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DETERMINANTS AND PERMANENTS OF
HESSENBERG MATRICES AND GENERALIZED LUCAS
POLYNOMIALS
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ABSTRACT. In this paper, we give some determinantal- and perma-
nental representations of generalized Lucas polynomials, which are
a general form of generalized bivariate Lucas p-polynomials, ordi-
nary Lucas and Perrin sequences etc., by using various Hessenberg
matrices. In addition, we show that determinant and permanent of
these Hessenberg matrices can be obtained by using combinations.
Then we show, the conditions under which the determinants of the
Hessenberg matrix become its permanents:

1. Introduction

Fibonacci numbers f,, Lucas numbers [,, and Perrin numbers r,, are
defined by

o .= Joead fnoforn>2 and fi = fo =1,

ln, = lp 1+l o forn>1 andlyg=2, 1 =1,
Tn = Tho+rp_gforn>3 andrg=3, r1 =0, ro =2,
respectively.
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Generalizations of these sequences have been studied by a number
of researchers. For instance; Miles [16] defined generalized order-k Fi-
bonacci numbers, Er [2] defined k sequences of generalized order-k Fi-
bonacci numbers and Kaygisiz and Bozkurt [4] defined k-generalized
order-k Perrin numbers.

MacHenry [12] defined generalized Fibonacci polynomials Fj, ,(t) and
Lucas polynomials Gy, ,(t) as follows;

Fin(t) =0, n <0, Gron(t) =0, 1 <0,
Fk’,O(t) = 17 Gko t) = )

k
Fpn(t) = X tiFen—j(t),  Gralt
j=1

where ¢; (1 < i < k) are constant coefficients of the core polynomial
P(x;tl,tg,...,tk) = gk —tlxk_l SN — .

In [13, 14], authors obtained some properties of this polynomials. In
addition, in [15], authors obtained (n, k€ N, n > 1)

% o a a
(1.1) ENOEDD fal (al‘ ’al)tll A

akn

where a; are nonnegative integers for all 7 (1 < ¢ < k), with initial
conditions given by

Gro(t) =ks Gr_1(t) =0, -+, Gp_p41(t) = 0.
Throughout this paper, the notations a - n and |a| are used instead
k k
of Y jaj =n and a;, respectively.
j=1 J=1

Kaygisiz and Sahin [5] defined generalized Perrin polynomials Ry, ,,(t)
by using generalized Lucas polynomials.
The generalized bivariate Lucas p-polynomials [20] are defined by

Lyn (z,y) = pr,n—l(xa y) + pr,n—p—l(x7 Y)

for n > p, with boundary conditions L, o(x,y) = (p+1), Lpn(x,y) = 2™,
n=12,..p.
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TABLE 1. Cognate polynomial sequences 1.

[kt [ti2<i<(k—1) [ti [ Gin(t) ]
k] 0O t; te || Rin(t)
klx 0 Yy Lp,n(xay)
310 1 1 n

TABLE 2. [20]Cognate polynomial sequences 2.

[Lpn(x,y)

bivariate Lucas polynomials L (x, y)

Lucas p-polynomials L, ,(x)

Lucas polynomials I,,(x)

Lucas p-numbers L,(n)

Lucas numbers L,

bivariate Pell-Lucas p-polynomials Ly, (22, y)
bivariate Pell-Lucas polynomials L, (2z;y)
Pell-Lucas p-polynomials Q. ()

Pell-Lucas polynomials Qy(z)

Pell-Lucas numbers Q.,

Chebysev polynomials of the first kind T, (z)
bivariate Jacobsthal=Lucas p-polynomials L, ,(z,2y)
bivariate Jacobsthal-Lucas polynomials Ly (z, 2y)
Jacobsthal-Lucas polynomials j, (y)
Jacobsthal-Lucas numbers j,

il el el i i s = T e = e [

R PR =R R

DO
8

|
—_

_—_-8 8
DN DN DN
NS S

Tables 1 and 2 show that G, ,(t) are general form of many sequences
and polynomials.. Therefore, any result obtained from the polynomials
Gn(t) is valid for all sequences and polynomials mentioned in these
tables.

On the other hand, many researchers studied determinantal and per-
manental representations of k sequences of generalized order-k Fibonacci
and Lueas numbers. For example, Minc [17] defined an n x n (0,1)-
matrix F'(n, k) and showed that the permanents of F'(n,k) is equal to
the generalized order-k£ Fibonacci numbers.

