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LINEAR PRESERVERS OF G-ROW AND G-COLUMN
MAJORIZATION ON M, ,,
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Communicated by Abbas Salemi Parizi

ABSTRACT. Let A and B be n x m matrices. The matrix B is
said to be g-row majorized (respectively g-column majorized) by
A, denoted by B <j°" A (respectively B <5°"“™" A), if every row
(respectively column) of B, is g-majorized by the corresponding row
(respectively column) of A. In this paper all kinds of g-majorization
are studied on M, ,, and the possible structure of their linear pre-
servers will be found. Also all linear operators 7': My, m — My m
preserving (or strongly preserving) g-row or g-column majorization
will be characterized.

1. Introduction

An n x n matrix ‘R (not necessarily nonnegative) is called g-row sto-
chastic if Re = e, where e = (1,1,...,1)!. A matrix D is called g-doubly
stochastic if both D and D! are g-row stochastic matrices. The collec-
tion of all n.x n g-row stochastic matrices, and n X n g-doubly stochastic
matrices are denoted by GR,, and GD,, respectively. Throughout the
paper; M, . is the set of all n x m matrices with entries in F (R or
C), and My, := M,, ,. The set of all n x 1 column vectors is denoted
by F", and the set of all 1 x n row vectors is denoted by F,. The
symbol Ny is used for the set {1,...,k}. The symbol e; is the row (or
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column) vector with 1 as ¥ component and 0 elsewhere. The summa-

tion of all components of a vector z in F” or F,, is denoted by tr(x).

The symbol [z1/x2/ ... /xy] (vesp. [x1 | 2 | ... | o)) is used for the
n x m matrix whose rows (resp. columns) are x1,xa, ..., &, € F,, (resp.
T1,T2,..., Ty € F"). For a matrix X = [z4] € My,y, its average
(column) vector X = [71/.../T,] € F" is defined by the components

Zi = m (w1 + xig + - + Ty, for i € N,,. The letter J stands for the
(rank-1) square matrix all of whose entries are 1.

For A,B € M, ,, it is said that A is lgs-majorized (resp. rgs-
majorized) by B and denoted by A <455 B (resp. A <4 B)if there
exists an n x n (resp. m x m) g-doubly stochastic matrix I such that
A = DB (resp. A= BD), see [4, 6].

Let A,B € M,,;,. The matrix A is said to be lgw-majorized (resp.
rgw-majorized) by B and denoted by <4y, (resp. <rgw ) if there exists
an n X n (resp. m X m) g-row stochastic matrix R such that A = RB
(resp. A = BR), for more details see [2, 5].

Let < be a relation on M,, ,,. A linear operator 1" : M,, ,,, = M,
is said to be a linear preserver (resp. strong linear preserver) of <, if
X <Y implies TX < TY (resp. X <Y if and only if TX < TY ).

The linear preservers and strong linear preservers of lgs-majorization
are characterized in [6] as follows:

Proposition 1.1. [6, Theorem 3.3] Let T' : M, ,, — M, , be a lin-
ear operator that preserves lgs=majorization. Then one of the following
statements holds:

(i) There exist Ay, Az, .., Ay, € M, such that

TX =370 tr(wy) Ay, where X = [z1 | ... | 2pl;

(ii) There exist S € My, a1,...,an € F™ and invertible matrices
Bi1,Bs,...,By € GD,, such that TX = [BiXaj | ... | BnXap] +
JXS.

Proposition 1.2. [6, Theorem 3.7] Let T : M,, ,, = M, ,,, be a linear
operator. Then T strongly preserves <iqs if and only if TX = AXR +
JXS, for some R,S € M, and invertible matricr A € GD,, such that
R(R + nS) is invertible.

In [2, 5], the authors proved that a linear operator T : M, p, = M,
strongly preserves lgw-majorization (resp. rgw-majorization) if and only
if TX = AXM (resp. TX = MXA), for some invertible matrices
M e M,, (resp. M € M,,) and A € GR,, (resp. A € GR,,).
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In the present paper, we find the possible structure of linear operators
that preserve lgw, rgw or rgs-majorization. Also, all linear preservers
and strong linear preservers of g-row and g-column majorization will
be characterized. To see some kinds of majorization and their linear
preservers we refer the readers to [1], [3] and [7]-[11].

