Lemma 2.2. Let S be a commutative inverse semigroup and X be as
in Remark (2.1). Let D be a (*(E)-module derivation. Then, for every
s,t €S, we have

(2.1) O+ - [5(ts*)* - D(0g5+)] - 65 = Op= - D(04) + Ogx5 + D(Opr1s+) - ds.
and
(2.2) Ope - D(04)  Ogrg = Ggx - [5@5*)* - D(6¢s+)] - 05 + Opresx - D(ds),

where s* and t* are the unique inverses of s and t in S respectively.

Proof. Since D is a ¢}(E)-module derivation, for every e € E we have
D(6.) = 0. But, s*s € E and hence g5 € £*(E), for every s € S, so we
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have

0 = D(ds+5) = ds= - D(0s) + D(0s+) - 0,
that is,
(2.3) dsx - D(05) = —D(0g+) - 05

Now, for every s,t € S since t*t and s*s are in E by using (2.3), we
obtain

Opr - D(0¢) - Ogxs = Opx - D(ps * 0s)
= 0p= - D(0gs%) * 05 + Opr1s - D(ds)
= 0p= » D(Ots+ss5+) - 05 + Oprise - D(0s)
since D(Jsxss+) = D(svsts+) 758 s D(0ts )
«+ [0(tse)= - D(Sts=)] - 05 + Gprts+ - D(0s)
«+ [O(tse)s - D(Sts=)#0s — D(0prts+) - s,
so, we have shown that
Os + [O(tswys » D(0psx)] - 0s = Opx + D(0¢)wbgx s+ D(Oprys+) - ds-
Using (2.3), we obtain
Otr = D(6t) - Osvs = O+ + [O(tsry™ D(b1s+)] - 05 + Oprase - D(J5).

Lemma 2.3. Let S be a. commutative inverse semigroup and X be as in
Remark (2.1). Let D be af'(E)=module derivation. Then, there exists
a1 € X' such that for everys € S

D(8y) =8y 1h — 1) - 0.

Proof. Let D € Zl(E)(ﬁl(S),X’). Set
= {Reét* . D((St) it e S},

where t*.is the unique inverse of ¢ in S. Since A is bounded above by
| D] in &y, then v, = sup(A) exists in Xg.

Taking supremum over all t € S of real part of (2.1) and since for
every s,x € S

sup{Re i - D(8y) - 0s+s(f) + Re D(0p=1s+) - 0s(f)} >

tesS
?tlelg {Redpe - D(6t) - 65+5(f)} + Re D(dz=us+) - 0s(f),
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we obtain

Os+ = r - 0s(f) = igg {Redp« - D(6¢) - 65+5(f) + Re D(dp=15+) - 05(f)}
> sug) {Redp= - D(8¢) - 6s+5(f)} + Re D(dg+55+) - 05(f)
te

=ty dsrs(f) + Re D(Jsxss+) - 05(f)
= - dss(f) + Re D(ds+) - 65(f),

so we have shown that
(2.4) Re D(0s+) - 6s(f) < 0s = b - 05(f) — r - dss(f)-
Similarly, taking supremum over all ¢ € S of real part of (2.2) we obtain

U 8oes(f) 2 sup(Redye [y - Do) 65(f)

+ Re g - D(0s)(f)}

> sup{Reds - [0(ev)+ - D(d1ex)] - 0s(f)}
tesS

+ Re 55*35* : D(és)(f)
= g+ - Uy - 55(f) + Redgrgsr - D((ss)(f)
= Gg= - Pr - 5(f) + Re 05 ~D(05)(f),

so we have shown that
(2.5) Re D<5s*) . 5s(f) > 55* : wr ’ 5s(f) - 1/}7" ' 5s*s(f)
Now, using (2.4) and (2:5), we obtain

Re D(ds+) - 0s(f) = 05 - b - 05(f) — r - 055 (f),
using (2.3), we obtain
(2-6> Redg: - D((Ss)(f) =Yr- 5S*S(f) — Og+ - Py - 5s(f)-
Now, by replacing f with f - J, in (2.6), we obtain

Redsse - D(6s)(f) = 0s - Pr - Oss(f) — Ossx = U - 65(f)-

Since dss+ € (1(E) commute with elements of A and so with 1, and
dss+5 = 0g, therefore we have

(2.7) Redsss - D(6s)(f) = 0s - P (f) — - 05(f).

