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ABSTRACT. The purpose of this paper is to establish some cou-
pled coincidence point theorems for mappings having a mixed g-
monotone property in partially ordered metric spaces. Also, we
present a result on the existence and uniqueness of coupled com-
mon fixed points. The results presented in the paper generalize and
extend several well-known results in the literature.
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1. Introduction and preliminaries

The Banach contraction mapping principle and its applications can
be given as a pivotal example to support the conclusion that fixed point
theory is crucial to nonlinear analysis, which is frequently used not only
in many fundamental fields of mathematics, but also in Economics, Com-
puter Science, and-many others. Hence, it is very sensible to investigate
generalizations of the Banach’s principle to better equip the quantitative
scientists working in these areas to tackle their problems.

Currently there exist considerable number of generalizations of the
Banach contraction principle in the literature. For instance, Ran and
Reurings [18] extended the Banach contraction principle in the context
of partially ordered sets with some applications to linear and nonlinear
matrix equations. Then Nieto and Rodfiguez-Lépez [17] extended the
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result of Ran and Reurings and applied their main theorems to obtain
a unique solution to a first order ordinary differential equation with
periodic boundary conditions. As a continuation of the work of these
mathematicians, Guo and Lakshmikantham [11] introduced the notion
of coupled fixed point. Later, Gnana-Bhaskar and Lakshmikantham [6]
suggested the concept of mixed monotone mappings and obtained some
coupled fixed point results for these mappings. Also, they applied their
results to certain first order differential equation with periodic boundary
conditions.

Recently, many researchers have obtained further fixed point, common
fixed point, coupled fixed point and coupled common fixed point results
in metric spaces and partially ordered metric spaces (see [1]-[20]). In
this paper, we are particularly interested in establishing some coupled
coincidence point results in partially ordered metric spaces for mappings
having the mixed g-monotone property. Additionally, we aim to apply
our result on integral equations to get the existence and uniqueness of
coupled common fixed points. First, we recall some basic definitions and
notations:

Definition 1.1. (See [6]) An element (z,y) € X x X is called a coupled
fized point of a mapping F : X x X — X if F(x,y) =z, and F(y,z) = y.

Definition 1.2. (See [15]) An_element (x,y) € X x X is called a coupled
coincidence point of mappings F' : X' x X — X and g : X — X if
F(z,y) = gz, and F(y,z) =gy.

Note that if ¢ is the identity mapping in Definition 1.2, then (x,y) €
X x X is called a coupled fired point.

Definition 1.3. Let (X, d) be a metric space and F': X x X — X and
g : X — X be two mappings. Then, F and g are said to commute if

F(gz,g9y)=g(F(z,y)) for all z,y € X.

Definition 1.4. (See [6]) Let (X, <) be a partially ordered set and F :
X x X = X be a mapping. Then F is said to be non-decreasing if v <y
implies F(x) < F(y) and non-increasing if x < y implies F(x) = F(y)
for every x,y € X.

Definition 1.5. (See [15]) Let (X, =) be a partially ordered set and
F:XxX — X andg: X — X be two mappings. The mapping
F is said to be g-non-decreasing if gr < gy implies F(x) < F(y) and
g-non-increasing if gr = gy implies F(x) = F(y) for every x,y € X.
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Notice that if g is the identity map in the definition above, then
Definition 1.5 reduces to Definition 1.4.

Definition 1.6. (See [6]) Let (X, =) be a partially ordered set and
F: X xX — X be a mapping. The mapping F s said to have the
mized monotone property if F(x,y) is monotone non-decreasing in x
and monotone non-increasing in y, that is, for any x,y € X,

XT1,T2 S X7x1 j T2 = F(l’l,y) j F($27y),

and
y1,92 € X,p1 Y2 = F(z,y1) = F(w,y2).

Definition 1.7. (See [15]) Let (X, =) be a partially ordered set and
F:XxX — Xandg: X — X be two mappings. The mapping F
is said to have the mized g-monotone property if F(x,y) is monotone
g-non-decreasing in x and monotone g-non-increasing-in y, that is, for
any z,y € X,

x1,T2 S Xugxl j gxra = F<$17y) j F(x27y)7
and

Y1,92 € X, gy1 = gy2 = F(z,41) = F(,y2).

Similar to the remarks above, if giis the identity mapping in Definition
1.7, then the mapping F' is said to have the mixed monotone property.

2. Main results

In this section, we aim to prove some coupled common fixed point
theorems in the context of ordered metric spaces. First, we will give the
following definition that we shall need in our results:

Definition 2:1. Let © denote the class of functions 6 : [0, 00) x [0, 00) —
[0,1) which satisfy the statement

O(tn, sn) — 1 implies ty, s, — 0
for any sequences {t,} and {s,} of positive real numbers.

