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ABSTRACT. In this paper, strong convergence theorems of Ishikawa
type implicit iteration process with errors for a finite family of
asymptotically nonexpansive in the intermediate sense and asymp-
totically quasi-pseudocontractive type mappings in normed linear
spaces are established by using a new analytical method; which es-
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1. Introduction

Let E be an arbitrary real normed linear space with norm || - || and E*
be the duality space of E. Let (-,-) denote the duality pairing between
E and E*. For 1 < p < oo, the mapping J, : £ — 2F" defined by

Ip(@) = {f € E*: (x, f) = |2l - I£ 1L IF] = ll= P~}
is called the duality mapping with gauge function ¢(t) = t*~!. In partic-
ular, for p = 2, the duality mapping Jo with gauge function (t) =t is
called the normalized duality mapping. It is well known that the duality
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mapping J, has the following properties:

(i) Jp(z) = ||z||P~2Ja(x) for all z € E(z # 0),

(ii) Jp(az) = aP~LJ,(x) for all a > 0,

(iii) J, can be equivalently defined as the subdifferential of the func-
tional ¢(z) = p~ 2|7, ie., Jp(x) = O(z) = {f € E* : ¥(y) — ¥(x) >
(y — 2, f), Yy € E}(Asplund [1]).

Definition 1.1. Let K be a nonempty subset of E. A mapping T :
K — K is said to be

(i) asymptotically nonexpansive, if there exists a sequence {ky} C [1,00)
with nl;rrgo k, = 1, such that

|T"z — T y|| < knllz —yl, Vo,ye&,n>1,
(ii) asymptotically pseudo-contractive, if for all z,y € K, there exist
jlx —y) € J(x —y) and a sequence {k,} C [1,00) with nlg]go kn, =1,
such that
(T"z =Ty, j(x = y)) < knllz =gl n>1,

(iii) asymptotically quasi-pseudocontractive type if F(T) # () and there
exists a sequence {k,} C [1,00) with lim k, = 1, such that
n—o0

limsup{ sup inf (T”x—x*,jp(:c—a:*)>—kn||x—x*||p} <0,

n—00 zeK jp(z—z*)€dp(z=2*)

(iv) asymptotically nonexpansive in the intermediat sense if

n=—00 z,yce K

lim sup { sup ([[T"z —T"y|| — |lv — yH)} <0.

It is easy to see that an asymptotically nonexpansive mapping is
asymptotically nonexpansive in the intermediate sense if the domain of
T is bounded. Every asymptotically nonexpansive mapping is asymp-
totically pseudocontractive, and every asymptotically pseudocontractive
mapping is asymptotically quasi-pseudocontractive type mapping. But
the inverse is not true, in general.

The concept of asymptotically nonexpansive mappings was introduced
by Goebel and Kirk [5], while the concept of asymptotically pseudo-
contractive mapping was introduced by Schu [12] in 1991. The iterative
approximation problems for asymptotically nonexpansive mappings and
asymptotically pseudo-contractive mappings were studied extensively by
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Schu [12], Chang [3], Khan et al. [7], Ofoedu [8], Plubtieng et al [10],
Xu and Ori [14], Zhou [19], Sun [13], Yang and Hu [15] and Yang [16]
in the setting of Hilbert spaces or Banach spaces.

Let K be a nonempty closed convex subset of E and {T;}" ; be a finite
family of nonexpansive mappings from K into itself (i.e., ||T;z — Tiy|| <
|z — y|| for z,y € K and i = 1,2,...,m). In 2001, Xu and Ori [14]
introduced the following implicit iteration process. For an arbitrary
zo € K and a, € [0, 1], the sequence {z,} is generated as follows:

1= 1—o1)zo+arTizy,
x2 = (1 — ag) 1 + aoThxa,

zy = (1 —-an)zy_1+anTyzy,
rny1 = (1 —any1) oy + a1 TN 1 TN,

The scheme is expressed in its compact form by
Ty = (1 — an)rn + anTh(modn) Trsn > 1.

Using this iteration, they proved that the sequence {z,,} converges weakly
to a common fixed point of a finite family of nonexpansive mappings
{T;}X, in a Hilbert space under certain conditions.