In [10, 11], authors defined two (0,1)-matrices and showed that the
permanents of these matrices are the generalized Fibonacci and Lucas
numbers. Ocal et al. [18] gave some determinantal and permanental
representations of k-generalized Fibonacci and Lucas numbers and ob-
tained Binet’s formulas for these sequences. Kili¢ and Stakhov [8] gave
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permanent representation of Fibonacci and Lucas p-numbers. Kili¢ and
Tasgcr [9] studied permanents and determinants of Hessenberg matrices.
Yilmaz and Bozkurt [22] derived some relationships between Pell and
Perrin sequences, as well as permanents and determinants of a type of
Hessenberg matrices. Kaygisiz and Sahin [7] gave some determinantal
and permanental representations of Fibonacci type numbers. Kaygisiz
and Sahin [6] gave some determinantal and permanental representations
of generalized bivariate Lucas p-polynomials. In [3, 19, 21], authors gave
some relations between determinants and permanents.

The main purpose of this paper is to give some determinantal and
permanental representations of generalized Lucas polynomials by using
various Hessenberg matrices. Then we provide some conditions under
which the determinants of the Hessenberg matrix become its perma-
nents.

2. The determinantal representations

An n x n matrix A, = (aj;) is called lower Hessenberg matrix if
a;; =0 when j —1 > 11ie.,

aill aio 0 e 0
as a2 as3 0
asy aso asy - 0
ap—-1,1. Op—-12 04npn—-13 " 0dn—1n
an,1 Gn2 Gn,3 c Qnn

Lemma 2.1. [1] Let LA, be the n x n lower Hessenberg matriz for all
n > 1 and define det(+Ag) = 1. Then, det(+ A1) = a11 and forn > 2
(2.2)

n—1 n—1
det(4+An) = anndet(+An—1) + Z[(_l)n_ran,r(n ajj+1) det(+Ar—1)].
r=1 j=r

Now, we define two Hessenberg matrices ;Cj ,, and _Cy,, whose
determinants give the generalized Lucas polynomials.

Theorem 2.2. Let k > 2 and n > 1 be integers, and let Gy, ,(t) be the
generalized Lucas polynomials and Cy,, = (crs) an n x n Hessenberg
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matriz, given by

i"”_5|.t;(:jfg)l, if sAland —1<r—s<k,
2
Crs = i""_s|.tt”(;i)l.(r—s+1), if s=1and —1<r—s<k,
2
0, otherwise
i.€.,
[ u ity 0 0 0]
21 tl itz 0 0
3i%h i ty it 0
2
Cin = -k—i t 'k—2'tk—l 'k—3'tk—2 'k—4'tk—3 '
+%kn ki tiﬁl 7 tkj 1 k=3 1 k=1 N 0
’ t o k-2tin k- 3tk
0 zk_ltkﬁl i tﬁj—:é " t’,j—:?, 0
2 2 2
: ito
i 0 0 0 ity

where to =1 and ¢+ = v/—1. Then,
(2.3) det(+Ck7n) = Gk,n(t)-

Proof. To prove (2.3); we‘use the mathematical induction on m. The
result is true for m = 1 by hypothesis.

Assume that it is‘true for all positive integers less than or equal to
m, namely, det(4Cy,,) = Gim(t). Then, by using Lemma 2.1, we have

det(4 Crms1) = Cmy1mr1det(+Crm)
m m
+ 21 (=)™ gy IT ¢ 41 det(+-Cp 1)
r= j=r
m—k+1 m
= t1det(4Chm)+ > (=D Temprs [ [ ¢igrr det(4Crra)
r=1 j=r

m

m
+ > D™ e [[ e det(4-Crpmr)
r=m—k+2 j=r
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= t1det(+Cp,m)
m [ m
+ ) D™ e [[ e det(4-Crpm)
r=m—k+2 i j=r
= 11 det(+Ck7m)
m [ ¢ m
m+l—r :m+l—r ‘m—r+42 .
—+ Z (—1) N m H (1% det(—i-ck,r—l)
r=m—k+2 i 2 J=r
= t1det(4+Cm)
m _
tm— _
o amA4l—r tm=r+2 ppl1—p (m—r+1)
+ Z (—1) 7t(m—r+1) 4 15 det(+Chp—1)
r=m—k+2 L 2
m
= t1det(+Crm) + > tmpyadet(4Crp1)
r=m—k-+2

= t1det(4Cr ) +tadet(4 Crm—1) + -+ - + g det(4 O (—1))-

From the hypothesis and definition of generalized Lucas polynomials we
obtain

det(+Ckmt1) = 1Grm(t) + -+ F wGrm—(k-1)(t) = Grmt1(2).
Therefore, (2.3) holds for all positive integers. O

Example 2.3. We obtain 6-th generalized Lucas polynomial for k =5,
by using (2.3).

