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G-POSITIVE AND G-REPOSITIVE SOLUTIONS TO
SOME ADJOINTABLE OPERATOR EQUATIONS OVER
HILBERT C*-MODULES
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ABSTRACT. Some necessary and sufficient conditions are given for
the existence of a G-positive (G-repositive) solution of adjointable
operator equations AX = C,AXA®) =C and AXB = C over
Hilbert C*-modules, respectively. Moreover, the expressions of
these general G-positive (G-repositive) solutions are also derived.
Some of the findings of this paper extend some known results in the
literature.

1. Introduction

Hilbert C*-module is a natural generalization of a Hilbert space and
a C*-algebra. The basic idea was to consider modules over C*-algebras
instead of linear spaces and to allow the inner product to take values in
a C*-algebra. The structure was first used by Kaplansky [11] in 1952.
Compared to the Hilbert spaces, there exist some differences when we
deal with operators in a general Hilbert C*-module H, for instances, a
closed topologically complemented submodule of H may not be orthog-
onally complemented, meanwhile the fundamental Riesz representation
theorem concerning the bounded linear functionals of H may also be not
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true. For more details of C*-algebra and Hilbert C*-modules, we refer
the readers to [13, 21].

Let 2 be a C*-algebra. An inner-product 2f-module is a linear space
E which is a right 2-module (with a scalar multiplication satisfying
AMza) = z(Aa) = (Az)a for x € E,a € A, X € C), together with a map
Ex E -2, (z,y) — (z,y) such that
(1) (w09 + B2 = a (@, 5) + B (z, 2);

(2) (z,ya) = (z,y) a;

(3) {z,5) = (92"

(4) (z,z) >0, and (z,2) =02 =0

for any z,y,z € E, o, 8 € C and a € 2. An inner-product 2-module E
is called a (right) Hilbert 2-module if it is complete with respect to the
induced norm ||z|| = | (z, z)|'/2.

Assume that H and K are two Hilbert 2(-modules; and B(#, ) is the
set of all maps T: H — K for which there is a map T7: K — H such that
(Tx,y) = (x, T*y) , for any z € H and y € K. We know that any element
T of B(H,K) is a bounded linear operator. We call B(H, K) the set of
adjointable operators from H into K. In case H = K, B(H,H) which we
abbreviate to B(#H), is a C*-algebra. An operator A € B(H) is called
Hermitian (or self-adjoint) if A* = A, and positive if (Az,z) > 0 for
all z € H, we write A > 0 if A is positive. The Moore-Penrose inverse
of A € B(H,K) is defined as the operator AT € B(K,H) satisfying the
Penrose equations

AATA = A ATAAT = AT (ATA)" = ATA (AAT)* = AAT,

An operator A € B(#H, ) has the (unique) Moore-Penrose inverse if and
only if A has closed range, or equivalently it is regular. The notations
R(A) and N (A) stand for the range of A and the null space of A,
respectively. For simplicity, we use L4 and R4 to stand for I — ATA and
I — AA?, respectively.

As a generalization of Hermitian operator, the quasi-hermitian oper-
ator over the Hilbert space was given in Dieudonné [6] as: S is called
a quasi-hermitian operator if there is a positive bounded operator V'
such that V.S = S*V. Recently, Sun and Ma [15] studied a new kind of
generalized Hermitian operator: S is called a generalized Hermitian op-
erator if there is an invertible operator V' such that V.S = 5*V. In fact,
many authors have shown some results concerning generalized Hermit-
ian operators, although they have not used the terminology (generalized
Hermitian operators). Such as, Radjavi and Williams [14] proved that a
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bounded linear operator on a finite-dimensional Hilbert space is gener-
alized Hermitian iff it is the product of two Hermitian operators; Jiang
[10] showed that for a normal operator S is generalized Hermitian iff it
is the product of two Hermitian operators. Also he considered the case
of hyponormal operators.