In(1+ ks + 1t
As examples, consider 05(s,t) = M, for all (s,t) € [0, 00) %

10,50) — {(0,0)}, 05(0,0) € [0,1), where k.1 > 0, and f(s, )
_ Inmaxds b} 0 (s.4) € [0,00) x [0,00) — {(0,0)}, 05(0,0) €

max{s,t}
[0,1). Both 62 and 03 are in ©. For more examples see [16].
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Remark 2.2. The condition

O(tn, sn) — 1 implies (ty, sn) — (0,0) (1)
1s equivalent to
(tn, sn) = (0,0) implies O(ty, sn) - 1 (2)

Every constant function satisfies the condition (2). So, constant func-
tions are in ©. That is, 61 € © where 01(s,t) = k, for all (s,t) €
[0,00) % [0,00), for k €[0,1).

Our main theorem is stated as follows:

Theorem 2.3. Let (X, =) be a partially ordered set and (X,d) be a
metric space. Suppose that F : X x X — X and g : X — X are
two mappings such that F' has the mixzed g-monotone property on X.
Assume that there exist two elements xo,yo € X with g(xg) = F (0, yo)
and g(yo) = F(yo,x0). Suppose also that there exists 0-€ © such that
(2.1)

d(F(z,y), F(u,v)) +d(F(y,z), F(v,u))

< 0(d(gz, gu), d(gy, gv))(d(gz, gu) + d(gy, gv))

for all x,y,u,v € X with gxr = gurand gy =X gv. Further suppose that
F(X x X) Cg(X) and g(X) is a complete subspace of X. Also, assume
that X has the following properties:

(i) if {g9(xn)} C Xois amon-decreasing sequence with gx, — g in
9(X), then gz, < gx, for every n;

(i) if {g(yn)} C X is a mon-increasing sequence with gy, — gy in
9(X), then gy, = gy, for every n.

Then there exist x,y € X such that F(z,y) = g(x) and gy = F(y,x),
that is, F' and g have a coupled coincidence point (z,y) € X x X.

Proof. Let xp,yo be two elements in X such that gzg < F(z9,0) and
9y0 = F(yo,xg). Since F(X x X) C g(X), we can construct sequences
{z,} and {yn} in X such that

(2-2) gTp+1 = F(xm yn) and gyn+1 = F(yna xn),vn > 0.
We claim that for all n > 0,
(23) gxn j g‘rn+17

and

(2.4) GYn = GUn+1-
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We shall use the mathematical induction. Let n = 0. Since gzy =
F(x0,y0) and gyo = F(yo,xo), in the view of the facts gz1 = F(z0, yo)
and gy1 = F(yo, o), we have grg < gz1 and gyo > gyi, that is, (2.3)
and (2.4) hold for n = 0. Suppose that (2.3) and (2.4) hold for some
n > 0. As F has the mixed g-monotone property and gz, < gr,y+1 and

9Yn = GYn+1, from (2.2), we get

(2.5)  gxnt1 = F(2n,yn) 2 F(Zny1,Un) 2 F(Tni1,Ynt1) = 9Zny2,
and

(26)  gynt+1=F(Yn,2n) = F(Yn+1,2n) = F(Yn+1, Tnt1) = GYni2-

Now from (2.5) and (2.6), we obtain that gz,+1 = gxn4o and gy,4+1 =
9Yn+2. Thus by the mathematical induction, we conclude that (2.3) and
(2.4) hold for all n > 0. Therefore

(2.7) gro 2 gr1 2 gra X ... 2 gTp 2 gTp1 2.,
and
(2.8) Yo = GY1 = GY2 = oo = QYU QY

Assume that there is some r € N such that d(gz,, gx,—1)+d(9yr, 9yr—1)
= 0, that is, gz, = gz, 1 and gy, =¢g¥yp—1. Then gz, 1 = F(z,—1,yr-1)
and gy,—1 = F(yr—1,%r—1), and hence we get the result.

For simplicity, we let t,,11 := d(g%n+15 92n) + d(9Yn+1, gyn) and also
0 = 0(d(gzy, gTn—1), d(QYn; 9Yn—1)). Now, we assume that
tn, = d(9Tn, 9Tn—1) +d(gynsgyn—1) # 0 for all n. Since gx,, = gx,—1 and
9Yn = GYn—1, from(2.1) and (2.2), we have
(2.9)

tn1 = d(9Tn+159%n) F+A(gYn+1, 9Yn) = d(F(2n, Yn), F(Tn—1,Yn-1))
+d(F(yna l’n), F(ynfla $n,1))
(d(92n—1,9%n) + d(gYn—1, 9Yn))

On
On - tn

INIA

which implies that ¢, 41 < t,. It follows that the sequence {t¢,} is mono-
tone decreasing. Therefore, there is some t > 0 such that lim,, oo t, = t.

Now, we shall show that ¢ = 0. Assume to the contrary that ¢ > 0,
then from (2.9), we have

d(g$n+17 gxn) + d(gyn-i-h gyn)
d(gTn—1,9%n) + d(gyn—1, gyn)
which yields that lim,, ., 6, = 1.