Similarly, by considering imaginary parts, we obtain v; such that

(2.8) Im dsg - D(85)(f) = s - i(f) — i - 0s(f)-
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By putting ¢ = 1, + itp; € X’ and using (2.7) and (2.8), we obtain

ss - D(0s)(f) = s - (f) — b - ds(f).
On the other hand
dss+ - D(05) = D(dss+ - 05) = D(0s),

hence we get
D(és) 255'1/1—?/)'53-

Theorem 2.4. Let S be a commutative inverse semigroup. Then,

Hél(E)(ﬁl(S), X') is zero, where X = (£1(S))®Y), for every n'€ N.

Proof. Let D € Zéll(E) (¢1(S), X"). We show that there exists a function
¢ in X’ such that D = ady or D € By 5 (¢'(S), &) By Lemma 2.3
there exists a 1) € X’ such that for every s € .S

(2.9) D(3s) = 85 -t — b - 8.

Now, we will show that D is linear, for each s € .S and A € C, since
Mg+ € (1(E), we have

D(M3y) = D(Ass+  65) = Asse < D@) = AD(85+ % 65) = AD(8,),

but, D is additive, so we get D(\g) = AD(g), for each g € £1(S) of finite
support. Using the continuity of D and the fact that, all functions of
finite support are dense in'¢!(S), we obtain that D is linear.

Also with the same reason as above for each g € £1(S) from (2.9) we
have

D(g) =g —¢-g=ady(g),
this shows that D € Bl}l(E) (¢1(S), X') and this completes the proof.

3. Second module cohomology group of inverse semigroup
algebras

Let S be an inverse semigroup and let £ be the set of idempotent
elements in S which is central.

In this section, we state the final result of this paper. We will show
that the second ¢!(E)-module cohomology group of ¢*(S) with coeffi-
cients in the (2n + 1)-th dual space £!(S)?"*+1 is a Banach space.
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Why one wish to show that a cohomology group of a Banach algebra
is a Banach space? The reason is that, if the algebraic cohomology
group is trivial, then this often leads to the conclusion that the space
of coboundaries is dense in the space of cocycles. If additionally one
can prove that the space of coboundaries is closed, then one has a proof
that the cohomology is trivial. This is the method that the second
author and others used to show that H3(¢1(S), £>°(S)) = 0, where S is
a semilattice [5].

In the rest of this paper, we set X = (¢(5))?" as we mentioned in
Remark 2.1.

Lemma 3.1. Let S be an inverse semigroup and let ¢ € Cell(E)(El(S), x').
Then, for every s € S, e € E and f € X with || f|| <1, we have

|¢((5es*) ’ 5s(f) + Oes+ * ¢(5s)(f)| <2 H5¢” )

where s* is the unique inverse of s in S.

Proof. Let ¢ € Cl}l(E)(fl(S),X’). Using the 2-coboundary map, for

every s,t € S and f € X with || f||. <1, we have
(3.1)

06 (05, 00) ()] = |6(0s) - 0:(f) = @05 % 6¢)(f) + 05 - () ()] < [[09]] -

Using (3.1) with e € E instead of s,t € S, respectively, we obtain

|9(0e) ()] <[00l -

Thus, for every e € E and s € S we have

‘d’(‘ses*) : Js(f) + Oes* - ¢(5s)(f)‘ < M’((SGS*) ’ 68(f) + des+ - ¢(58)(f)

- ¢(568*5)(f)’ + "b(éeé‘*s}(f)’
<2]jo¢| -

Corollary 3.2. Let S be an inverse semigroup and let the idempotents
of S are central. For every ¢ € Cgll(E) (£1(S), X", we have

(3.2)

Redpr - d(0) - Osxs +Re d(dprys+) - 65 < Re O - [I(pgx)e - d(01s+)] - 0s + 3 ||0 ]| -
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Proof. For every s,t € S and f € X, since ¢ is a £'(E)-module map
and using (3.1), by using the centrality of the idempotent s*s, we obtain

Redp - @(8¢) - Og+s = Re dpx - d(Opsx * I5)
< Re b - P(Ogs+) - 05 + Re g - 4(85) + (10|
= Redp + ¢(Otsrss+) + 05 + Re Sy - ¢(J5) + || 06|
since D (0ysxss+) = D(0g#st5%) = 0g+5 - D(d15+) and by previous Lemma
=Reds - [O(15+)+ - 9(01s+)] - s + Re Oprese - 9(ds) + (|60
< Redy - Bgrry - 6(010)] - b — Re o(Ge1sr) - b, 43106

Lemma 3.3. Let S be an inverse semigroup and let the‘idempotents of
S are central. Let ¢ € Cél(E) (€1(S), X', then, there egists a

pecl 1(E)(El(S), X') such that
¢(05)(f) = [0s - b (f) — - 05 ()] < 6|6l

for every s € S.