We are now interested in the following operators:

Definition 1.1. (1) Suppose H,K are two Hilbert A-modules, V €
B(H),W € B(K) are Hermitian invertible, B (H,K) is the set of all
maps A : H — K for which there is a map A® : K — H such that

(Az,y) = <Va:, A(*)W_1y> , forallz € H and y € K.

(2) An operator A € B(H) is called G-Hermitian (G-skew-Hermitian)
if
14:A0%:V4AWf(A:—A“%:—VﬂAﬂﬁ.

(3) An operator A € B(H) is called G-positive if and only if A is G-
Hermitian and (Ax,Vz) >0 for allx € H.

Obviously, the class of G-positive operators (G-repositive operators),
which of course contains the positive operators (repositive operators), is
in fact much wider. Let B(H), be the set of all G-Hermitian elements
of B(H), B(H)™) be the set of all G-positive elements of B(H). Then
for A, B € B(H),

(1) (AB)™) = B® AL,

(2) A€ B(H) if and only if VA = A*V, for some invertible Hermitian
operator V,

(3) A is regular, then (AT = (At (L4)®) = R,y and (Ra)™) =
Ly,

(4) A € B(H) ™) and is regular, then AT € B(H)™H).

Researches on the nonnegative definite and Re-nonnegative definite
solutions to matrix equations, as well as the positive and Re-positive so-
lutions of operator equations have been actively ongoing for many years.
For instance, the nonnegative definite solutions to matrix equation

(1.1) AXB=C

were studied by Khatri, Mitra [12] in 1976 and Zhang [24] in 2004, re-
spectively. In 1998, Wang and Yang [20] derived the Re-nonnegative
definite solution to matrix equation (1.1) by matrix decomposition. Re-
cently, Arias and Gonzalez [1] studied the positive solutions to operator
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equation (1.1). Under the assumption that the underlying space is finite-
dimensional or the range of B is contained in the range of A*, Xu et al.
[23] proposed some solvability conditions for operator equation (1.1) to
have a positive solution and a Re-positive solution, as well as some ex-
pressions of these solutions in the general setting of Hilbert C*-modules.
Some other results can be found in [22]-[7].

In fact, the positive (Re-positive) operator can be seen as a special
case of G-positive (G-repositive) operator, therefore investigating the G-
positive (G-repositive) solutions to some operator equations over Hilbert
C*-modules are very meaningful. So far, to our knowledge, there has
been little information on either the G-positive or the G-repositive to
adjointable operator equations over Hilbert C*-modules. Then in this
paper, we mainly consider the G-positive and G-repositive solutions
to some classical adjointable operator equations over the Hilbert C*-
modules. This paper is organized as follows: In Section 2, we present
some criteria for an adjointable operator to be G-positive (G-repositive).
In Section 3, we show some necessary and sufficient conditions for the
existence of a G-positive solution to some adjointable operator equations
over Hilbert C*-modules. The expressions of these general G-positive
solutions are also derived. In Section 4, we show some necessary and
sufficient conditions for the existence-of a G-repositive solutions to some
adjointable operator equations over Hilbert C*-modules, as well as the
general expressions of these solutions. We conclude the paper by propos-
ing in Section 5 some further research topics.

2. Preliminaries

For any operator A € B(#H), there exist two orthogonal projections
Py, P, =1 — P, such that A can be expressed as

A=Ay + As + Az + Ay,
where
Ay = PLAPY Ay = PLAPSY A3 = P,APY, Ay = PyAPY

The mapping ¥ : B (H) — B (H & H) is an algebra « —monomrophism
where B (H & H) equipped with the usual matrix operations. Then
Ay A

we shall write A = [ As A

] with respect to P;, P>, and have the

following results:


www.sid.ir

G-positive (G-repositive) solutions of some adjointable operator equations 975

Theorem 2.1. Suppose that A € B(H), and has closed range. Then
Ae ’B(H)(+) if and only if the following conditions are satisfied:

(1) A € B(H)™,

(2) AYATAy = Ay,

(3) Ay — AsAl Ay € B(H)D.