<44, <1,
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This implies that d(gz,—1,9%,) — 0 and d(gyn—1,9yn) — 0 (since
0 € ©) or d(gxni1,9%n) + d(gyn+1,9yn) — 0, which is a contradiction.
Therefore t = 0, that is,

(2'10) lim tn = lim [d(g$n+1,g:cn) + d(gyn-‘rlvgyn)] =0.
n—00 n—o0

Now, we shall prove that {gx,} and {gy,} are Cauchy sequences. On
the contrary, assume that at least one of {gx, } or {gy,} is not a Cauchy
sequence. Then there exists an € > 0 for which we can find subsequences
{92mk)} and {gzn )} of {gzn} and {gymk)} and {gyn)} of {gyn} with
n(k) > m(k) > k such that for every k,

(2.11) A(9Tm(k)> 9Tn(k)) + AGYm(k): 9Yn(k)) = €

Furthermore, corresponding to m(k), we can choose n(k) in such a way
that it is the smallest integer with n(k) > m(k) > k and satisfies (2.11).
Then we get

(2.12) A(GZn(k) 1> 9Tm(k)) + A(GYn(k)21, GYm()) < €
Using (2.11) and (2.12), we have
e <1y = d(9Tnk), 9Tmk)) ¥ AIYnk)s 9Ymk))
< d(9Tn(k)s 9Tn(k)—1) F AGTn(k)—15 9Tm(k))

)

)
+d(9Yn(k)s $Yn(k)—1) T AGYn(k)~15 9Ym(k))

< et tu)-

On letting & — oo and using (2.10), we obtain
(2.13) lim 7y, = W [d(gZp(k)> 9Tn(k)) + AGYm(k)> IYn(k))] = €.
Also, by the triangle inequality, we have
Tk = (9T (k) 9T m (k) AGYn(k)s 9Ym(k))
< d(9Zyin) s 9Tn(k)+1) T AGTnk)+15 ITmk)+1) + A I (k)+1> ITm(k))
+d(9Yn(k)» 9Yn(k)+1) + AGYn(k)+1> 9Ymk)+1) T AGYmk)+1> 9Ym(k))
= o)+ by + AITnk) 115 9Tm)+1) + A(GYn(k)+1> 9Tm(k)+1)-
Since n(k) > m(k), 9Tn) = 9Tm k) a0d gYn (k) = 9Ym(k), from (2.1) and
(2.2), we derive
AIZn (k) +1:9Tmk)+1) T AGYUnk)+1.9Cm (k) +1) = F (@ (i) Yn (k) F @ (i) Ymk)))
S e(d(gxn(k)7gxm(k))7d(gyn(k)7gym(k)))
(d(9% (k) 9T m (1)) FA(GYn (k) 9Ym (k)

= 0(d(9%n(k):9Tm(k))sA9Yn (k) :9Ym(k)))Tk-


www.sid.ir

205 Chandok, Karapmar and Khan

Therefore, we find

Tk < togk) Htmk) T (9% k) 9Tmk) ) A9Yn(k)> 9Ym(k))) k- This implies
that

Tk — tok) — tm(k)
Tk

Letting k— 00, we get e(d(gxn(k)vgxm(k))a d(gyn(k)agym(k))) = 1. Since
0 € O, we conclude

< 0(d(97n(k)> 9Tm(k))» AGYn(k)> GYm(k))) < 1.

im d(gn(k)s 9Tm(k)) = UM d(gYn k), 9Ym (k) = 0,

a contradiction. This implies that {gz,} and {gy,} are Cauchy se-
quences in g(X). Since g(X) is a complete subspace of X, there exists
(z,y) € X x X such that gz, — gz and gy, — gy. By the facts that
{gz,} is a non-decreasing sequence with gz, — gz and {gy, } is a non-
increasing sequence with gy, — gy, it follows by the assumption of the
theorem that gx, < gz and gy, = gy for all n. As a result, we derive
the following inequality

d(F(z,y),92)+d(F(y,x),9y) <d(F(2,y),9Tn+1)+d(gZn+1,97)
+d(F(y,2),9Yyn+1)+d(9Yn+1,9Y)
=d(9ZTn+1,97)+d(gYn+1,9Y)+d(F(z,y),F(zn,yn))
+d(F(y,2),F (yn:&n))
<d(9Tn+1497) +d(gYn+1,9Y)
+0(d(9z,9%n),d(9y,9yn))(d(92,92n)+d(9Y,9Yn))-

Taking the limit as n — oo, in the inequality above, we get d(F(x,y), gx)+
d(F(y,z),gy) = 0. Henceywe find gx = F(x,y) and gy = F(y, ), which
proves that F' and g have a coupled coincidence point. U

Remark 2.4. Theorem 2.3 is a generalization of Theorem 2.1 in [16].

Theorem 2.5. Let (X, =) be a partially ordered set and (X,d) be a
complete metric space. Let F' : X x X — X and g : X — X are
two mappings such that F has the mixzed g-monotone property on X.
Assume that there exist two elements xo,yo € X with g(xg) = F(xo,yo)
and g(yo)*= F(yo,xo). Suppose also that there exists a 8 € © such that
the inequality in (2.1) is satisfied for all x,y,u,v € X with gx = gu and
gy = gv. Suppose further that g is a continuous, non-decreasing map
which commutes with F' such that F(X x X) C g(X). If either

a) F is continuous or

b) X has the following properties:

(i) if a sequence {g(zn)} C X is a non-decreasing sequence with
gy, — gx in g(X), then gz, < gz, for every n;
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(ii) if a sequence {g(y,)} C X is a non-increasing sequence with
9Yn — gy in g(X), then gy, = gy, for every n,

then there exist z,y € X such that F(z,y) = g(x) and gy = F(y,x);
that is, F and g have a coupled coincidence point (z,y) € X x X.