Proof. Set
A ={Redp + p(d) : t € S},
where t* is the unique inverse of ¢ in..S: Since A is bounded above by
|¢]| in Xg, then 1, = sup(A) exists in A.
Taking supremum over all ¢ € S of (3.2) and since for every s,z € S

igE{Re Opx - P(0¢)0sx s (f) + Re p(Opr1s+) - 05(f)}
> sup [Rede - 6(01) - 8o0a()} + Re G(0asr) - 05(1),

we obtain

3104l +0s= b - 05(f) = Sup{Re5t* - 9(0t) - O (f

)
+ Re ¢(Sprts+) - 05(f)}
> sup{Re ds= - #(8¢) - 05=5(f)}

(

tesS
+Re¢ 55* ) (f)

=ty - Gs+5(f) + Re d(dsrss+) - 5(f)
=y - 0s5(f) + Re ¢(ds+) - 05(f),
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so we have shown that
(3'3) Re@b(és*) : 5s(f) - [63* : ¢r : 5s(f) - ¢r ' 5s*s(f>] S 3 ||5¢|| .
Now, by replacing f with s« - f in (3.3), we obtain
(3-4) Re ¢(5S*) ' 555* (f) - [55* ' 1/’7“ : 535* (f) - wr ' 55*35* (f)] <3 H5¢H .
And by replacing f with (—=4¢%) - f in (3.3), we obtain
(3.5) =360l < Re@(ds) - Ossx (f) — [0 = P - G55 (f) — by - Isrss (f)]-
From (3.4) and (3.5), we have

|Re ¢(53*) * Oss* (f) - [55* <Py O (f) — Py - Ogrggr (f)” <3 ||5¢” )
since 655« € (1(E), we have

@Z)((Ss*) “Oger = ¢(5s*ss*) = ¢(58*)5
thus
’Re¢(58*)(f) - [55* ’ wr . 558* (f) - wr : 58*58* (f)” < 3 ”5¢H .

Since the idempotent ss* is central, then dgs« € £1(E) commute with
elements of A and so with ¢, and dg+55+ = g+, therefore we have

(3.6) [Re ¢(ds+)(f) = [0+ - ¥ (f) =% - 65+ ()] < 3|60,
similarly by considering imaginary parts, we obtain 1; such that
(3.7) Tm ¢ (0 ) (f) = [0s= 2 hi(f) —abi - 6+ ()] < 3|69 -
By putting ¥ = ¢, + i1p; and using (3.6) and (3.7), we obtain

(3.8) |6(05-)(f) <05 - () — ¢ - 6s= (f)]] < 6|60 -

Theorem 3.4. Let S be an inverse semigroup and let the idempotents
of S are central. Then, H?l(E) (¢1(S), X') is a Banach space, where X =

(£1(8))?™) for every m € N.

Proof.Let ¢ € Cgl1(E) (¢1(S), X"). We show that there exists a constant

M and ) € Ct}l(E)(ﬁl(S),X’) such that 61 = §¢ and [[¢|| < M [|6¢)|.
By Lemma 3.3 there exists a ¢ € Cl}l(E) (¢1(S), X' such that

(3.9) |0(05)(f) = [0s - (f) =¥ - ()] <6 |d9],

for every s € S.
Now, we will show that ¢ is linear, for each s € S and A € C, since
Mss+ € (1(E), we have

(b()\(ss) = (p()\(sss* * 55) - A(Sss* : ¢(58) - )‘Qb(dss* * 55) - )\Qb((ss)y
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since ¢ is additive, we get ¢(\g) = Ao(g), for each g € £1(S) of finite
support. But, ¢ is continuous and functions of finite support are dense
in £1(S), hence ¢ is linear.

Also by the same reason for each g € £1(S) from (3.9) we have

19(9)(f) = (g-¥ =2 -g)(f) <65 llgll-
Define 9 € Cl}l(E)(fl(S), X') by

v(g) =lg) = (9- ¥ —¢-9),

then d1) = ¢ and ‘&(g)(f)’ < 6|09||, for every g € £1(S) with ||g| <1
and f € X with [|f]| < 1. So, ||¢|| < 6|6¢| and by Proposition 1.4,
Imé = B?l(E)(El(S),X’) is closed, which means that H?l(E)(EI(S),X/)
is a Banach space and this completes the proof.

Corollary 3.5. Let S be a Clifford semigroup and let E be the set of
idempotent elements in S. Then, H?l(E) (¢1(S), X") is a-Banach space,

where X = (£1(S))?"), for every n € N.

Proof.By [4, Theorem 4.2.1] every Clifford semigroup is an inverse semi-
group, where its idempotents are central. So, by the previous theorem
Hgl(E) (¢*(S), X') is a Banach space.
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