[t ity 00 0 0]
2% t; it 0 0 0
3;33 i ti1 dits 0 0
2
det(4Cs6) = det 4754 *Té?» ity ity 0
5 = =By by
2 tg 712154 —t3 .
4 w7 ¢oh

= 18+ 6ttty + 9633 + 263 + 6315 + 312 + 1244515
+6t3ty + 6toty + 6t1ts
== G576 (t) .

Theorem 2.4. Let k > 2 and n > 1 be integers, Gy, the generalized
Lucas polynomial and _Cy,,, = (bij) an n x n lower Hessenberg matriz,
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given by
—to, ifj =141,
tti@ﬂ)l, ifj#1and0<i—j<k,
bei — 2
g ttz(—ig;,(i_jﬂ), ifj=1and0<i—j <k,
2
0, otherwise
i.e.,
Mt —ty 0 0 0 7
2 t1 —t9 0 0
3%% 1 t1 —to 0
2
“Chn = | gty fo G 0
2 2 2
0 ty tk—1  tk—2 0
tlg—l t12€—2 t12€—3
: : —to
L 0 0 0 i1
where tg = 1. Then,
(2.4) det(—Cr )= Grnlt).
Proof. The proof is similar to the proof of Theorem 2.2, by using Lemma
2.1. ]

Example 2.5. We obtain 5-th generalized Lucas polynomial for k = 4,
by using (2.4).

[ t1 —t2 0 0 0 ]
2 tp —tp 0 0
t
det(-Cys) = det |32 1t —t2 0
4% % I
= 15+ 5t3ty + Bt1t3 + 53ty + Stots + Stity
= G475(t).

Corollary 2.6. If we rewrite equalities (2.3) and (2.4) for t; = 1 and
k = 2, then we obtain

det(+C’k7n) = det(_Ck,n) =1,

where [,, are the ordinary Lucas numbers.
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Corollary 2.7. If we rewrite equalities (2.3) and (2.4) for t; =0, then
we obtain
det(+C’k7n) = det(_ijn) = ka(t)

where Ry, »(t) are the generalized Perrin polynomials.

Corollary 2.8. If we rewrite the right hand side of equalities (2.3) and
(24) forti=x, ty=y,t; =02<i<k—1) and k= (p+1), then we
obtain

det(+0k,n) = det(fck,n) = Lp,n($a y)
where Ly n(x,y) are the generalized bivariate Lucas p-polynomials.

Corollary 2.9. If we rewrite equalities (2.3) and (2.4) for t; = 0 and
ti=1(2<i<k)and k=3, then we obtain

det(4:Ckpn) = det(_Crpn) =1y
where r,, are the ordinary Perrin numbers.

Now we show that determinants of Hessenberg matrices _C}, and
+C} n can be obtained by using combinations.

Corollary 2.10.

det(1 Cpo) = det(—Crri) =Y 1 ( o k)ti”...tzk

lal\a1,..a

Proof. Tt is obvious from Theorem 2.2, Theorem 2.4 and (1.1). O

3. The permanent representations

Let A = (a;;) be an n x n square matrix over a ring R. Then, it is
well known that, the permanent of A is defined by

per(4) = Z Hai,o(i)

oeSy i=1
where S, denotes the symmetric group on n letters.
Lemma 3.1. [18] Let A, be an n x n lower Hessenberg matrixz for all
n > 1 and define per(Ag) = 1. Then, per(Ai) = a1 and forn > 2

n—1 n—1

(3.1) per(Ap) = annper(An—1) + Z(amﬂ H ajjriper(Ar—1)).

r=1 j=r
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We define two Hessenberg matrices _ Hj,,, and 4 Hj , whose perma-
nents give the generalized Lucas polynomials.

Theorem 3.2. Let k > 2 and n > 1 be integers, Gy, »(t) the generalized
Lucas polynomials and _Hy, p, = (hrs) an n xn lower Hessenberg matriz,
given by

i(T*S).ttT(;jﬁ)l, if s#1and—1<r—s<k,
2
hrs = i(T*S).%.(r—s—i—l), if s=1and —1<r—s<k,
2
0, otherwise
i.e.,
! —its 0 0 0]
21 ty —ito 0 0
31’2% i t —its 0
_ = k—1_t f—2tk— f—3 th— o—4 bk
Hyp ki t,s—ﬁl i t’g—,; i 3;,5—,3 i t’g—,i’ 0
0 kbl R TR L 0
2 2 2
I 0 0 0 t1 |

where to =1 and i = v/=1. Then,

(3.2) per(= Hy n) = G n(2).
Proof. The proof is similar to the proof of Theorem 2.2, by using Lemma
3.1. ]

Example 3.3. We obtain the 3-rd generalized Lucas polynomial for k =
4, by using (3.2)

tv, —ita 0
per(_H4’3) = per 24 t1 —’itz
378 i

= 13+ 3t1ty + 3ts.