Proof. Suppose that A € %(’H)H), then there exists H = V! (A*V)%
such that A = HVH® and A; = AP = PLHVH® P € 8(3)™).

In view of
A Al = PHV (PLH)®) <P1HV (PlH)(*))T
— PLHV (PLH)Y ((PlH)(*)>T Ve )t
= PHY ((PH)' PH) “ vt ey

— PH (PH)",

we have
Finally,

Ay — AP Al A,
—PyAP") — P, AP™ Al AP
=P, HVHY P~ PV H® P (PlHVH(*)Pl(*)>T PLHVH® P
=P, HVHO P - v B PO (B PV (P PV HC) R

* * T *
—PHV <I = HOP (HOPY) (PHY) P1HV> H® P

—PH (1 (P H) P1H) v (PQH (I (P H) P1H)>(*) e B(H)™.

On the contrary, suppose that (1), (2) and (3) are satisfied, then for any
h= ( o ) EHBH, let
T2

B vV o i —AJ{AQl’Q . T+ A];A2$2
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(Ah, Vih)
=(A(x+y),Vi(z+vy))
= (Az, Viz) + (Az, Viy) + (Ay, Viz) + (Ay, Vay) = (Az;Viz) + (Ay, Viy)

::<(A4—-A3AiA2>x%\Gx2>+—<<A4—-A3AIA2>$L‘G$1>EiQ

then A € B(H)H). O

Corollary 2.2. Suppose that A € B(H) has closed range. Then A €
%(H)(H if and only if the following conditions are satisfied:
(1) Ay € BH)™,
(2) AyALAz = As,
(3) Ay — Ay AlAg eB(H)S).
The general real part of A € B(#) is defined by G-Re A = 1 (4 + A(*)) :

Then G-Re A is always G-Hermitian, G-Re A = A if and only if A €
B(H), moreover,

G-Re(A £ B) = G-Re A+G-Re B, G-Re(X®AX) = X (G-Re A) X.
An element A € B(H) is called G-repositive if and only if G-Re A €

%(”H)(H. Similarly, we can prove the following results.

Theorem 2.3. Suppose that A € B(H) and G-Re A has closed range.
Then A + A% ¢ %(H)H) if and only if the following conditions are
satisfied:

(1) Ay + AP € B(H),
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* T * *
(2) (A1 + A7) (A1 +A07) (40 + A0)) = (45 + 40)
* O\ T *
(3) <A4 +AS )) - (A3 + AS ’) <A1 + A )) (Ag +AS )) e B(H)).
Corollary 2.4. Suppose that A € B(H) and G-Re A has closed range.
Then A + A®) ¢ %(H)(+) if and only if the following conditions are

satisfied:
(1) As+ A € B(H) ),

(2) (43 +49) (43 + 40)" (A + A7) = (4 + 40).
(3) (Ar+ A7) = (A +457) (Aa+ Ag*>)* (45 +457) em(r).

3. G-positive solution to some adjointable operator equations
over Hilbert C*-modules

In this Section, we mainly consider some necessary and sufficient con-
ditions for some adjointable operator equations to have a G-positive
solution, we also give expressions of these solutions.

Theorem 3.1. Let A,C € B(H1,Hs), A and C A have closed ranges.
Then adjointable operator equation

(3.1) AX = ¢

has a G-positive solution'X € B(H.,) ) i and only if CA™ € %(7—[1)(+)
and R(C) C R (C’A(*)) In this case, the general a G-positive solution
of equation (3.1) can be expressed as

T
(3.2) X =0 ((JA(*)) O+ (I — ATAU(I — ATA)®,
where U € ‘B(HQ)H) is arbitrary.