Proof. Following the proof of Theorem 2.3, we will get two Cauchy se-
quences {gz,} and {gy,} in X such that {gx,} is a non-decreasing
sequence in X and {gy,} is a non-increasing sequence in X. Since X is
a complete metric space, there is (z,y) € X x X such that gz, — = and
9gYyn — y. Since g is continuous, we get g(gz,) — g and g(gyn) — gy.

Firstly, suppose that F' is continuous. Then we know that F(gx,, gy, )
— F(z,y) and F(g9yn,9zn) — F(y,z). As, F commutes with g, we
have F(gzn, gyn) = gF(Tn,yn) = 9(92n+1) — gz and F(gynyg7a) =
9F (Yn, zn) = 9(gyn+1) — gy. By the uniqueness of limit, we get gz =
F(xay) and gy = F(y,.f)

Secondly, suppose that (b) holds. Since {gz,} is a non-decreasing
sequence with gz, — = and {gy,} is a non-increasing sequence with
9yn — Yy, and g is a non-decreasing function, we find g(gz,) < gz and
9(9yn) = gy hold for all n € N. Hence by (2.1), we have

d(g(gzni1), F(z,y) + d(9(9¥nt1), F(y, ) = d(F(g2n, gyn), F(z,y))
+d(F(gyns gzn) F(y, x))
< 0(d(g(gzn), 92), d(9(9yn), 9y))
(d(g(92n), g2) + d(9(gyn), 9y))-

Taking the limit as n — oo, we get d(gx + F(x,y))+ d(gy, F(y, x)) = 0.
In other words, we obtain gx = F(z,y) and gy = F(y,x). Thus F and
g have a coupled coincidence point. O

The following example illustrates that our result is more general than
the main result of Lakshmikantham- Ciri¢ [15].

Example 2.6. Let X = [0,00) and d(z,y) = |x — y|.

3x2—T7y> .
Let F': X x X — X be defined as F(z,y) = 12 lf T2y
0 if z<y

forx,ye X

and

g: X — X be defined as g(x) = x2.

Then the operator F has strict mized monotone property and sat-
isfies the condition of Theorem 2.1 in [15]. But the main result of
Lakshmikantham-Cirié [15) is not applicable.
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Note that,
(2.14) [d(gz, gu) + d(gy, gv)] = [|2* — v?| + |y* — v*]]
(2.15)

22— T2 U2 — T2
d(F(z,y), F(u, ) + d(F(y, 2), F(v,u)) = | 210" _ 3w~ 107}

12 12
for x,y,u,v € X withx <wu, y>wv.
On the other hand, we derive that
(2.16)
2 —Ty?  u? - To? Tv2 — Ty? 7
d(F F = — — L 02,2

where x = u and y < v. By combining (2.15) and (2.16), we get
7 2 2 1 2 2
L — 2 < k= (lg? —
v =y < kS (ly" = o)
which is a contradiction. (Since k is less than 1.)
But, F satisfied Theorem 2.3. Indeed, we -have

and also
22 —Ty?  u? - To? 1 7

2.18 — < 2 29, Ly 2 2 > <
( ) 19 = _12\90 u|—|—12]v v, z>uy<v
(2.19)

722 —y? Tur = ? 1 7

12y - 12 §E|U2_y2|+ﬁ|$2—u2|’ x>uy <.

From (2.18) and (2.19), we obtain that

d(F(z,y),F (u,0))+d(F(y,z),F (v,u)) :( 12127y2_u2127v2 7z21;y2_7u21;1,2 )

<15 (22 —u? |+ |y —0?)).

The claim follows by choosing 0(s,t) = k = % < 1. Notice that (0,0) is
the coupled fized point of F.

Corollary 2.7. Let (X, =) be a partially ordered set and (X,d) be a
complete metric space. Suppose that F': X x X - X and g: X = X
are two mappings such that F' has the mized g-monotone property on X.


www.sid.ir

Existence and uniqueness of common coupled fixed point 208

Assume that there exists two elements xg,yo € X with g(xg) = F(x0,yo)
and g(yo) = F(yo,x0). Suppose also that there exists a ( € O such that
(2.20)

A(F (2,9), F(u,0)) < 5C(d(g. gu), d{gy, g0)(d(g, gu) + d(gy, v)

for all z,y,u,v € X with gr = gu and gy = gv. Furthermore, suppose
that g is continuous non-decreasing map which commutes with F such
that F(X x X) C g(X). If either

a) F is continuous or

b) X has the following properties:

(i) if a sequence {g(x,)} C X is a non-decreasing sequence with
grn — gz in g(X), then gr, < gz, for every n;

(i) if a sequence {g(yn)} C X is a non-increasing sequence with

9yn — gy n g(X), then gyn = gy, for every n,
then there exist x,y € X such that F(x,y) = g(x) and gy = F(y,x);
that is, F' and g have a coupled coincidence point (z,y) € X x X.