2. LGs-COLUMN (RGS-ROW) MAJORIZATION ON M, ,

In this section we characterize all linear operators on M, ,,, that pre-
serve or strongly preserve lgs-column (rgs-row) majorization.

Definition 2.1. Let A, B € M, ,,,. It is said that B is lgs-column (resp.
rgs-row) majorized by A, written as B <fg§“m” A (vesp. B <70¢ A), if
every column (resp. row) of B is lgs- (resp. rgs<) majorized by the

corresponding column (resp. row) of A.

We use the following statements to prove the main result of this sec-
tion.

Proposition 2.2. [6, Theorem 2.4] Let T : ™ — F™ be a linear opera-
tor. Then T preserves gs-majorization if and only if one of the following
statements holds:

(a) Tx = tr(x)a, for some a € F";

(b) Tx = aDx + § Jz, for somea, 3 € F and invertible matriz D €

GD,.
Proposition 2.3. [6; Lemma 3.1] Let A € GD,, be invertible. Then
the following conditions are equivalent:

(a) A= al+pJ, for some o, € F;

(b) (Dx+ ADy) <g4s (x4 Ay), for all D € GD,, and for all x,y € F™.
Proposition 2.4. [6; Lemma 3.2] Let T1, T : F™ — F" satisfy T\ (z) =
aAx + fJz.and To(x) = tr(x)a, for some o, 8 € F, a # 0, invertible
matriz A€ GD,, and a € (F" \ Span{e}). Then there ezists a g-doubly
stochastic matriz D and a vector x € F™ such that Th(Dx) +To(Dx) <g4s
Tl(ZL‘) -+ Tg(l‘)

Lemma 2.5. Let a € F™. The linear operator T' : My, — My
defined by TX = [Xa | ... | Xa|, preserves lgs-column majorization if
and only if a € U Span{e;}.

column
lgs
Conversely, let T' preserve <lcg°é“m”. Assume that a = (a1,...,am)! ¢
U™, Span{e;}. Then there exist distinct 7,5 € Ny, such that a;,a; # 0.

Proof. 1t a € U™ ;Span{e; }, it is easy to show that T" preserves <
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Without loss of generality assume that a1, as # 0. Put

X::<_a2 _CLl)@O,Y::( a2 _a1>@0€Mn7m.
a2 al —az ai

It is clear that X <f;é“m" Y, so Xa <4 Ya. But Ya =0 and Xa # 0,
which is a contradiction. ]

For every i,j € N, consider the embedding E’ : F™ — M,, ,, by
E’(x) = xej and projection E; : M, ,, = F" by E;(A) = Ae;. It is easy
to show that for every linear operator T': M,, ,, = My, m,

m
E J

me] ’
j=1

where Tij =FE;oToFE) and X = [z1 | ... | 2. If T preserves -<f;i“m”,

it is clear that Tij :F" — F" preserves <gs.
Now, we state the main theorem of this section.

m
TX = Y Tz
7j=1

Theorem 2.6. Let T : M, ,, — M, be a linear operator. Then T
preserves lgs-column majorization if and only if there exist Ay, ..., Ay €
M, b1,...,bn € U Span{e;}, invertible matrices By,...,B, €

GD,, and S € M,, such that for every i € N,,, b = 0 or Aie; =
o= Apme; =0 and for all X =z | ... |zp] € My ;m,

m
(2.1) TX =Y tr(2))4; + [BiXby | ... | BnXbp] + JXS.

ji=1
Proof. First, assume that the condition (2.1) holds. Suppose X = [z |
ool Y = | e} ym] € My, and X <f;§“m” Y. Since for
every i € Ny, b; = 0or Aje; = --- = Ape; = 0, it is easy to see that
TXe; <145 T¥e; and hence T'X —<f5§“m” TY. Conversely, assume that
{lcgoiumn

T preserves . For every i,j € N, Tij : F" — F" preserves <gs.