Proof. Suppose that CA®) is G-positive, then (CA(*))T and
c®) (CA(*))T C are G-positive. Noting that

AC™ (OA<*>)T C=CA (CA<*>)T C=c,

then C'*) (C’A(*))Jr C' is a G-positive solution to equation (3.1). For the
other direction. Let X be a G-positive solution to equation (3.1). Then


www.sid.ir

978 Song

CA™ = AXyA™ is G-positive, and

R(CAY) = R(AX0A®)
= R(axyv (ax)®)
R(AX1) DR (AXp)
R(C),
where Xg = X1VX{*) for some Hermitian invertible operator V €

B(Ha).
Next we only need to show that every G-positive of equation (3.1) can
be expressed as (3.2). Suppose X is an arbitrary G-positive solution

of equation (3.1), and denote Xq = C®) (C’A(*))TC. Then X; — Xy
is a G-Hermitian solution to equation AX = 0, So there exist a G-
Hermitian matrix T such that X; — Xo = (I — ATA)T(I — ATA)™),
Choose Y = C (CA®)' CCTA, then Y Xo & Xo, ande¥ATA = Y, so
(I -Y)Xo=0and (I -Y)(I —ATA) = (I —AlA). Therefore,

(I=-Y)X(I-Y)¥ = (I -Y)X1(I - V)™ = (I - Y)Xo(I - V)™
= (I -Y) (Xa= Xo) (I=Y)™

= (I -Y)I=ATA)TT - AtAH (1 —y)®)
X, — Xo.

Since (I — Y)X1(I — YY) € B(H)™), then
.|.
X, = ((JA<*>) O+ (I — ATAYT(I — AT A)®),

implying that every G-positive solution of equation (3.1) can be written
as (3.2) with some proper choice of U. O

Remark 3.2. Similarly, on the assumption that

A BA®  BC
c® | " (ap)® pHo

have closed ranges, then we can derive some mecessary and sufficient
conditions for adjointable operator equations AX = B and XC = D
to have a common G-positive solution ,as well as an expression for the
common G-positive solutions.
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Theorem 3.3. Let H,K be Hilbert C*-modules. Assume that A €
B(H,K), C € B(K) such that A has closed range, C' is G-Hermitian
and R(C) C R(A). Then equation

(3.3) AXA® =

has a G-positive solution if and only if C' is G-positive. If, in addition,
C' has closed range, the general G-positive solution of equation (3.3) can
be expressed as

(3.4)
X = X0t XoXJBLT 4 LaEY (X2X]) "+ LaBO X ELQ Y LAFL),

with Xy = ATC (AT)(*) is a particular G-positive solution, E € 9B (H)
and F € B(H)'™") are arbitrary.

Proof. When X is given as (3.4), and in view of the assumption R(C) C
R(A) and C € B(K)™P), then X € B(H) ™) and satisfies equation (3.3).
Next we show that (3.4) provides the general G-positive solution. As-
sume that C' has closed range and X is a’ G-paositive solution to equation
(3.3). Denote P, = ATA, P, = (I — ATA), then
X = X1+ X+ Xs+ X4 = PLXPY 4 PXPY) + P,XPY + Px P
Combining the mapping W.: B (H) = B (H ® H), X can be expressed
as
X1 Xo
X = .
| X
Since
. (*) (*)
X1 = PP = AtAxX A (AT) = AlC (AT ) :

and note that € € B(H)™), then X; € B(H) ™). Moreover,

(*) (x)

X1 ACtax, = afe (ah) 7 aWctaate (af)
(*)

—AfovaAtctaatova = atccic (AT ) - X,

thus X is regular and X I exists. It follows Theorem 2.1 that X; X 1T Xy =
X9 and X4 — X2*)XIX2 S %(H)(H are satisfied. Then we have Xy =
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X1 X 1r Y, where Y € B(H) is arbitrary, and
Xi— XU XIXy = X4 — LoEY (XQXZI)* X} X, X3 ELY)
=X, - LyEOXIELY € (7).

Then any arbitrary G-positive solution to equation (3.3) can be ex-
pressed as (3.4) with some proper choices of E and F. O

We can now prove the following result.

Theorem 3.4. Let H;(i = 1,2,---,4) be Hilbert C*-modules, A &€
B(H,, Ha), BeB(Hy, Hi), C € B(Hs, Ha). Denote
A = AWvVA B
= BVBW ¢
= AWCB® M
= A+ B, T
= BM'CiM'A;.