Proof. For z,y,u,v € X with gz > gu and gy < gv, from (2.20), we
have

A(F(2,9), Flu,v)) < 5C(dlgr, gu), dlgysgu))(d(gr, gu) + d(gy, ).
and
A(F(,2), Flo,w)) = d(E(, ), Fly,2))
< 56ldlov,9y),d(gu, g2)(d(gv, 9y) + d(gu, g7)

1
= 5¢(d(gv. gy). d(gu, gz))(d(g, gu) + d(gy, gv)).
Therefore, we derive the inequality

1
5 [6td(gv, gy), d(gu, g)) + ((d(gz, gu), d(gy, gv))](d(g2, gu)
+d(gy, gv))
= 0(d(gz, gu),d(gy, gv))(d(gz, gu) + d(gy, gv)),
where 0(t1,t2) = 3[¢(t1, t2) + ((t2, t1)] for all t1,t2 € [0,00). It is easy to
verify that 0 € ©. Now, using the above theorem, we get the result. [

IN

For the rest of the paper, we will need the definition below:
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Definition 2.8. Let Q2 denote the class of functions 1 : [0,00) — [0, 1)
which satisfy the following condition: for any sequence {t,} of the posi-
tie real numbers, V(t,) — 1 implies t, — 0.

Corollary 2.9. Let (X, =) be a partially ordered set and (X,d) be a
complete metric space. Suppose that F: X x X - X andg: X — X
are two mappings such that F' has the mized g-monotone property on X.
Assume that there exist two elements o, yo € X with g(xg) = F(xo,yo)
and g(yo) = F(yo,x0). Suppose that there exists an w € Q such that
(2.21)
d(F(z,y), F(u,v)) +d(F(y,z), F(v,u))
< w(d(gz, gu) + d(gy, gv))(d(gz, gu) + d(gy, gv)),

for all z,y,u,v € X with gx > gu and gy = gv. Furthermore, suppose
that g is a continuous non-decreasing map which commutes with F such
that F(X x X) C g(X). If either

a) F is continuous or

b) X has the following properties:

(i) if a sequence {g(x,)} C X is a non-decreasing sequence with
gy, — gx in g(X), then gz, < gx, for every n;

(i) if a sequence {g(yn)} C X is a mon-increasing sequence with
gyn = gy in g(X), then gyn = gy, for everym;

then there exist x,y € X such that F(x,y) = g(x) and gy = F(y,x);
that is, F' and g have a coupled coincidence point (z,y) € X x X.

Proof. Taking 0(t1,t2) = w(f1 +t2) for all £1,t2 € [0,00) in the theorem
above, we get the result. O

If we let w(t) =k, where k € [0,1) for all ¢ € [0,00) in the above
corollary, we get the following result.

Corollary 2.10. Let (X, =) be a partially ordered set and (X,d) be a
complete metric space. Suppose that F': X x X —- X and g: X - X
are two-mappings such that F' has the mized g-monotone property on X.
Assume that there exist two elements xo,yo € X with g(xg) = F(xo,yo)
and g(yo) = F(yo,zo). Suppose that there exists k € [0,1) such that
(2.22)

d(F(x,y), F(u,v)) + d(F(y, z), F(v,u)) < k(d(gz, gu) + d(gy, gv)),
for all x,y,u,v € X with gr > gu and gy =X gv. Furthermore suppose
that g is a continuous non-decreasing map which commutes with F such
that F(X x X) C g(X). If either

a) F is continuous or
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b) X has the following properties:

(i) if a sequence {g(x,)} C X is a non-decreasing sequence with
grn, — gz in g(X), then gz, < gx, for every n;

(i) if a sequence {g(yn)} C X is a non-increasing sequence with
gyn = gy in g(X), then gyn = gy, for every n,

then there exist x,y € X such that F(x,y) = g(x) and gy = F(y,x);
that is, F' and g have a coupled coincidence point (z,y) € X x X.

Corollary 2.11. Let (X, <) be a partially ordered set and (X,d) be a
complete metric space. Suppose that F: X x X - X and g : X — X
are two mappings such that F' has the mized g-monotone property on X .
Assume that there exist two elements xo,yo € X with g(xo) = F(z0,Y0)
and g(yo) = F(yo,x0). Suppose that there exists k € [0,1) such that

(228 d(F(x,y), F(u,v)) < s (dlgr, gu) + oy, 90);

for all x,y,u,v € X with gr > gu and gy =X gv. Furthermore suppose
that g is a continuous non-decreasing map ‘which commutes with F such
that F(X x X) C g(X). If either

a) F is continuous or

b) X has the following properties:

(i) if a sequence {g(zn)} C X is a mon-decreasing sequence with
gTn — gz in g(X), then gr, = gx, for every n;

(i1) if a sequence {g(yn)} T X is a non-increasing sequence with
gyn = gy in g(X), then gyn = gy, for every n,

then there exist x,y € X such that F(z,y) = g(x) and gy = F(y,x);
that is, F' and g _have-a coupled coincidence point (x,y) € X x X.