In 2006, Chang et al.[3] introduced another implicit iteration process
with error. In the sense of [3], the implicit iteration process with errors
for a finite family of asymptotically nonexpansive mappings {7;}/", is
generated from an arbitrary o € K by

Ty = Qp&p—1+ (1 — an)Ti’zgg)xn + Up,n > 1,
where n = (k = 1)m + 4,0 = i(n) € {1,2,...,m},k = k(n) > 1is a
positive integer and k(n) — oo, as n — co. {a,} is a suitable sequence
in [0, 1] and {u,} C K is such that Y 7 |un| < co. They extended
the results of [14] from Hilbert spaces to more general uniformly con-
vex Banach spaces and from nonexpansive mappings to asymptotically
nonexpansive mappings.

Yang and Hu [15] proposed another implicit iteration process which
appears to be more satisfactory as follows:

(1.1) Ty = QpTp_1 + 5”Tz‘]z(n)$” + Ynlp,n > 1,

n)

where {ay,}, {6n} and {y,} C [0,1] with a,, + B, + v = 1, and {u,} is
bounded in K.
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Since for each n > 1, it can be written as n = (k — 1)m + i, where
i=1i(n) €{1,2,....,m}, k= k(n)—11is a positive integer and k(n) — oo
as n — oo. Hence, (1.1) can be expressed in the following form:

(1'2) Tp = (1 — Opn — 'Yn)xnfl + Oénngn)xn + YnUp,n > 1,

where ay, + v, < 1, and {u,} is bounded in K.
Very recently, Yang [16] proved the following result.

Theorem 1.2. ([16/). Let E be a real normed linear space, K be
a nonempty convex subset of B, T; : K — K,i = 1,2,...,m be a
finite family of asymptotically nonexpansive in the intermediate sense
and asymptotically pseudo-contractive mappings with {k;,} C [1,00)

such that lim k, = 1, where k, = mazi<i<m{kin}. Assume that F' =
n—oo -

Niv, F(T;) # 0 denotes the set of common fixed points of {T;}™ . Let
{zn} be the sequence defined by (1.2). Suppose that{wu,} is bounded
in K and that {o,}, {7n} are sequences in [0, 1] satisfying the following
conditions:

(i) E%O T < 00, 3oz an(kn — 1) < o0,

(i) > 07y = 00, nh—{%o ap = 0.

Assume that there exists a strict increasing function ¢ : [0, 00) — [0, 00)
with ¢(0) = 0 such that

tim sup { (T2 — 2°, J(an — #9) = Eallzn — 2712 + ([l — 27[)} <0

n—oo

for z* € F and i = 1,2,--+,m. Then {x,} converges strongly to a
common fixed point p of {T;}7 .

Remark 1.3. We point out here that the conditions (i) is not always
true.

o0

_ 1 _ 1 _
Example 1.4. Let o, = Tnr and k,, = 1+\/Tﬁ’ then ng(] an(kp—1) =

o
> %—&-1 = 00, which show that conditions (i) in Theorem 1.2 is not

n=0
satisfied. Hence Theorem 1.2 need to be improved.
The purpose of this paper is, under the condition of removing the
oo
restriction > a,(k, —1) < oo, to prove strong convergence theorems of

n=0
Ishikawa type implicit iteration process with errors for a finite family of
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asymptotically nonexpansive in the intermediate sense and asymptot-
ically quasi-pseudocontractive type mappings in normed linear spaces
by using a new analytical method. Our results essentially extend and
improve some recent results obtained by Yang [16] and others.

Now we consider Ishikawa type implicit iteration process with errors
for a finite family of asymptotically quasi-pseudocontractive type map-
pings as follows:

(1.3) zn = (1= an—V)Tn-1+ anTiT(ln)yn + Ynln
' Yn = (1 - 571 - Mn)xn + BnTZ(ln)l'n + LnUn, (n > 0),

where n = (k — 1)m +4,i = i(n) € {1,2,--- ,m},k = k(n) > 1is a
positive integer and k(n) — oo, as n — co. {an}, {Bn}y{ M}, {Ln} are
four suitable sequences in [0, 1] with o, + v, < 1,80+ p, < 1 and
{un}, {vn} are bounded sequences in K.