Then, each Tij is of the form (a) or (b) in Proposition 2.2. Let
I={k€eN,,:3leN,, such that T} is of the form (b) with ol # 0}.

For every k € I there exists [ € N,;, such that T,i:z: = ainx + BLJCL’ for
some invertible matrix B € GD,, and aé #0, B,lg eF.

We show that if £ € I, then T; ,g is of form (b) with same invertible
matrix B € GD,,, for every j € N,,.
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Suppose k£ € I, then there exist [ € N, aﬁc # O,B,lC € F, invertible
matrix By € GD,, such that T,ix = aﬁchaj + ﬂ,ch:c. For every =,y €
F™ define X = we; + ye; € M, ;. It is clear that DX <f;§“m” X,
and hence TDX <wlumn TX, for all D € GD,,. This implies that
T]DZL‘ + TkDy <igs T T+ T,iy Then by Propositions 2.3 and 2.4, there
exist ak,ﬂj € F such that T]a: = akBka; + B]Jm For k € 1, set by, :=
(al,...,at s (Bk,...,ﬁk) € F and for k € (N,;, \ I) set by =

s =0 € ™. DeﬁneS-[sﬂ | sm) € M.

If k ¢ 1, then T] is of form (a) for every j € Ny, and hence Tz =

(trm)ak, for some ak € F". For k € I, put a], = 0 and define A4; := [a1 |

o am] € M, rm.
It is clear that for every i € Ny, b; = 0 or Aje; = === A,,e; =0 and
by a straightforward calculation one may show that for any X = [z |
| 2m] € My m,
TX = Ztr 2))A; + [B1Xby | ... | BpXby] +JXS.

If b; ¢ UiZISpan{ei} for some j € N,,, then Lemma 3.7 implies that T
is not a linear preserver of <f;§“m” which is-a contradiction. Therefore
bi,...,bm € U Span{e;}, as desired. O

The structure of strong linear preservers of lgs-column majorization
is characterized as follows:

Theorem 2.7. Let T : M, ,, — M,, be a linear operator. Then
T strongly preserves lgs-column majorization if and only if there exist
invertible matrices By, ...,B, € GD,, S € M,, and, by,...,b, €
U™, Span{e; } such that D(D + nS) is invertible and

(2.2) TX = [B1Xb1 | ... | BuXbm] + JXS,
where D= [by | ... | by).

Proof. The fact that the condition (2.2) is sufficient for T to be a strong

linear preserver of <c°l”m" is easy to prove. So, we prove the necessity

of the conditions. Assume that T is a strong linear preserver of %COZ“’"”

It can be easily seen that 7' is invertible. By Theorem 2.6, there exist
Al A € My, b1,..., by € U Span{e; }, S € M,,, and invert-
ible matrices By, ..., By, € GD,, such that for all X = [z1 | ... | zy] €
My m, TX =377 1tr(x])A + [B1Xb1 | ... | BnXbp] +JXS and for


www.sid.ir

870 Armandnejad, Mohammadi and Akbarzadeh

every ¢ € Ny, b = 0 or A1e; = --- = Ane; = 0. We show that for
every j € Ny, A; = 0. Assume that there exists j € N,,, such that
Aj # 0. Without loss of generality suppose that Aje; # 0, then b; = 0.
Set V' := Span{ba,...,bn}, so dimV < m — 1. It follows that there
exists 0 # s € V. Set X = [s'/ —s!/0/.../0] € My, ,,. Then X is
nonzero and TX = 0, which is a contradiction. Therefore A; = 0, for
every 7 € Ny,.

Now, we prove (by contradiction) that D is invertible. Indeed, assume
that D is not invertible. Choose a nonzero s € (Span{by,...,b,})" and
put X := [s'/ —s'/0/... /0] € M}, . Then X is nonzero and 77X =0,
which is a contradiction. Therefore D is invertible.