Now, we shall prove the existence and uniqueness of a coupled com-
mon fixed point. Note that, if (X, <) is a partially ordered set, then we
endow the product space X x X with the following partial order relation:

for'(z,y), (u,v) € X x X, (u,v) < (z,y) &z Ju,y = v.

Theorem 2.12. In addition to the hypotheses of Theorem 2.5, sup-
pose that for every (x,y),(z,t) € X x X, there exists (u,v) € X x
X such that (F(u,v), F(v,u)) is comparable to (F(x,y), F(y,z)) and
(F(z,t),F(t,z)). Then F and g have a unique coupled common fized
point; that is, there exists a unique (z,y) € X X X such that © = gx =
F(x,y) and y = gy = F(y, ).

Proof. From Theorem 2.5, the set of coupled coincidence points of F' and
¢ is non-empty. Suppose that (z,y) and (z,t) are coupled coincidence
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points of F' and g; that is, gr = F(x,y), gy = F(y,x), gz = F(z,t) and
gt = F(t,z). We shall show that gz = gz and gy = gt. By the assump-
tion, there exists (u,v) € X x X such that (F(u,v), F(v,u)) is compa-
rable with (F(x,y), F(y,z)) and (F(z,t), F(t,2)). Put up = u, vo = v
and choose uj,v; € X so that gu; = F(ug,v9) and gv; = F(vg,up).
Then similarly as in the proof of Theorem 2.3, we can inductively define
sequences {gun}, {gun} as gupt1 = F(up,v,) and gupy1 = F(vn, up)
for all n. Furthermore, set g = z, yo = ¥y, 20 = 2z, top = t and in the
same way define the sequences {gx,}, {gyn}, and {gz,}, {gtn}. Then
as in Theorem 2.3, we can show that gz, — gz = F(z,y)s 9Yn —
gy = F(y,x), gzn, — gz = F(z,1), gt, — gt = F(t,z), forall n > 1.
Since we have the fact that (F(z,y), F(y,x)) = (9z1,9y1) = (9, 9Yy)
and (F(u,v), F(v,u)) = (gu1, gv1) are comparable, we derive gz = gu;
and gy = gv. Now, we shall show that (gz, gy) and(gu,, gv,) are com-
parable; that is, gx > gu, and gy =< gv, for all n. Suppose that it holds
for some n > 0. Then by the mixed g-monotone property of F', we have
gUn+1 = F(umvn) = F(‘Tay) = gz and gup41 = F(U’mun) = F(yvx) =
gy. Hence gz = gu, and gy < gv, hold for all n. Thus from (2.1), we
have

d(gxrgu7l+1)+d(gy»gvn+1) = d(F(xry)vF(un7””))+d(F(y7x)7F(vn7u’ﬂ))
< 0(d(gm,gun),d(gy,gvn))(d(gz,gun)+d(gy,gvn))
(2.24) < d(gz,gun)+d(gy,gvn)

Consequently, the sequence {0, := d(gx, gu,)+d(gy, gv,)} is non-negative
and decreasing and, therefore, lim §,, = 9, for some § > 0. We shall show
that § = 0. On the contrary, assume that § > 0. By passing to the subse-
quences, if necessary, we may assume that lim 6(d(gzx, gu,), d(gy, gv,)) =
A exists (since 0 < 0(d(gzx, guy),d(gy, gvn)) < 1). From (2.24), taking
the limit as m — oo, we obtain § < Ad and so A = 1. Since 0 € O, we get
limd(gz,gu,) =0 = lim d(gy, gv,); that is, lim d(gx, gu,) +d(gy, gv,) =
0, which is contradiction. Thus, limd(gz, gu,) = 0 = limd(gy, gv,).
Similarly, we can prove that limd(gz, gu,) = 0 = lim d(gt, gvy,). Finally,
we have d(gz, gz) < d(gz, gun) + d(gun, g2) and d(gy, gt) < d(gy, gvn) +
d(gvp, gt). Taking the limit as n — oo in these inequalities, we get
d(gz,g9z) = 0 = d(gy, gt); that is gr = gz and gy = gt. Since gz =
F(z,y) and gy = F(y, z), by the commutativity of F' and g, we have
(2.25)

9(9(x)) = g(F(z,y)) = F(9z,9y), and g(gy) = 9(F(y,x)) = F(gy, 9x).
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Denote gz = p and gy = ¢q. Then we obtain gp = F(p,q) and gq =
F(q,p). Thus (p,q) is a coupled coincidence point. Then from (2.25),
with z = p and t = g, it follows that gp = gz and gq = gy; that is, gp = p
and gq = ¢q. Hence p = gp = F(p,q) and ¢ = gq = F(q,p). Therefore,
(p,q) is a coupled common fixed point of F' and g. To prove the unique-
ness, assume that (r,s) is another coupled common fixed point. Then
by (2.25), we have r = gr = gp = p and s = gs = gq = q. Hence we get
the result.

O

Theorem 2.13. In addition to the hypotheses of Theorem 2.5, if we
assume that grg and gyg are comparable, then F and g have a coupled
coincidence point; that is, there exists a (z,y) € X x X such that gr =

F(l’,y) = F(y,l‘) =gYy.