The following lemmas plays an important role in this paper.

Lemma 1.5 ([17). | Let E be a real normed linear space and J, : E —
2F" o duality mapping. Then

lz +yll” < [|=]]” +ply, jp(z + y))
forallz,y € E,1 <p < oo and jylx+y) e Jp(z+y).

Lemma 1.6. Let ¢;(i = 1;2;...,m) : [0,00) — [0,00) be strictly in-
creasing functions with ¢;(0) = 0 and let {an},{bn},{cn},{0n} be non-
negative real sequences such that > > | 0, = co, lim g—” =0,> 07 <

n—oo "

oo. Suppose that
(1.4) ab 1 < ab = 0ppi(any1) + by + oy 1> ng,

where ng isisome nonnegative integer and p € (1,00), then lim a, = 0.
n—0o0

Proof. Setting liminfa,, = 7, then 7 > 0. Now we prove 7 = 0. If
n—o0

7 > 0, then there exists a positive integer Ny > 0 such that a, > §
for all . > Nj;. By the strictly increasing property of ¢;, we have

. . . . bn _ .
vi(any1) > pi(5) >  in @i(5) =: 0. Since nh_)rgoa = 0, there exists

a positive integer Ny > N;j such that g—’; < %a for all n > Ns. Taking
N3 = max{Na,no}, then from (1.4), we have

o o
1§aﬁ—5na+5n§—|—cn:a£—5n§+cn
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for all n > N3, which means that 5n% <ab — afL 41T Cn. Hence for any
positive integer h > N3, we obtain

o h h h
p p p
7 D Sy —ah Y <A+ Y e
n=N3 n=N3 n=N3

and so

o o o
002525 §a§7\,3—|—20n,

n=N3 n=N3

a contradition. This implies that 7 > 0 is impossible. Therefore 7 =
0, which there exists a subsequence {a,;} C {a,} such that a,; —
0(j — o0). Since nli_}nolog—z =0, 220:1 cn < 00, for any given € > 0,
there exist two positive integers jo > 0 and N4 > 0,such that for all
n > N4,ZZ°:N4 cn < P, g—: < %w and ap; < € for all j°> jo, where
w = min{pi(e), p2(e), - ,om(e)}. Let N5 = max{jo, N4}. For fixed
J» > N5 and all k > 0, we now want to show that a,, 1 < 2e. To see
this consider two possible cases.

Case I: an,,+1 < €.

In this case, aﬁj*ﬂ < el + cp, Ay, +1 and so we have the desired
result.

Case II: ay; +1 > €.

In this case, p;i(an;, 41) 2i(€) > w > O since for each i =1,2,--- ,m,
@i is a strictly increasing function. From (1.4), we also have

P p .
U 41 < Uy, = On, @i (anj,+1) + bny, +cny,

w
<an;, = On,, (w - 5) T Cny,
<P +cpy, +Cny, 41

By using induction, we have

N, Tk
aij*+k <el+ Z c; < P+l =2eP < (2e)?
=Ny

for all £ > 0. This shows a,, — 0 as n — co. The proof of Lemma 1.6 is
completed.
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2. Main results

Theorem 2.1. Let E be a real normed linear space, K a nonempty
convex subset of E and T; : K — K(i = 1,2,...,m) a finite family of
asymptotically nonexpansive in the intermediate sense and asymptoti-
cally quasi-pseudocontractive type mappings with {kﬁf)} C [1,00) such
that h_)m k, = 1, where k, = maX1<i<m{/~cnz)}. Assume that F =
n oo -

Nz, F(T;) # 0 denotes the set of common fized points of {T;}7,. Let
{zn} be the sequence defined by (1.3). Suppose that {u,} and {v,} are
bounded sequences in K and that {a,},{Bn}, {m} and {u,} are se-
quences in [0, 1] satisfying the following conditions:

. o0
(i) > an = 0,
n=0
(ii) o, — 0, By, — 0(n — 00),
o0
(111) > A < 00, i, — 0(n — 00).
n=0
Assume that there exist strict increasing functions p; : [0,00) — [0, 00)
with ¢;(0) = 0 such that
lim sup { inf (T"@y, — %, jp(zp — x¥))
(2.1) n—oo  \ jp(en—a*)€Jp(zn—2")
—knllzn — @ @illlen — %)} <0
for x* € F and i = 1,2,...,m. Then {x,} converges strongly to a
common fized point x* of {Ti}i,.
Proof. For i =1,2,...,m, let

() — nf n ok o
gy, 1m l’L Tn x*, T 2
jp(wn—:v*)er(:cn_m*)< Jn( )

= knllza = 2P + pi(llen — 27),

then there ‘exist j,(,i)(xn —z*) € Jp(x, — x*), such that

@ wpe 2% (@ — %)) = knllzn — 2P + @i([|zn — 2*]))
(2.2) < oW 4l <

where ) € (0,1) with e 0(n — o0), and &, = max {O'g), 0} +
<i<m
max {5,(5)}. It is easy see (using (2.1)) that lim &, = 0. Since {u,} and
1<i<m n— 00
{v,} are bounded sequences in K, M = Sup { ||u, — 2*|| + |Jo, — 2*|| } <
n>0

0. Also, since for each i = 1,2,...,m, T; : K — K is an asymptotically
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nonexpansive in the intermediate sense, there exists ng > 1 such that
sup, yer (|17 = T]y|| = [|lo —y|) < 1for all n > ng,i =1,2,...,m.
It follows from (1.3) that

[#n — ™|
1+ Hl‘nfl — l‘*”
(X = an — ) (@n—1 — ) + an(T'yn — ) + o (un — 27)|
1+ ||$n71 — ZL‘*H
[Zn—1 — 2" | + an || T]"yn — || + |lun — ™|

<
1 + Hl‘nfl — 1‘*”
|Zn—1 — @*|| + sup, yer (|17 — Tyl — |z~ yll)

<
- 1+ Hxn—l — .iL'*H
L Onllye = 2l =)

14+ ||zp—1 — x|
< lzn—at+1+ o [[Jen — 2| HA| T e = 2|
B L+ [Jap—1 — 2]
4 l|vn — x*H] + [Jun — 2*||

1 + Ha:n_l — x*H
< |xn—1 — 2| + 1 4 24|z, — z*||
- 1+ Hxn—l - £L‘*H
L S (1870 =27y~ o — yl) + 201

Tt [|p—1 — z*|]
20, || Tw — ||
1+ [[#—1 — z*|]

(2.3) < 3+2M+

for all n > mng.
Since 1 =2a, — 1 (n — 00), there exists ny > ng such that 1 —2«,, >
3 > 0 for all n.> ny, which together with (2.3) gives that

|y, — x| < 34+ 2M

(2.4) <
1+ ||zp—1 — x| 1-2a,

< 6+4M.

Let ¢ = sup, yexc (|77 = Ty] = lle = yl))  da :maX{O, max cﬁf)},

1<i<m
then lim d, = 0.
n—oo
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By (1.3), we have

lzn —ynll < BullTi@n — znll + pallvn — 24|
< B[ 1@ — ™| = [len — 27[])
+ (280 + pn)lln — 2| + pnlon — 27|
< Busup (|T2 = Tyl — [l — yll)
z,ye K
+ (2B + pn)l|on — || + pn M
(2.5) < (2Bn + pn)l|Tn — 2| + Bndn + pn M

for all n > ny.
For j;,z)(xn — %) € Jp(zy, — %), Vn > 0, we have from (1.3) and
Lemma 1.5 that

< | — 2| )p
1 + H.%'n_l — .%'*H

11— an — ) (@n—1 = @%) + an(T7yn — 27) + ynlun — )|

(1 + Jzn—1 — 2*|)"

(1 = an)?||zpn—1 — x*||P + pa, <TZ":cn = x*,j;(,z) (T — a:*)>
<
B (1 + [Jzn—1 —2x)”
yyuevs <Tlnyn - Tznxnajz(f) (xn — l‘*)>

(L4 [lzn—1 — )"

Pin <un - x*vj;l(ll) (Jf'n - .’E*)>
(1 g1 2¥|)”
foralln >ny,i=1,2,...,m.

