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ANALYTIC SOLUTIONS FOR THE STEPHEN’S
INVERSE PROBLEM WITH LOCAL BOUNDARY
CONDITIONS INCLUDING ELLIPTIC AND
HYPERBOLIC EQUATIONS
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ABSTRACT. In this paper, two inverse problems of Stephen kind
with local (Dirichlet) boundary conditions are investigated. In the
first problem only a part of the boundary is unknown and in the
second problem, the whole of the boundary is unknown. For both
of the problems, first, analytic expressions for unknown boundary
are presented, then by using these analytic expressions for unknown
boundaries and boundary conditions of the main problem, analytic
solution of the main inverse problem is derived.

1. Introduction

Lavrentiev and Stephen types inverse problems for elliptic equations
are appearéd in a number of fields, such as boundary value problems
in engineering and physics [9] and [4]. Also, the inverse Cauchy prob-
lem for elliptic equation arises in many applications such as vibration of
structure, nondestructive testing technique, electro-cardiology, electro-
magnetic scattering and so on.
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Liu [8] considered a Cauchy problem in a rectangular domain and re-
duced it into a first-kind Fredholm integral equation and then trans-
formed it into a second -kind Fredholm integral equation by Lavrentiev
type regularization.

A. Eden and V.K. Kalantarov [3] have considered the global in time
behavior of solutions of an inverse problem in a bounded domain of R"
with smooth boundary 92 such that in addition to the solution of the
equation, the right-hand side of the equation is also unknown.

In [11], authors have studied the Cauchy-Riemann equation on the region
Q = {(z1,22) € R*% 21 € R, x5 € (0,1)} with two nonlocal boundary
conditions on 02 such that in addition to the solution of the equation,
the right-hand side of the second boundary condition is also unknown:

ou(z) Ou(x)
a$2 T 8.2?1
aj(zr) u(zr,0) + Bj(z1) u(zr,1) = ¢j(x1) j=1,2, zy€R,

=0 x = (x1,22), T1 € R, z2 €(0,1),

where ¢ = /=1, u and ¢, are unknown functions and ¢1, «; and
Bj; j = 1,2 are given continuous functions. We have obtained a second
kind Fredholm integral equation for u(z;,s) and ¢2(x1).

In the present paper we attempt to solve a boundary value problem of the
Stephen’s kind for the elliptic Cauchy-Riemann equation on a bounded
domain Q C R?, with local boundary conditions on the smooth bound-
ary Of).

In the first section; we assume that only a part of boundary 0f) is
unknown but in the second section, the whole of boundary 92 will be
unknown. To this approach, consider the boundary value problem in
the following form

ou(z) . Ou(z)

(1.1) Dg +1 or 0, =€,
(1.2) u(z1,0) ¢(z1)
u(zy,y(z1) = ¥(z1)

where Q = {(z1,22) € R?* 21 € (0,1), 22 € (0,7(z1))} is a bounded
convex region in R?, ¢ and 1 are known real continuous functions on [0, 1]
that can be extended to complex plane. Beside the solution wu(z1,z2),
the upper boundary v is unknown.
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2. Analytic solution for calculating the unknown boundary

The following lemma provides a way to calculate the unknown bound-
ary .

Lemma 2.1. For the boundary values of the unknown function u(xq, z2)
in the problem (1.1)-(1.3) we have

1
w(,0) = 2 /0 w(1,0) Uler — €1, 0)dars

1
(2.1) 2 /0 w(n, /(22) Ular — &1, 7(@1)) (—1 + 194 ))day

1
w(Er, 1 (62)=—2 / w(1, 0) Ul — €1, —(61)) da

(2.2) +2/0 u(zy,y(x1)) Uz — &1, 7(w1) = 7(61)) (=1 + 9/ (21)) dan

where U(x — &) is the fundamental (generalized) solution of the Cauchy-
Riemann equation (1.1) which is given by (see [12])

1
2m(va =& +i(v1 — &)
Proof. Multiplying both:sides of (1.1) by the fundamental solution (2.3)
and integrating on {2, then applying the Ostrogradski-Gauss’s formula

[2] and using Dirac’s delta function properties (similar to [11], [1]-[7])
we obtain

(2.3) Ul —¢) =

Ou(z) . Ou(x)

0 = Q( 03 +1 Fr. YU(zx — &) dx
ou(x) [ Ou(x)
o O U(x—&)dx+i o Uz —§)dx
3 w(z) Uz — &) cos(n, z2)dz — [ u(z UGt 3) T
= [u@ UG- geostnzado— [ ) =g

oU(x —¢)
8$1

where I' = T'; U Ty is the boundary of region Q where I'y = {(x1,0) €
R%; 21 €[0,1]}, Do = { (z1,v(z1)) € R% 21 €[0,1]} and (n,z;), j=

+i /F u(z)U(x — &) cos(n,z1)dr — i /Q u(z) dx.
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1, 2 denotes the angle between outward unit normal vector to the bound-
ary I' and coordinates axes xj, j = 1,2.
Now, using the property of Dirac’s delta function we obtain

/u(w)U(m — &) [cos(n, z2) + 1 cos(n,x1)]dr = / u(x)d(x — &)dx
r Q

u(§), £eQ,
(2.4) = 1/2u(€), €€l
0, £ ¢ Q.