Proof. By Theorem 2.3, we can construct two sequences {gx,} and
{gyn} in X such that gz, — gz and gy, — gy, where (z,y) is a co-
incidence point of F' and g. Suppose that gzg < gyo. We shall show
that gz, < gyn, where gz, = F(Zn—1,Yn-1), 9Yn = F(yn—1,2n-1), for
all n. Suppose it holds for some n > 0. Then by mixed g-monotone
property of F', we have gzp+1 = F(zn,Yn) = F(Yn,Tn) = gYn+1. From
2.1, we have

d(F(yn,xn), F('xnvyn)) +d(F(xnyyn)aF(yn,xn))
< 0(d(gYn, 9Tn); d(92ns 9Yn) ) (d(gYn, 9Tn) + d(9Tn, gyn))

d(F(yn,xn),F(mn,yn)) < e(d(gynagxn)vd(gxnagyn))d(gynagxn)'

By the triangle inequality, we have

(2.26)
d(gy, 9z). < d(9Y,9Yn+1) + A(gYnt1, 9Tn+1) + d(9Tn+1, g2)

A (Yn, v0), F (20, yn)) + d(9Y, gyn+1) + d(9Tnt1, 97)

a(d(gyn)gxn)a d(gxn,gyn))d(gyn,gxn)

d(9y, gyn+1) + d(gTn+1, gz).

Assume that d(gy,gz) > 0. Set o, = d(gyn,gz,). By passing to
the subsequences, if necessary, we may assume that lim6(ay,, a,) = «
exists. Letting n — oo in the above inequality, we obtain d(gy, gx) <
ad(gy,gz) or « > 1. Hence we get « = 1. Since § € O, we find
d(gy,gx) = limd(gyn,gry) = 0, which is a contradiction. Therefore
d(gy,gx) = 0. Hence F(z,y) = gz = gy = F(y, ).

Similar arguments can be used if gyg < gzo. O
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Other consequences of our results for the mappings involving contrac-
tions of integral type are the followings: Denote by A the set of functions
i [0,00) — [0, 00) which satisfy the hypotheses below:

(h1l) p is a Lebesgue-integrable mapping on each compact of [0, 00);

(h2) for any € > 0, we have [; u(t) > 0.

Corollary 2.14. Let (X, =) be a partially ordered set and (X,d) be a
metric space. Suppose that F : X x X — X and g : X — X are
two mappings such that F' has the mized g-monotone property on X.
Assume that there exist two elements xo,yo € X with g(zg) < F(xg,yo0)
and g(yo) = F(yo, o). Suppose that there exists a 8 € © such that

JIEF @), F ) P2 P o) g

< 0(d(gz, gu), d(gy, gv)) [ LT U9l 5(Gyds

for all z,y,u,v € X with gr > gu and gy =< gv, where @, € A.
Furthermore suppose that g(X) is a complete subspace of X with F(X X
X) C g(X). Also, assume that X has the following properties:

(i) if a sequence {g(xn)} C X is a non-decreasing sequence with
gy, — gx in g(X), then gz, < gz, for everymn;

(ii) if a sequence {g(yn)} C X is a non-increasing sequence with
gyn = gy in g(X), then gyn = gy, for everyn.

Then there ezist x,y € X such that F(x,y) = g(x) and gy = F(y,x);
that is, F' and g have a coupled coincidence point (z,y) € X x X.

Corollary 2.15. Let (X, <) be a partially ordered set and (X,d) be a
metric space. Suppose that ' X x X — X and g : X — X are
two mappings such that-F has the mixed g-monotone property on X.
Assume that there exist two elements o, yo € X with g(xg) = F(xo,yo)
and g(yo) = F(yos®g). Suppose that there exists k € [0,1) such that

[d(F (), F (u,0))+d(F(y,2),F (v,u))] [(d(gz,gu)+d(gy.gv))]
/(2.27) a(s)ds < k/ B(s)ds
0 0

for all zyy,u,v € X with gr > gu and gy =< gv, where a,f € A.
Furthermore suppose that g(X) is a complete subspace of X with F(X X
X) Cg(X). Also, assume that X has the following properties:

(i) if ‘@ sequence {g(x,)} C X is a non-decreasing sequence with
gy, — gx in g(X), then gz, < gz, for every n;

(ii) if a sequence {g(yn)} C X is a non-increasing sequence with
gyn = gy in g(X), then gyn = gy, for every n.

Then there exist x,y € X such that F(x,y) = g(x) and gy = F(y, ),
that is, F' and g have a coupled coincidence point (z,y) € X x X.


www.sid.ir

Existence and uniqueness of common coupled fixed point 214

Acknowledgments

The author wish to thanks to anonymous reviewers for their thorough
review and highly appreciate the comments and suggestions, which sig-
nificantly contributed to improving the quality of the publication.

[1]

2]

[10]

[11]

[12]

[13]

REFERENCES

W. Shatanawi, E. Karapinar and H. Aydi, Coupled coincidence points in partially
ordered cone metric spaces with a c-distance, J. Appl. Math. (2012) Article ID
312078, 15 pages.