Finally, we show that D+ nS is invertible. Assume, by contradiction,
that D + nS is not invertible. Choose a nonzero x_€ [F,, such that
(D +nS)x =0 and put X := [z/.../x] € My ,,. Then X is nonzero
and

TX =[B1Xb1 |...| BnXby|+JXS=X(D+nS)=0,
which is a contradiction. Therefore D 4 n.S is invertible and the proof
is complete. ]

Let T : M,, ,, = M,, ,, be a linear operator. Define 7 : M, , = M, ,
by 7X = (T X%t Tt is easy to see that T is a (strong) linear preserver of
<rgs if and only if 7 is a (strong) linear preserver of -<f;i“m”. Combining

this fact and previous theorems, we have the following corollaries:

Corollary 2.8. Let T : F,p — IF,, be a linear operator. Then T preserves
rgs-majorization if and-only if one of the following statements holds:
(a) Tz = tr(z)a, for some a € F,;
(b) Tx = axD 4 pxd, for some o, 5 € F and invertible matriz D €
GD,.

Corollary 2.9. LetT : M, ,, — M, ., be a linear operator. Then

T preserves rgs-row majorization if and only if there exist Ay, ..., Ay €
My, 1, b1, o iby, € U Span{e; }, invertible matrices By, ...,By, € GDp,,
and S € M,, such that for everyi € N,,, b, =0 ore; A1 =---=¢;A4,=0

and for all X = [z1/ ... /xn] € My,
n

TX =Y tr(zj)A;+ 01X B/ ... [buXBn] + SXJ.
j=1
Corollary 2.10. Let T' : M, ,, = M, ,, be a linear operator. Then T
strongly preserves rgs-row majorization if and only if there exist
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By,...,B, € GD,, Se€ M, and by,...,b, € U Span{e;} such that
D(D + mS) is invertible and

TX = [ XB1/ ... /buX By + SXJ,
where D = [by/ ... /by].

3. RGW AND LGW-MAJORIZATION ON M,, ,,

In this section, we begin to study the structure of linear preservers
of rgw and lgw-majorization on M,, ,,,, and then the linear operators
T : My, — M,,, preserving or strongly preserving rgw<row (lgw-
column) majorization will be characterized.

In the following theorems we state some results from [2].

Proposition 3.1. [2, Theorem 2.3] Let T : F,, — [F,, be a linear
operator. Then, T preserves <rqw if and only if one of the following
statements holds:

(1) Tx = axB, for some a € F and some invertible B € GR,,;

(11) Tx = axB, for some a € F and some B € GR,, such that
{z:2B =0} ={z:tr(x) =0}.

Proposition 3.2. [2, Lemma 2.6] Let A € M, and « be a nonzero
scalar in F. Then A =~ I for some v € F if and only if we have

arRA+yR <pgp axA4y, Vo,y € F,p, VR € GR,,.

Lemma 3.3. Let A € GR,, be invertible and 0 # o € F. Define
Ty : Fp, = Fo, by Thae = @xA and suppose Ty : F,,, — F,, is a linear
preserver of <rqw such that

TizR +ThyR =rgw Tz + Ty,

for all z,y € Fpyand R € GR,,. Then there exists A € F such that
Tox = Az A.

Proof. Since Ty preserves <,gy, T» is of form (i) or (i4) in Proposition
3.1¢ Assume that 75 is of form (4i), then Thz = tr(x)a for some nonzero
a €F,. Letax = —éaA_l, and set y := e;. Then we have

arzRA +tr(yR)a <ygw axA + tr(y)a,
for all R € GR,,,. It follows that
1 1
a(—aaA_l)RA +tr(e1R)a <rgw a(—aaA_l)A +tr(ej)a=—a+a=0.

So —aA™'RA+a =0, for all R € GR,,. Thus aR = a, for all R € GR,,,
and hence a = 0, a contradiction. Therefore, Tox = Bz A, for some
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B € F and invertible matrix Ao € GR,,. Now, by Proposition 3.2,
Tox = Ax A, for some A € F. O

For every i,j € N,, consider the embedding F’ : F,, — M,, , and
the projection F; : My, y, — Fyy, where E/(2) = ejx and E;(A) = e;A.
It is easy to prove that for every linear operator T : M, ,,, — M, p,
TX =Tx1/ - [zp]= ZT{xj/~-~/ZT7{xj] , where z; is the i*" row
j=1

j=1

of X and Tij = EoToFE. IfT : My, — M, presefves rgw-
majorization, then its easy to see that Tij : Fp, — T, preserves rgw-
majorization.