Suppose that A, B,T and M have closed ranges. Then the consistent
equation (1.1) has a G-positive solution if and only if

(3.5) R(AMIC™) c R (1), R(BiMICY) C R(T).

In this case, the general G-positive solution to equation (1.1) can be
expressed as

« (*) «
(3.6) X =Mf (01 {6 )+Y+Z> (MT) + X0+ XoXSELY)
(=) . .
+ LB (X5x)) " + LaBOXIELY) + LaFLY),

where Xo = M (Cl + CY) +Y + Z) MY, Y and Z are arbitrary G-
positive solutions to equations

(3.7) YM'B, =CiMTAy, AAM'Z = B{M'Cy,

such that Cy +C§*)+Y—|—Z is G-positive, E € B(H,) and F € %(Hl)(+)
are arbitrary.

Proof. Suppose that equation (1.1) is consistent, then there is an X such
that

T =B MO,M A = BiMY A, X B, MTA;.
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Moreover, since
A = AWYTIg
— flA*A
= v1iAvvia
= vav (van® e s,

and
B, = BVBW
= BBWYy
= BVV BV
= BV VIBV e B(H)™,
thus

BiM'A; = By (A1 + B)' Ay = Ay (A, + B1)' B
is G-positive. When X is G-positive, there exist X7 such that
T = BM'AXB MA,
(*)
— BIMTA XV (BlMTAle) € B(H,)™.
Further, we have
R (BlMTC’l) LR (BlMTAlX&) CR (BlMTAlev)
(%)
—R <BlMTA1X1V (BlMTAlxl) ) = R(T)
and R(A M) C R (T).
For the sufficiency, we first show that when these conditions are true,

G-positive solutions Y and Z to equations (3.7) can be so determined
that

Ci+CY+Y + 27

is G-positive. Since T is G-positive and

R(AMICH) CR(T), R(BMICY) CR(T),


www.sid.ir

982 Song

then it follows from Theorem 3.1 that the general G-positive solutions
to equations in (3.7) can be written as
(*)
Y = FTTF® (I - EET) Wi (I - EET) :

7 =LWTiL + (I— KTK) W (I— K*K)(*),

where
F=CMA,E=M'B,K=A4ML=BMC.
Hence
Ci+CY 4y + 7

(*)

_ (F+L<*>) 7t (F<*> +L) + (I_EET) “w, (1 y EET)

+(1- K'K)w, (1- K'K) Y o~ PTiL 4+ 00 LT ),
Recall (3.5), then
EX(Cy — FT'L) = By (A, + B))' C1 —TTIBy (A1 + By) ¢y =0

and
<Cl — FTTL> K(*) =C4 (Al + Bl)Jr A — FTTT = 0.

Hence
O +CY 4y 4 7 = (P L) THF® 4 L)
+ [ (1= EetY™ (1 - K'K) ]
Wi Cy— FTTL I - EET
(C, <FTTR)Y Wy (1 - KtK)Y
is G-positive if Wi and W are so chosen that
Wi Ch — FTTL
(C, - FTIL)Y Wy

is G-positive. One such choice is W7 = I,
Wy = (Cy — FT'L)™ (¢4 — FT1L) , in view of Theorem 2.1.

Let Xy be a G-positive solution of (1.1). Put YV = A1 XpA;,Z =
B1XyB; and observe that Y, Z are G-positive solutions to equations
(3.7), such that

N=C+CY4+Y+2Z=(A+B)Xo(A +Bi)


www.sid.ir

G-positive (G-repositive) solutions of some adjointable operator equations 983

is also G-positive. Then by Theorem 3.2, X can be expressed as (3.6).
O

4. G-repositive solution to some adjointable operator
equations over Hilbert C*-modules

In order to get the G-repositive solution to some adjointable operator
equations over the Hilbert C*-modules, we need the following Lemma.