Let (nj, x;) and (13, 2;), j = 1,2 be the angles between outward unit.nor-
mal and unit tangent vectors on the boundaries I';(i = 1, 2) respectively.
Then

cos(ny,21) =0 , cos(ny,z2) = —1
cos(ng, 1) = sin(re,x1) , cos(ng,x2) = = cos(Tey&1)
dacl
(2.5) cos(m2, x1) = dr tan (7, z1) = 7' (21)

From the second case on the right-hand side of (2.4) we obtain
u(§) = Q/Fu(a:)U(x — &) [cos(n, x2) +icos(n,z1)]dx; €T
Therefore for £ € I'y and £ € I'y, and by using (2.5) we obtain
u(€1,0) = 2/F u(z1,0)U(x1 — &1, 0)[cos(n1, z2) 4+ i cos(ny, x1)] dx
1

2 / w(a () U (21 — &1, 7(21)) (cos(nz, o)

+icos(na, x1)) dx

1
= —2/0 u(xl,O)U(xl—fl,O)dxl
1
+2/0 u(zy, y(x1)) Ulzr — &1, v(21)) (=1 + v/ (21) )day

w(er (&) =2 /F w(aen, 0)U (@1 — &1, —(62))leos(ny, )

+icos(ny, x1)]| dx
2 / w(ary, (1)U (1 — €1, 7(21) — 7(€1)eos(na, x2)

+i cos(ng, x1)| dz
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1
= 2 [ a0 U~ &, ~1(€))den
0

1
42 [ uar (@) Uler = &4(@1) = 2@ (-1+ 7' (1)
0
that implies relations (2.1)-(2.2) of lemma. O

Now, we state and prove the main theorem.

Theorem 2.2. Let the inverse problem be given by equation (1.1) and
boundary conditions (1.2)-(1.3), where ¢ and the invertible function v
are known continuous functions on [0,1]. Then, the unknown boundary
v is given by

(2.6) V(&) = i& — ¢ (P(&)).

Proof. By substituting the boundary conditions (1.2)=(1.3) and funda-
mental solution (2.3) in (2.1)-(2.2) we get

1 X
o6 = ~1/mi) [ X,
! ¢($1) _ iN (2 2
#1775 | T gy L e
o ‘ o(x1)
oo = v [ s ey o

! P(xr)
Py /o () — (&) + i — &)

Comparing the above two relations we obtain

P(&1 —iv(&1)) = ¥ (&)

Therefore by using implicit and inverse functions theorems [10] we have

Y(€1) =i — i (Y (&)

(—1 + i’}/,(l'l))dﬂj‘l

g

Remark 2.3. By utilizing (2.6) and (2.5) in first case on the right-hand
side of (2.4), we obtain the solution for the main problem (1.1)-(1.3)
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represented by

1
u({) = —/0 u(:cl,O)U(xl—{l,—ﬁg)dxl

+/1@m%%bﬂ%—&m@ﬁ—&%4+M%MMm
0

_ ! P(z1) .
B 1/(%)/0 §o —i(z1 —&1) .

! P(21) 1
¢ (z1)

R R T =T

3. The Stephen’s problem with two unknown boundaries

Consider the inverse boundary value problem of the Stephen’s kind

Juy () L Ouy(x)

(31) D1 o1 = 0 x e Q,
(3:2) fala) 000 gnren,
(3.3) ur (1,71 (m)) = wh(z1)
(3.4) u(z1,0) = ug(1,0) =" o(21)
(3.5) uz (21, 72(71)) = a(z1)

where Q; = {(21,23) € R* 21 € (0,1), 22 € (0,71(21))}, Q2 =
{(z1,72) € R% 23 € (0,1), 22 € (72(21),0)} are bounded convex
regions in R2. Also v; and 72 are unknown boundaries but the real
continuous functions g, 11 and 12 are known on [0, 1].