Now, we find the possible structure of linear operators preserving
=rgw o0 My, .

Theorem 3.4. If a linear operator T' : M,y — M,y preserves rqw-
majorization, then there exist A € M, (Fy,), bi,..., by € Fy, and invert-
ible matrices A1,..., A, € GR,,, such that

TX =mAX + [0 XA/ ... /by XAy VX € My .

Proof. For every p € N, one of the following cases holds:

Case 1: there exists ¢ € N,, such that7T)jz = az A, for some 0 # o € F
and invertible A4, € GR,, . We show that for all j € N,,, Tjz = Mz A,,
for some X}, € F. For @,y € F,, put X = e,z + ¢jy. It is clear that
XR =g X, for all R € GR,,, therefore TXR <4, TX, for all R €
GR,,, and hence,

TixR + TIyR =,gw Tz + Ty, Va,y € Fr, VR € GRy.
Use Lemma 3.3 to conclude that Tg T = )\{;xAp, for some )\% € F. Put
by := ()\}1,,...,)\2) eF,
and Ay = 0 € Fp(Fpp).

Case 2: For every q € N,,, T} is of form (ii) in Proposition 3.1. Then

Tjx = tr(z)ag for some ap € Fpy. Put Ay = [a),...a}] € Fy(Fp,) and

b, =0¢€F,,. Now, Let A = [.A(l)/ - /A(n)}. Then
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TX = Tlxi/.../xy)

i=1 i=1
= [leAl/ - /anAn] -+ mAY,

where A € M,,(F,,), b1,...,b, € Fy, and Ay, ..., 4, € GR,, are invert-
ible matrices. O

Corollary 3.5. Let {bi,...,b,} C F,, and dim(Span{bi,...,by}) > 2.
Assume that Ay, ..., Ay, € GR,, are invertible and define T« M, ,;, —
M, by TX =011 XA1/... [bp XA, If T preserves <pquw, then there
exist B € M, and invertible A € GR,, such thatTX = BXA.

Proof. Without loss of generality we can assume that {bs, b2} is a lin-
early independent set. Let X € M, ,,, R'€ GR,, bearbitrary. Then
XR <rgp X, and hence TXR <4, TX. It-follows that

[leRAl/ - /anRAn] =<rgw [leAl/ . o /anAn]

= hhXRA; + by XRAy =<rgw b1 XA +bX Ay

= W XR+ by XR(A2AT") <pgu b1 X + baX (A2 A7H).

Since {b1, b2} is linearly independent, for every x,y € F", there exists
B, , € M, such that b1 B,y = and b2B,, = y. Put X = B, , in
the above relation. Thus,

R+ yR(A2ATY) <rgw © + y(A2ATY),VR € GR,,, Y,y € Fyy.

Then by Proposition 3.2, (43A47") = a T and hence Ay = a Ay, for some
0 # a € F. Forevery i > 3, if b; = 0 we can choose A; = Ay; if b; £ 0
then {b1, b;} or {bg, b;} is linearly independent. By the same argument as
above, we.conclude that A; = v; A1, for some 0 #£ v; € F, or A; = \; Ao,
for some 0 # \; € F.

Define A = A;. Then for every ¢ > 2, A; = o; A, for some o; € F and
we get

TX =[01XA/(raba) XA/ ... /(rnby) XAl = BXA,
where B = [by | roba/ ... /ryby], for some ro, ... 1y € F. O

If A € GR,, is invertible and B € M, it is easy to see that X +—
BXA is a linear preserver of <,4,. But the following example shows
that there exist linear preservers of <4, which are not of this form.
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Example 3.6. Let T': My — M5 be such that
_ 11 12 o
TX = ( 11— 21s @11t e ) where X = [z;].
We show that T" preserves <4, but 7" is not of the form X — MXA.