Lemma 4.1. Let H, K be Hilbert C*-modules. Assume that A € B(H, K)
and has closed range, C' € B(K), then adjointable operator-equation

(4.1) AX™ 4 x AW = ¢,

1s consistent if and only if C is G-Hermitian and RACREI) = 0. In this
case, the general solution of equation (4.1) can be expressed as
(4.2)

1 (%) (*) 1 ()
i f _ f ——AY® (At
X 2(I+RA)<C’<A) Y(AA) >+Y SAY <A> ,
where V- € B(H,K) is arbitrary.

Proof. On the assumption that €' is G-Hermitian and RAC'RE:) =0, it

: : IfRDE(A) :
is easy to verify that X = % satisfies equation (4.1). For

the other direction, suppose that X, satisfies the equation (4.1), then
we have

¢ (Ax) + XOA(*))(*) —C

and
RACRY) = Ry (AX(*) + XA(*)) RY =o.
Next we will prove that every solution of equation (4.1) can be expressed

as (4.2).-Suppose that Xy is an arbitrary solution of the equation (4.1),
and setting Y = Xy, we have

Xo= % (I+ Ra) <C (a") " x, (4'4) (*)> +Xo - %Axg*) (a") .

Then (4.2) is the general solution of equation (4.1). O

We can now prove the following result.
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Theorem 4.2. Let A,C € B(H,,H2), A and CA™ have closed ranges.
Then adjointable operator equation (3.1) has a G-repositive solution X €
B(H,) if and only if CA®) is G-repositive and R(C) C R (CAW) . In

this case, the general G-repositive solution can be expressed as
_ 1 ) i >(*>
(43) X = Xo+5La(H—(Xo+X{")) <I+(AA

+%L AY LY — %L AY L
with

) *) ) ) xt g *)
H = Xo+ XoXJELY 4+ LB (XoX]) "+ LaBO X ELY AP L),
and
X = Afc-(afc) " ata (atc) Vxy = Al (cARL$ACHY (4l )()

E)Y € B(H,) and F € %(’Hl)(ﬂ are arbitrary:

Proof. Suppose equation (3.1) has a G-repesitive solution X, then
AATC = AATAX = C. Further, CA® + ACH = A (X + X)) AW €
%(”Hl)(”, implying that CA® is G-repositive. Conversely, suppose
AATC = C and CA™ is G-repositive. Denote Xy = ATC — (ATC) =) +
ATA(A1C)™) | then AX( = C and

Xo+X{) = AT (G4t +Act) (at) e B3, .

Next we show that every G-repositive solution to equation (3.1) can be
written as (4.4). It is well known that the general solution of equation
(3.1) can be expressed as

(4.4) X = Xo + LaW,
where W is free to vary over B(Ky, H). Denote
X+ X = Xo+ X5 + LaW + (LaW)® = H

then
X+XWeB(H,) D o HeBRH,)M.

If you fix H, it is easy to get H = H®), from Lemma 4.1, equation
LaW + (LaW)®) = H - (Xo+ X{7)
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is consistent for W if and only if

Ry, CRY) = ATA (H _ (XO + Xg*>)) (ATA) “_y,
which is equivalent to equation
(4.5) AtAl (ATA)(*) — AtA (Xo + Xé*)) (ATA) .
has a G-positive solution H. Recall that CA® is G-repositive, thus

ATA (XO n Xé*)) (ATA> )
—AfA (AT (cA® +ac®) (AT>(*)> (ATA)(*) e BH)D.

It follows from Theorem 3.2 that equation (4.5) has a G-positive solution
which can be expressed as

* ) *
(46)H = Xo+ XoXJBLS + LaBY (Xox])  +EABW XIELY
+L4FLY,

where X, = At (CA®) + AC®) (aAN™ | E € () and F € B(H)
are arbitrary. Combining Lemma 4.1, we have

4.7 = %(LAH—LA <X0+Xé*)) —LAY> (I+ (ATA)(*)>

1 B
+Y — 5LAY(*‘)LSQ,

where Y is arbitrary. Further, the G-repositive solution of equation (3.1)
can be expressed as (4.4) after taking (4.8) into (4.4). O

The following Lemma plays an important role to get the G-repositive
solution of equation (3.3).