Next we consider the second and third term on the right side of (2.6).
From (2.4) and (2.5), we obtain that

pain <Tznyn - Tznxnajz()l) (xn - x*>>
(L4 f|lzp—1 —2*)”
1Ty — T wn || |n — 2P
(1 + [Jzp—1 —z*|))P

T wn = T ynll = 120 = yall) + 20 — ynll
Lt [[en—1 — 2|

< [#n — 27| >p_1
1+ ||$n71 — .1‘*“

(2.6) +

< pa,

= pap
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dn 20 — ynll )
< pa +
" <1+ |zp—1—2* 14 |lzn-1 — 2

( e — 2| )
N P—

o
< pa <dn + (2571 + ﬂn)”xn € H + B*ndn + ,UJnM>
14+ Ha:n_l — X H

( [#n — =] >”_1
14 Hxn_l — :L'*H

(2.7) < pan(6+ 4M)p_1[dn + (280 + pn) (6 + 4M) + Bndu + p1n M]

for all n > n;.
In view of (2.4), we deduce that

Y <u —z* j(i)(ac —m*)> % «|p—1
(e = Gy Gon 2 fun = 20 2 2°|

(I + lzp—1 —z*[)? - (Lt lzp—1=z[)"
(2.8) < pyaM(6+ 4M)PTL

Substituting (2.2), (2.7) and (2.8) into (2.6) yields that

Ip — — Qp Tpn-1 — X POnCn
< I Il )p o d—a) “|I” + pang
Lt flzpy =2/~ (T4 fzn—1 — ()

pon (kallan — 2 = pillan — 2*))
(T Ten-1 — 2T
+ Py, (6 +4M)P " dy, + (280 + pa) (6 + 4M)
(2.9) +  Budn + pinM] + pyn M (6 + 4M )P~

forallm >mny,t=1,2,...,m.
Since 1 = payk, — 1 (n — o0), there exists ny > nj such that
0< % <1 — payky, < 1 for all n > ny. It follows from (2.9) that

2y =a*|P < (1 — an)Pllwn—1 — z*[|P + pan&n — panpi(llzn — 2*||)

1 — pank,
(2 10) + (poznAn +p'7nM(6 + 4M)p—1) (1 + ||$n71 _ $*||)p
| 1 — panks,
forallm >ns,i=1,2,...,m,

where A, = (6 + 4M)P~[d,, + (28, + pn)(6 + 4M) + Budp + pnM] —
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0(n — 00). Note that (1 + ||z,_1 — z*||)P <277 (1 + ||zp_1 — z*|]P),
plp— Doz plp—1)(p—2)3

2! 3!
=1-pa, + o, By,

(1 —ap)’=1-pa, + + o4 (—ap)?

where

p(p = Dan  plp—1)(p —2)a3
91 3!

In virtue of (2.10), we conclude that

B, = oo ()P = 0(n — 00).

pag (kn — 1) + @, By + p2Ptay A,

IN

lzn — 2*|P 1+

1- pankn
M2P=1(6 4 4M)P~1
+ p ( ) ’7774 ||.73‘n_1 - x*Hp
1 — payk,
n pag (&, + 2P7LA) + pM2P=L(6 + AM )P~ 1,
1 — payk,
_ pongi([lan — 2))
1 — payk,
< [1 + 2pay, (kn — 1) + 200, By, + p2P i, Ay,
+ pM2P(6 + AMYP 1y, ] ||2n 1 — 2|
+  2pan(&n F2P71A,) + pM2P(6 4+ AM)P Ly,
(2.11) —  pogi(lan — =)
for all n > no,i =152,...,m.