Let X = ( “11 %12 ) anqy = Y10 92 , and suppose that
T21 X222 Y21 Y22

X <rgw Y. If y11 + y12 =0, so 11 + 12 = 0, and T X =rgw TY .
Let y11 +y12 # 0. Without loss of generality assume that y11 + y120 = 1.
Since X <,gu Y, there exists R € GRjy, such that X = YR. Let
R= < ; i:g ) and y = (A1 —A). Put §:=( ;:Z
where « = A(a —b) +b— A+ 1. Therefore S € GRy and TY'S = TX.
So T'X <rqw TY. By a straightforward calculation one may show that
T is not of the form X — BXA.

)

The proof of the following lemma is similar to the proof of Lemma
2.5.

Lemma 3.7. Let a € F,,. The linear operator ™ : My, ,, — M, ,, de-
fined by TX = [aX/.../aX] preserves <[2% if and only if a € U!_,Span{e;}.

rgw

The structure of linear preservers and strong linear preservers of rgw-
row majorization is characterized as follows:

Theorem 3.8. Let T': M, ,,, — M,z be a linear operator. Then T
preserves rqw-row magjorization if and only if there exist A € M, (F),
bi,...,b, € U Span{e;}, and invertible matrices Ay, ..., A, € GRy,
such that for everyi € Ny, by =0 or Ay = 0, where A= [Awy/ ... [Aw)]
and

(3.1) TX =mAX + 11 XA/ ... /b XA

Proof. The fact that the condition (3.1) is sufficient for 7" to be a linear
preserver of <[70 is easy to prove. So, we prove the necessity of the
condition. Therefore, assume that T preserves <rquw- Foreveryi,j € Ny,
1! : F,, — Fy, preserves <rqy. Then, each T7 is of the form (i) or (ii)
in Proposition 3.1. Let

I={keN,:3leN, such that T} is of the form (ii) with al # 0}.

We show that if k£ € I, then Tlg is of form (i7) of Proposition 3.1, with
the same invertible matrix A € GR,,, for every j € N,,. Suppose k € 1,
then there exist | € N,,, 0 # aé € F and invertible matrix A, € GR,,
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such that Tix = alzAy. Set X = ey +ejy. It is clear that X R <rgw X
and hence TX R <I°% TX for all R € GR,,,. This implies that

rgw
TixR + T)yR <yg0 Tha + Ty, Vz,y € Fyy, VR € GR,y,.

So by Proposition 3.2, there exists ai € F such that T,gx = ai;a:Ak. Set
by = (o, ...,a}) if k€I, and by =0 if k ¢ L

If £ ¢ I, then T]‘z is of form (i) of Proposition 3.1, for every j € N,
and hence T; lgx = maif where a{% elF,,. If kel put ai = 0 for every
j € Npn. For k € N, define Ay = [a}, ... a}].

It is clear that for every i € N,, b; = 0 or Ay = 0.0 Let A =
[Awy/ - JAw)]. Then TX = [Z?Zl Tiz;/ .. -/Z?:1 Tzl = mAX +
1 XA1/.../b,XAy]. To complete the proof we must apply Lemma 3.7

to conclude that b; € Span{e;} for every i € N,,.
]

Theorem 3.9. A linear operator T' : M, iy — M), ,, i@ strong linear
preserver of rqw-row majorization if and only if there exist invertible
matrices Ay,..., A, € GRy, and by, ... by, € U [Span{e;} such that
B :=1[by/.../by] is invertible and

TX = [0 XA1/... XAy

Proof. Assume that there exists a k € (N, \I). Without loss of generality
let 1 € (N, \I), so by =0. Set V. := Span{ba,...,b,}, then dimV <
n — 1. Tt follows that dim¥%< > 1 and there exists 0 %+ s € V-+. Set
X =1s| —=s | 0| ..0| 0. Therefore X is nonzero and for every
1 € Ny, b;X =080 TX = 0, which is a contradiction. Then I = N,, and
TX =01 XA /... [bp XA,

Now, we show that B is invertible. If B is not invertible, set V :=
Span{bi,...,by}. So dimV < n — 1. Therefore dimV+ > 1 and there
exists 0 #s € V+Set X :=[s| —s|0]...|0]. Then X is nonzero and
T X = 0, which is a contradiction. O

In the remainder of this section we characterize linear operators that
preserve or strongly preserve lgw or lgw-column majorization. We begin
with a theorem of [5].