Lemma 4.3. Let H, K be Hilbert C*-modules. Assume that A € B(H,K)
and has closed range. Then the general G-skew-Hermitian solution of

(4.8) AXA® =0
can be expressed as
(4.9) X =Law-wHrl),

where W € B(K) is arbitrary.
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Proof. Obviously, X defined by (4.9) is G-skew-Hermitian and satisfies
equation (4.8). Suppose Xy is a G-skew-Hermitian solution to (4.8),
setting W = £ Xo (I + ATA), then

Xy = %LAXO (I n ATA) _ % (Xo (I n ATA))(*) LY.

Thus (4.9) is the general G-skew-Hermitian solution to equation (4.8).
U

We can now prove the following result.

Theorem 4.4. Let H,K be Hilbert C*-modules. Assume that A €
B(H, ) and has closed range, C € B(K) is G-Hermitian-and R(C) C
R(A). Then equation (3.3) has a G-repositive solution X € B(H) if
and only if C' is G-repositive. If, in addition, C' has closed range, the
general G-repositive solution of (3.8) can be expressed as

. (%) . «
(410X = X+ XXJELY + LaBEW (X,X]) T + LaBWX]BLY)
FLAFLY 4 Law —wOLE
with Xo = A'C (AT)(*) is a particular G-repositive solution, E,W €
B(H) and F € BH)) are arbitrary.

Proof. Denote H, (X) = % (X + X(*)) . If X is a G-repositive solution
to equation (3.3); then Hj (C) = AH, (X) A® ¢ %(’H)(H. For the other

direction, if €' is G-repositive then Xy = ATC (AT)(*) is a G-repositive
solution to equation (3.3). Next we will show every G-repositive solution
of (3.3) can be expressed as (4.11). If X is an arbitrary G-repositive
solution to equation (3.3), then H) (X) is a G-positive solution to

(4.11) AH, (X) A% = H,(C).
It follows from Theorem 3.2 that

Hy (X) = Xo+ Xp XJELY+La B (X)) +LaBO X ELY +LAF L)
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where Xy = ATH, (C) (AT) ®) s a particular G-positive solution to equa-
tion (4.11), E € B(H) and F € B(H)") are arbitrary. Note that

(+) . . (=)
H,(X) = H, (ATC (47) " +xxBLY) + LaEY (X2X])

+LAEOXIELY + LaFLY))

implies that

(%)

* () *
X = Alc (AT) + X XSELY) + LB (XQXZI) 4 LB XIBLE)

+LAFLY + 2
where H, (Z) = 0 and AZA™ = 0. By the use of Lemma 4.3, we have
Z = LW —W®LE,
where W € B(#H) is arbitrary. Hence, (4.11)is the general G-repositive
solution to equation (3.3). O

Theorem 4.5. Let H;(i = 1,2,---,4) be Hilbert C*-modules, A €
B(H,, Ha), B B(Hy, Hi), C € B(Hs, Ha): Denote
A, =0 ADVTA B
— BVB™ ¢
=AM CB® M
= A1+ B, T
= BIM'CiMT A,
and
H(X)=X+X".

Suppose - that A, B,T and M have closed ranges. Then consistent equa-
tion (1.1) has a G-repositive solution if and only if T is G-repositive.
In this case, the general G-repositive solution of equation (1.1) can be
expressed as

(4.12)

X=M(Ci+Y +Z+W)M + X, + X, X]ELY

(%)

+ LaB®) (X)) + LaBEWXIELY) + LaFLY) + Law - wOILY),


www.sid.ir

988 Song

where Y, Z and W are arbitrary solutions of

(4.13) YM'B, =CiMTA;, AAM'Z =BM'C,, AMTWM'B=T
such that C1+Y +Z+W is G-repositive, Xo = M1 (Cy +Y + Z + W) MT,
E,W e ®B(H,) and F € %(Hl)H) are arbitrary.