Now we take a nonnegative integer ng > ng such that x,, # z*(if
not, x, = z* for all n > ng, then z,, - z*(n — o0), and so we have

done). Since ky — 1,&, — 0, B, —» 0, A, = 0 (n — 00), > vn < 00,
n=0
there exists a positive integer N > ns such that, for all n > N, (k, —1+
min {¢;(G)}
LB)Q2G) + (6 + 2771 Au(1+ (2G))) < = and T2 <

, where G = max {[¢n, — @* |, a1 — 2.,

pM2P(6-+4M)P—1(1+(2G)P)
lzn—1 — z*||, leny — 2*||}, and obviously 0 < G < 0.
Next we proceed by induction to show ||z yr—2*|| < 2G for all k > 1.
To see this consider two possible cases.
Case IIL: ||zyy1 — 2% < G.
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In this case, ||zy11 —z*||P < G24pM2P (6 + 4M)P~1 (1+(2G)P)yn41
and so we have the desired result.

Case IV: ||[zn41 — 2| > G.

In this case, ¢;(||[zni1 — z*||) > ¢i(G) > 1I<I%i<nm{90i(G)} > 0 since for

each i = 1,2,--- ,m, ¢; is a strictly increasing function. From (2.11),
we also have

lzni1 —2|* < oy — 2*||P
+[2panii(kni1 — 1) 4+ 2an41Byi1 + pM2P (6 +4M)P 1y
+p2Pan 11 AN1](2G)P + 2pon 1 (Engr + 2P T An)
+pM2P(6 + AM)P N1 — pan1 1gi<nm{¢i(G)}

=llzn — 2|
—PaN+1 [ min {pi(G)} -2 (Envar+ 27 T Av (T4 (2G)P))

1
—2(/~€N+1 -1+ ;)BN-H) (2G)P | +pM2P(6+ 4M )P~ (1 + (2G)P) N1

min {¢;(G)}

1<i<m

< _ X |P _ : (G
<l — "7 = pacss || min (GG} - ==

+pM2P(6 + 4M)P~1 (1 + (2G)P)n 41
<|lzny — x*||P + pM2P(6 + 4M)(1 + (2G)P)yN+1
<GP + pM2P(6 4+ 4M)PTH (14 (2G)P) YN 1.

By using induction, we get that

N+Ek
lonsn— 2*[F <GP + pM2P(6 + AMP 11+ (2G)) > v
i=N-+1
<GP+ GP = 2GP < (2G)P

for all k > 1.
This shows ||z, — z*|| < 2G for all n > N. Therefore, it follows from
(2,11) that

B
|zn — %P < |lwp—1 — 2| + 2pay, [ (kn -1+ ?n + 27’_1An> (2G)P
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+ &+ 277 A, |+ pM2P(6 4+ AM)PTHL 4+ (2G)P )

(212) = pangi(len — o)
foralln > N,i=1,2,--- ,m.

Taking &, = pa,, ¢, = pM2P(64+4M)P~L(1+(2G)P)Vn, an = ||zn—2*||
and b, = 2pay, [(kn ~14 By 2p—1An) (2G) + &, + 2p—1An] for all
n > N. By (2.12) and Lemma 1.6 ensures that ||z, —2*|| — 0 as n — oo,
that is, z,, — x* as n — oo. This completes the proof.

Remark 2.2. Theorem 2.1 improves and extends Theorem 1.2 (i.e.,
Theorem 2.1 of Yang [16]) in the following aspects:

(1) Extend asymptotically pseudocontractive mapping to asymptotically
quasi-pseudocontractive type mappmgs.

(2) It abolishes the condition that E an(ky, —1) < o0.

(3) The proof of sequence {xy} boundedness is entirely different from
what it was before.

(4) Extend implicit iterative scheme(1.2) to Ishikawa type implicit iter-
ation process (1.3).

(5) Condition

tim sup { (T — 27, j(bn— P Fnlln — 212 + (2 — 2) } < 0

n—o0

is replaced by the condition

limsup { inf (T xy, — a*, jp(zn — x*))

n—>00 Jp(@n—2*)EJp(Tn—2*)
~kallzn — 7P + il — 27]) } < 0.

From Theorem 2.1, we obtain the following result immediately.