Theorem 3.10. [5, Theorem 2.4] A linear operator T : F"* — F"
preserves lgw-majorization if and only if one of the following assertions
holds:

(i) There exists R € M, such that Ker(R) = Span{e}, e ¢ Im(R),
and Tx = Rz for every x € F";
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(13) There exist an invertible matrix R € GR,, and o € F such that
Tx = aRx for every x € F".

Corollary 3.11. A linear operator T : F™ — F" preserves
lgw-magjorization if and only if one of the following assertions holds:
(1) there exists an invertible matric D € GR,,, such that

1
Tx = (D - — J) x for every x € F";
n

(13) There exist an invertible matrix R € GR,, and o € F such that
Tx = aRx for every x € F".

Proof. Let R € M,,. We show that Ker(R) = Span{e} and e ¢ Im(R)
if and only if R = (D — 1J) for some invertible matrix D € GRy.
First, Let R = (D — 1J) for some invertible matrix'D € GR,. It
is clear that Span{e} C Ker(R). If z € Ker(R), then Dz = Ltr(x)e
and x € Span{e}. Therefore Ker(R) = Span{e}. Assume that e €
Im(R), then (D — 1J)z = e for some € R". It implies that Dz =

1
—tr(x) + 1> e and hence x € Span{e}, which is a contradiction. So
n

e ¢ Im(R).
1
Conversely. Let Ker(R) = Span{e}-and e ¢ Im(R). Put D := R+—J.
n
Since Re = 0, D € GR,,. It is enough to show that D is invertible. If

1
Dz = 0 then Rx = (—ntr(x)> e. Iftr(x) # 0, then e € Im(R) which

is a contradiction, so tr(x) = 0 and Rx = 0. Therefore x € Span{e},
which implies that @ = 0. [l

Lemma 3.12. Let A € GR,, be invertible. Then the following condi-
tions are equivalent:

(a) A= a I+ Bd, for some o, € R;

(b) Dx + ADy <40 © + Ay, for all D € GD,, and for all x,y € R".

Proof. (a = b)If A= al+ J, it is easy to show that Dx + ADy <4
x + Ay, for all D € GD,, and for all z,y € F™.

(b = a) The matrix A is invertible, so condition (b) can be written as
follows:

Dz + ADA™ 'y <i  +y, YD € GD,, Va,y € F".

Put x = e —e; and y = ¢; in the above relation. Thus, [e — (D —
ADA Ye,] <igw €, for every i € N,,. So (D — ADA Ye; = 0, for every
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i € Ny, and DA = AD, for every D € GD,,. Therefore, A =al+ 5 J,
for some «, 8 € F.

g

Theorem 3.13. Let T : M, ,, = M, be a linear operator that pre-
serves lgw-majorization. Then, there exist invertible matrices A1, ..., Am
€ GR,, by,...,by, € F"™ and S € M,,, such that

Proof. Suppose that T' preserves lgw-majorization. It is easy to prove
that Tij : F™ — F" preserves lgw-majorization. Then by Corollary 3.11,
for every i,j € Ny, Tij T = (af Ag — %’yf J)x, for some invertible matrices
Ag € GR,, ag e F and ’yz-j € {0,1}. Then

TX = T[xl\ c. ‘{L‘m]
i m ) m ]
= Zfoj ZTnjﬁj
j=1 j=1
[ m m o 1
— | (ed Al = D] 5 | S (@l — Sy
]:1 Jj=1