3.1. Calculating the Unknown Boundaries v; and ;. By the pre-
vious section, the unknown boundary ; is given by

(3.6) (&) = i& — iy (Y1 (&),

Here we try to present an analytic expression for the second part of
boundary I', which is denoted by I'y : 29 = v2(x1).
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Lemma 3.1. The expression for the boundary values of unknown func-
tion uz(x1,x2) of problem (3.2) and (3.4) — (3.5) satisfies the following
relations

1
us(6,0) = 2 /0 us(21,0) Us(1 — &1, 0)day
1
(3.7) +2/0 ug(21,72(21)) Uz (21 — &1,72(21)) (9 (21) — 1)day
1
uz(&1,72(61)) = 2/0 ug(21,0) Uz (21 — &1, —72(61))dy

1
(3.8) +2/0 ug(w1,v2(21)) Uz(w1 — &1, y2(21)
—72(61)) (3 (1) — 1)ds

where Ua(x — &) is the fundamental solution for the equation(3.2) given
by

(3.9) Us(x — &) = 0(z2 — &2)0(x1 — §1 — (w2 — &2))

in which 0 and § are the symmetric Heaviside and Dirac’s delta functions
respectively [12].

Proof. Multiplying both sides of equation (3.2) by the fundamental so-
lution (3.10), integrating over region 29 and applying the Ostrogradskii-
Gauss’s formula (similar to previous section) we get

0 — / (Oug(x) +au2(w))U2(a:—§)dx
Qg

6331 81’2
8 8
~ [ 2 s [ 2 e
e /F tin() Un(a — &) cos(n, z) de — /Q ua (@) W dx

+/Fu2(x) U2($§)Cos(n,x1)d93/9 m(@de.

where I' is the boundary of region 2 as I' = I'y U T's where I'y =
{(1:1,0) c RQ; T € [0, 1]},F2 = {(xl,’}/g(l’l)) c ]R2; T € [0, 1]}
Now, using the properties of the fundamental solution and Dirac’s delta
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function we obtain

/ ug(z)Us(x — &) [cos(n, z1) + cos(n, x2)] dx = / ug(x)d(z — §)dx
r Qg

U2(§)7 § € Q,
(3.10) = { 1/2us(€), €€,
07 § ¢ QQ-
Let (ns,x;5), (73,2;) j = 1,2 be the angle between outward unit normal
and tangent vectors on the boundary I'; (i = 1,2) respectively with
coordinates axes. Then we obtain
cos(ni,z1) =0 , cos(ni,z2) =1
cos(ng, 1) = sin(mg,x1) , cos(ng, x2) = — cos(T,x1)
d
(3.11) cos(me, 1) = 1 , tan(m,z1) = Yh(x1)

dx

From the second case on the right-hand side of (3.11) we have

uz(€) = 2/FuQ(:c)U2(:U —&)[cos(n, x1) 4+ cos(n, z2)] dx, €T

which leads to (3.7)-(3.9) of lemma 3.1 by considering £ € T'; and £ € T,
respectively, and using (3.12). O

Theorem 3.2. Let the Stephen inverse problem be given by equation
(3.2) with boundary conditions (3.4)-(3.5) and known continuous func-
tions Yo, Y1 and Py on [0,1]. Further assume that the function 1y is
invertible. Then, the unknown boundary -2 s given by

(3.12) 72(0(61)) = 0(&1) — &
where a(£1) =1, foo(&1).
Proof. Using the fundamental solution (3.10) and the boundary condi-

tions (3.4)-(3:5) in (3.7)-(3.9) we have
1
w(&) = 2 [ d@)b0)6(an — ¢)do
0
1
+2/0 Yo (21)0(y2(21))0 (21 — &1 — Y2(21)) (Va(z1) — 1)day

1
(313) = - /0 n(a1)b(z1 — & — a(1)) (i) — D)day.
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1
val6) = 2 [ ole)8(-12(6)5(o ~ & +2l6)de
0

1
2 /O a(@)0(12(x1) — 7(E0)) (1 — &
—(y2(@1) — 72(&1)) (Vo (1) — 1)daq

1
_ /0 Yolx1)8(x1 — & + 72(€1))day

1
2 /0 ba1)0(a(1)

—72(€1))d(z1 — &1 — (y2(1) — 72(&1))) (ya(21) = 1)dey.
(3.14)

Let 1 — +4(x1) > 0 which is the relative derivation of @1 = & — y2(z1)
with respect to x1. Note that x1 — & — y2(21) is the argument of Dirac
delta function appeared in (3.14). Therefore, x1 — & —42(r1) is a strictly
increasing function on [0,1]. On the other hand we have

1 —& —72)|s=0=-6 <0, z1-& —%n@)|a=1=1-6 >0

Therefore this function has only one zero in [0, 1] which is denoted by

x1 = 0o(&).
From (3.14)-(3.15), by using the property of the Dirac’s delta function,
we obtain two necessary conditions

Yo(&1). = P2(0(&1))
Ya(81) = w1(€1 —2(61),0).

One can prove that the above two relations are equivalent and so we
obtain the inknown boundary 2 as (3.13). O
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