Theorem 2.3. Let E be a real normed linear space, K a nonempty
bounded convex subset of E and T; : K — K(i = 1,2,--- ,m) a finite

family of asymptotically nonexpansive mappings with {k}(«f)} C [1,00)
such that li_>m k, = 1, where k, = max1<i<m{k7(f }. Assume that F =
n oo - -
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Niz, F(T;) # 0 denotes the set of common fized points of {T;}™,. Let
{zn} be the sequence defined by (1.3). Suppose that {u,} and {v,}
are bounded sequences in K and that {an},{6n}, {m} and {u,} are
sequences in [0, 1] satisfying the following conditions:

(i) Zan— o0,
(ii) an—>0 Br — 0(n — 00),

(iii) Z Tn < 00, i, — 0(n — 00).
n=0
Assume that there exist strict increasing functions ; : [0,00) = [0, 00)

with ¢;(0) = 0 such that

lim su { inf Tz, —x*, j,(x, — x*
WP o () TSN

nllzn = 2P + iz £ 27 )§ S0

for x* € F and @ = 1,2,--- ,m. Then {&,} converges strongly to a
common fized point x* of {T;}1",.

Proof. Since T; is an asymptotically nonexpansive mapping with
{kn} C [1,00) such that lim k, =1, we have
n—,oo

lim sup {sup, e (I177@ — TPyl — l= — yl) }
n—oo
< limsup [(kp, —1) diam(K)] = 0,
n—oQ

where diam(K) = sup, ye 2 — y[|. This implies that every asymp-
totically nonexpansive mapping is asymptotically nonexpansive in the
intermediate sense. Also since every asymptotically nonexpansive map-
ping is asymptotically pseudo-contractive mapping. The conclusion now
follows easily from Theorem 2.1.

If v, = p, = 0(¥n > 1) in Theorem 2.1 and Theorem 2.3, then we
have the following results.

Theorem 2.4. Let E be a real normed linear space, K a nonempty
convex subset of E and T; : K — K(i = 1,2,--- ,m) a finite family of
asymptotically nonexpansive in the intermediate sense and asymptoti-
cally quasi-pseudocontractive type mappings wzth {k } C [1,00) such

that hm k, = 1, where k, = max1<z<m{k } Assume that F =
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Nz, F(T;) # 0 denotes the set of common fized points of {T;}™,. Let
{zn} be the sequence defined by

Tn = (1 - an)xn 1+ anTT(L )yn
Yn = (1 _B)In + Bn T, i( n)Tn (n > 0)

Suppose that {a,}, {Bn} are sequences in [0, 1] satisfying the following
conditions:
. o0
(i) Z Qp = 00,
=0

(ii) om — 0, B — 0(n — 00).
Assume that there exist strict increasing functions ; : [0,00) — [0, 00)
with ¢;(0) = 0 such that

lim s { i Tre, — o i @
gy jp(mn—x*ﬁejp<xn_x*)< {0 = 2% jpl@n — 7))
~hallzn — 2P + pillln — =)} <0

for x* € F and i = 1,2,--- ,m. Then {x,} converges strongly to a
common fized point * of {T;}1" .

Theorem 2.5. Let E be a real normed linear space, K a nonempty
bounded convex subset of E and T; + X — K(i = 1,2,--' 7m) a finite
family of asymptotically nonexpansive mappings with, {k:n } C [1,00)
such that hm ky, = 1, where k, = max1<,<m{k: } Assume that F' =

Nz, F(T; ) 75 (Z) denotes the set of common fized points of {T;}",. Let
{zn} be the sequence defined by

Tp = (1 —@p)Tn_1+ anTZ(n)y
yn = (L= B)an + BuTj, a0, (n20).

Suppose that {a,}, {Bn} are sequences in [0, 1] satisfying the following
conditionS'

(i) Z = 00,
(zz) an = 0,8, = 0(n — o).
Assume that there exist strict increasing functions ; : [0,00) — [0, 00)
with ¢;(0) = 0 such that
lim su { inf T x, — x*, jy(z, — *
BSP Uy aae ryanary (1 o0 % Ipln =)

—knllzn = P + @illlen — 2*) } <0
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for x* € F and i = 1,2,--- ,m. Then {x,} converges strongly to a
common fized point z* of {T;}",.
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