For every z,y € F", define X = EJ(z) + E4(y) € My . If af =0 for
every ¢ € N,,, then put Aq = I. Now, suppose that there exists some
p € N,,, such that ap £ 0. Then for every D € GDn, DX <4, X, and

hence [af A Dz + ol Al Dy .. ]a?nAq Dz + ady Al Dyl <igu
[af Afz +a] Ayl ol Aluz + adn Ay
<0l A D+ of, A Dy -<lgw oAbz + o Ay
= D+ (A0) " ALD(Zhy) <igw = + (AD) T AY(Zhy).
Qp
So by Lemma 3.12, (A})~ 1A§; = )\JI + ﬂ{)J Set A, = A}, then
A} = XA, + B)3. Therefore for some y! € F we have

m
TX = Alz,u{xj

m
‘Ap Z T - -
j=1

‘Am > pdai| +IXS,
j=1
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where

L 1 1 Ly 1
g — . .
1 m m 1 m m
o + 81" *E’Ym+ﬁm
Now, For every i € N,,,, define
p
2
b = A
pi"
Then,
TX =[A1Xb1|...| AnXby]+ JXS.
O
Corollary 3.14. Let T satisfy the condition of Theorem 3.18 and let
rank(by | ... | bm] > 2. Then TX = AXR+JXS, for some R, S € M,,,

and invertible matriz A € GR,,.

Proof. Without loss of generality we can assume that {b1,bs} is a lin-
early independent set. Let X € My, s, D € GD,, be arbitrary. Then
DX <4y X and hence, TDX <4, T'X. It follows that

[AlDXbl | ... | AmDXbm] <lgw [Alel ’ e ‘ AmXbm]

= A1DXby + AsDXby <lgw A1 X by + A X by

= DXby + (A7 A2) DX ba <10 Xb1 + (A7 A2) XD

Since {b1, by} isdinearly independent, for every z,y € R™, there exists
B;, € M,, », such that B, yb1 = x and B, b2 = y. Put X := B, , in
the above relation. Thus,

DBy ybi+ (A7 A3) DBy yby <igw Baybi + (A7 A2) By yby =
D+ (A7 A2) Dy <10 x4+ (A7 A2)y, VD € GD,,.

Then by Lemma 3.12, Al_lAg = «a I+ BJ and hence Ay = A + 5 J,
for some o, € F, a # 0. For every i > 3, if b = 0 we can choose
A; = Ay If by # 0 then {b1,b;} or {ba,b;} is linearly independent. Then
by the same argument as above, A; = ;A1 + §;J, for some ~;,0; € F,
v # 0, or A; = N\ Ao + p;J , for some A\, u; € F, A\; # 0.

Define A := A;. Then for every i > 2, A; = ;A2 + 5;J, for some
«;, B; € F and hence

TX = [AXby | AX(rab2) | ... | AX (rmbm)] + IXS = AXR + JXS,
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where, R = [by | roba | ... | rmbp], for some ro, ... 1y € F and S is as
in Theorem 3.13. U

Lemma 3.15. Let by,...,b,, € F™. The linear operator T' : My, n, —
M, ., defined by TX = [Xby|...| Xby,] preserves <fgg‘mn if and only if
b; € U, Span{e;}, for every j € Ny,.

The following theorems give the structure of linear and strong linear

preserver of <f;ffm" on M,, ,,. Since the proofs are similar to the proofs
of Theorems 2.6 and 2.7, we leave the proofs to the readers.

Theorem 3.16. Let T : M, ,, — M, ,,, be a linear operator. Then T

preserves —<lcgfg‘m” if and only if there exist invertible matrices Aq, ..., Am
€ GR,, b1,...,by, € U Span{e;} and D € M, such that for every
i €Ny, b =0o0rAje; = ... = Ape; =0 and for all X = [x1 | ... |
Tp) € My m, TX = [A1Xby | ... | ApXbp] + JXD.

Theorem 3.17. Let T' : M, ,, — M, be a linear operator. Then
T strongly preserves lgw-column majorization if and only if there exist
invertible matrices Ai,...,Am € GR, andbi,..., b, € U Span{e;}
such that B :=[by | ... | by] is invertible and

TX = [AXby | ... | AxXbp,].
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