H. Aydi, E. Karapinar and I. Erhan, Coupled coincidence point and coupled fixed
point theorems via generalized Meir- Keeler type contractions, Abstr. Appl. Anal
(2012) Article ID 781563, 22 pages.

H. Aydi, E. Karapinar, W. Shatanawi, Coupled fixed point results for (¢, ¢)-
weakly contractive condition in ordered partial metric spaces,” Comput. Math.
Appl. 62 (2011), no. 12, 4449-4460

N. M. Hung, E. Karapinar and N. V. Luong, Coupled coincidence point theorem
in partially ordered metric spaces via implicit relation, Abstr. Appl. Anal (2012)
Article ID 796964, 10 pages.

V. Berinde and M. Pacurar, Coupled fixed point theorems for generalized sym-
metric Meir-Keeler contractions in-ordered metric spaces, Fized Point Theory
Appl. 2012 (2012) Article ID 2012:115; 11 pages.

T. G. Bhaskar and V. Lakshmikantham, Fixed point theorems in partially or-
dered metric spaces and applications, Nonlinear Anal. 65 (2006), no. 7, 1379—
1393.

S. Chandok, Some common fixed point theorems for generalized f-weakly con-
tractive mappings, J. Appl. Math. Informatics 29 (2011), no.1-2, 257-265.

S. Chandok, Some common fixed point theorems for generalized nonlinear con-
tractive mappings, Comput. Math. Appl. 62 (2011), no. 10, 3692-3699.

S. Chandok,; M. S. Khan and B. Samet, Some common fixed point theorems
for contractive mappings with altering distances in metric and ordered metric
spaces, communicated.

L. Ciric, B. Damjanovic, M. Jleli and B. Samet, Coupled fixed point theorems
for generalized Mizoguchi-Takahashi contractions with applications, Fized Point
Theory Appl. 51 (2012) 13 pages.

D. Guo and V. Lakshmikantham, Coupled fixed points of nonlinear operators
with applications, Nonlinear Anal. 11 (1987), no. 5, 623—632.

M. E. Gordji, Y. J. Cho, S. Ghods, M. Ghods and M. H. Dehkordi, Coupled
fixed point theorems for contractions in partially ordered metric spaces and ap-
plications, Math. Problems Eng. 2012 (2012), Article ID 150363, 20 pages.

J. Harjani, B. Lépez and K. Sadarangani, Fixed point theorems for mixed mono-
tone operators and applications to integral equations, Nonlinear Anal. 74 (2011),
no. 5, 1749-1760.


www.sid.ir

215
[14]

[15]

[16]

[17]

18]

[19]

[20]

Chandok, Karapmar and Khan

E. Karapinar, Couple fixed point theorems For nonlinear contractions in cone
metric spaces, Comput. Math. Appl. 59 (2010), no. 12, 3656-3668

V. Lakshmikantham and L. Ciric, Coupled fixed point theorems for nonlinear
contractions in partially orderd metric spaces, Nonlinear Anal. 70 (2009), 4341—
4349.

N. V. Luong and N. X. Thuan, Coupled fixed point theorems for mixed monotone
mappings and an application to integral equations, Comput. Math. Appl. 62
(2011), no. 11, 4238-4248.

J. J. Nieto and R. R. Lépez, Contractive mapping theorems in partially ordered
sets and applications to ordinary differential equations, Order 22 (2005), no. 3,
223-239.

A. C. M. Ran and M. C. B. Reurings, A fixed point theorem in partially ordered
sets and some applications to matrix equations, Proc. Amer. Math. Soc. 132
(2004), no. 5, 1435-1443.

B. Samet, Coupled fixed point theorems for a generalized Meir-Keeler Contrac-
tion in partially ordered metric spaces, Nonlinear Anal. 72 (2010), no. 12, 4508—
4517.

W. Sintunavarat, Y. J. Cho and P. Kumam, Coupled fixed point theorems for
contraction mapping induced by cone ball-metric in partially ordered spaces,
Fized Point Theory Appl. 2012 (2012) 18 pages.

(Sumit Chandok) DEPARTMENT OF MATHEMATICS; KHALSA COLLEGE OF EN-
GINEERING & TECHNOLOGY (PUNJAB TECHNICAL UNIVERSITY), RANJIT AVENUE,
AMRITSAR-143001, PUNJAB, INDIA

E-mail address: ~ chansok.sgmail.com,chandhok.sumit@gmail.com

(Erdal Karapimmar) DEPARTMENT OF MATHEMATICS, ATILIM UNIVERSITY, 06836,
INCEK ANKARA, TURKEY
E-mail address:  erdalkarapinaryahoo.com, ekarapinaratilim.edu.tr

(Mohammad Saeed Khan) DEPARTMENT OF MATHEMATICS AND STATISTICS, COL-
LEGE OF SCIENCE, SULTAN QABOOS UNIVERSITY AL-KHOD, PosT Box 36, PCODE
123, MUSCAT, SULTANATE OF OMAN

E-mail address: /| mohammadsqu.edu.om


www.sid.ir