Theorem 3.4. Let k > 2 and n > 1 be integers, Gy, o(t) the generalized
Lucas polynomials and L Hy, ,, = (pij) an n x n lower Hessenberg matric
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given by
e if j#1 and —1<i—j <k,
2
pij = tti(;ij;.(z'—jﬂ), if =1 and0<i—j <k,
2
0, otherwise
i.e.,
[t to 0 0 0 ]
2 ty to 0 0
31t 0
2
= te1  tes  te :
e S = = B = S
2 2 2 2
O tr tp_1 [ ) O
th=b  gk=2 k=3
0 0 0 t1 |
where tg = 1. Then,
(3.3) per(1 Hy n) = Gipl(t).
Proof. The proof is similar to the proof of Theorem 2.2, by using Lemma
3.1. ]

Corollary 3.5. If we rewrite equalities (3.2) and (3.3) fort; =1 (1 <
i < k) and k = 2, then we obtain

per(=Hyn) = per(4+H.n) = Iy
where l, are the ordinary Lucas numbers.

Corollary 3.6. If we rewrite equalities (3.2) and (3.3) for t; =0 and
ti=1 (2 <4< k), then we obtain

per(—Hy.n) = per(+ Hgn) = Ry n(t)
where Ry (t) are the generalized Perrin polynomials.

Corollary 3.7. If we rewrite the right hand side of equalities (3.2) and
(33) forti=x,ty =y, t;, =0 2<i<k—1)and k= (p+1), then
we obtain

per(—Hy,) = per(+ Hyn) = Lpn(7,y)

where Ly n(x,y) are the generalized bivariate Lucas p-polynomials.
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Corollary 3.8. If we rewrite equalities (3.2) and (3.3) forty =0,t; =1
(2<i<k) and k =3, then we obtain

per(—Hy ) = per(4+Hn) = 1
where T, are the ordinary Perrin numbers.

Now we show that permanent of Hessenberg matrices _Hy, and
+Hj,,, can be obtained by using combinations.

Corollary 3.9.

n a
per(Hy) = per(Hi) = 3 0 (al‘ 'ak)ta“ &
atkn e

Proof. 1t is obvious from Theorem 3.2, Theorem 34 and (1.1). O

4. Determinant and permanent of a Hessenberg matrix

Gibson [3] gave an identity between permanent and determinant of
a semitriangular matrix. We give a different proof of this identity for
Hessenberg matrices.

Theorem 4.1. Let A, be the Hessenberg matriz in (2.1) and

Ay, = (bij) an n x nHessenberg matriz, given by

0, if j—i>1,
bij == — 045, Zf j —1 = 1,
Qijs otherwise
i.€.,
ail —ai1s 0 0
asy asy  —ags 0
asy asz asz - 0
_A, =
Gnp—-1,1 Aan-12 0ap-13 - —0n-1n
an,1 an,2 an,3 ce Ann
Then,

(4.1) det(_A,) = per(+A4,) and det(4+A,,) = per(_A,).
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Proof. To prove (4.1), we use the mathematical induction on m. The
result is true for m = 1 by hypothesis.

Assume that it is true for all positive integers less than or equal to m,
namely det(_A,,) =per(+Ay,). Then, by using (2.2) and (3.1), we have

det(—Am41) = ami1mtrdet(—Am)
+ i[(_l)m+l_ram+l,r ﬁ bj’j+1 det(_AT_l)]
r=1 j=r
= am+1,m+1per(+Am)
+ Z[(—l)mﬂ—mmﬂm H(_ajy.ﬂ“l)per(JrArfl)]
r=1 j=r

= am+1,m+1per(+Am)

m m
- Z[(_1)m+1_ram+1,r(—1)m+l_r H ajj+1per(+A;—1)]
r=1 j=r
m m—+41
= amt1mt1per(+Ap) + Z[amﬂ,r H aj,j+1per(+A,_1)]

r=1 j=r

= per(4Am41).

Therefore, the result is true for all positive integers. O

Conclusion

Generalized Lucas polynomials are a general form of several polynomials
and number sequences. Therefore any result obtained from these poly-
nomials is applicable to the others. In addition, the relation between
determinant and permanent of a Hessenberg matrix make it possible to
transfer any result between them.
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