Proof. Since R(B1) € R(M), then MTBlBIMMTBl = M'B,, which
gives that MT B is regular. Note that
oMt (MTB) MYBy = CiMiABIMMTB,
= O\MTABIB
— O1BIB.M'A, BB,
= O1BlAM'B,
= C1M'A;,

then equation Y M By = C; M1t A; is consistent. Similarly, we can get
the other equations in (4.13) are consistent. Now suppose that equation
(1.1) has a G-repositive solution X, then

H(T)=H (BlMTClMUh) —H (BlMTAl)(BlMTAl)

= BMTA H (X) (BlMTAl)(*) € B(H)H.
For the other direction, suppose 7T is G-repositive. Since
AMY(CL 4+ Y + Z+W)M'B,
= AMCM Byt AAMYYM'B, + AAMTZMI B, + A\ MW M B,
= AIMTCIM By + AAMTCIMT Ay + BIMTCiMTB, + BiMTC MTA,
= (A + B) MTC1M" (A + By) = Cy,
thus
Xo=M (Ci+Y +Z+W) (MT)(*)

satisfies equation (1.1), where Y, Z and W are solutions of equations in
(4.13). Next, we only need to prove that for some proper choices of Y, Z
and W, C1 +Y + Z + W is G-repositive, which is equivalent to Xy is
G-repositive. Setting

M'B,=E, F=c,M'A, K =AM, L =B My,
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and choose some special solutions of equations in (4.13),
(%) (%) ¥
Y = FEf - (FET) + (ET) FOEE" + RS Ry,

Z-KiL— (KTL)(*) + KK (K1) Y QL)
W =K'TE' — LgS — SR,
where
Q= (Cf*) - KTT<*>ET) (C{*) - KTT(*>ET) Y s - KikoW LW EET
Obviously,
H(v) = (E") “ G () BB + RY Ry,

H(2) = KiG (1) (KY) Y@,
(*

H(W)=KTE + (KTTET ) aye (Cf*)EET + KTRCW™ — okt T<*>ET) .
Noting that
KIKKITOR — KIKLHET = KTT(*)ET,
KITWEEEt = KTEWEET = KITH BT
KCWE = KLW /= 1)

we have

H(C+Y +Z2+W)

\ . (%)
_ ((ET>( N KT> H(T) ((ET)( . KT>
. I - EEf

Mme u-w o] [ EE

where
D ! €y~ (B 7t (K1)
T (o - e () H(Q)

It follows from Theorem 2.1, that D is G-positive, then X is G-repositive.
Hence, with such a choice of Y, Z and W, it can be seen the Xj is a G-
repositive solution to equation (3.6). Next we only need to prove that
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every G-repositive solution of (1.1) can be written as form (4.12). Sup-
pose X is an arbitrary G-repositive solution of equation (1.1). It is
easy to verify that Y = AXA,Z = BXB,W = BXA are solutions of
equations in (4.13), and

(A+B)X(A+B)=C+Y +Z+W,

is G-repositive. Then it follows by Theorem 4.4 that X can be expressed
as (4.12). O

5. Conclusion

In this paper, we have presented a criterion for an adjointable operator
to be G-positive (G-repositive), and derived some necessary and suffi-
cient conditions for the existence of a G-positive (G-repositive) solution
to adjointable operator equations AX = C, AXA®) = @and AXB = C
over Hilbert C*-modules, respectively. Moreover, we have shown the ex-
pressions of the general G-positive and G-repositive solutions to these
equations when the solvability conditions are satisfied.

Motivated by the results in the paper, /and observing that equations
(3.1), (3.3) and (1.1) are all special cases of the system of adjointable
operator equations

(5.1) AlX = Cl,XBQ = CQ, A3XBg = Cg

over Hilbert C*-modules, it would be of interest to investigate the G-
positive solutions to system (5.1). ' We will show the results in a forth-
coming paper.
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