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1. Introduction

Let E be an arbitrary real normed linear space with norm ∥ · ∥ and E∗

be the duality space of E. Let ⟨·, ·⟩ denote the duality pairing between
E and E∗. For 1 < p <∞, the mapping Jp : E → 2E

∗
defined by

Jp(x) = {f ∈ E∗ : ⟨x, f⟩ = ∥x∥ · ∥f∥, ∥f∥ = ∥x∥p−1}

is called the duality mapping with gauge function φ(t) = tp−1. In partic-
ular, for p = 2, the duality mapping J2 with gauge function φ(t) = t is
called the normalized duality mapping. It is well known that the duality
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mapping Jp has the following properties:
(i) Jp(x) = ∥x∥p−2J2(x) for all x ∈ E(x ̸= 0),
(ii) Jp(αx) = αp−1Jp(x) for all α ≥ 0,
(iii) Jp can be equivalently defined as the subdifferential of the func-
tional ψ(x) = p−1∥x∥p, i.e., Jp(x) = ∂ψ(x) = {f ∈ E∗ : ψ(y) − ψ(x) ≥
⟨y − x, f⟩, ∀y ∈ E}(Asplund [1]).

Definition 1.1. Let K be a nonempty subset of E. A mapping T :
K → K is said to be
(i) asymptotically nonexpansive, if there exists a sequence {kn} ⊂ [1,∞)
with lim

n→∞
kn = 1, such that

∥Tnx− Tny∥ ≤ kn∥x− y∥, ∀x, y ∈ K,n ≥ 1,

(ii) asymptotically pseudo-contractive, if for all x, y ∈ K, there exist
j(x − y) ∈ J(x − y) and a sequence {kn} ⊂ [1,∞) with lim

n→∞
kn = 1,

such that

⟨Tnx− Tny, j(x− y)⟩ ≤ kn∥x− y∥2, n ≥ 1,

(iii) asymptotically quasi-pseudocontractive type if F (T ) ̸= ∅ and there
exists a sequence {kn} ⊂ [1,∞) with lim

n→∞
kn = 1, such that

lim sup
n→∞

{
sup
x∈K

inf
jp(x−x∗)∈Jp(x−x∗)

⟨Tnx− x∗, jp(x− x∗)⟩−kn∥x− x∗∥p
}
≤ 0,

(iv) asymptotically nonexpansive in the intermediat sense if

lim sup
n→∞

{
sup

x,y∈K
(∥Tnx− Tny∥ − ∥x− y∥)

}
≤ 0.

It is easy to see that an asymptotically nonexpansive mapping is
asymptotically nonexpansive in the intermediate sense if the domain of
T is bounded. Every asymptotically nonexpansive mapping is asymp-
totically pseudocontractive, and every asymptotically pseudocontractive
mapping is asymptotically quasi-pseudocontractive type mapping. But
the inverse is not true, in general.

The concept of asymptotically nonexpansive mappings was introduced
by Goebel and Kirk [5], while the concept of asymptotically pseudo-
contractive mapping was introduced by Schu [12] in 1991. The iterative
approximation problems for asymptotically nonexpansive mappings and
asymptotically pseudo-contractive mappings were studied extensively by
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Schu [12], Chang [3], Khan et al. [7], Ofoedu [8], Plubtieng et al [10],
Xu and Ori [14], Zhou [19], Sun [13], Yang and Hu [15] and Yang [16]
in the setting of Hilbert spaces or Banach spaces.

LetK be a nonempty closed convex subset of E and {Ti}mi=1 be a finite
family of nonexpansive mappings from K into itself (i.e., ∥Tix− Tiy∥ ≤
∥x − y∥ for x, y ∈ K and i = 1, 2, ...,m). In 2001, Xu and Ori [14]
introduced the following implicit iteration process. For an arbitrary
x0 ∈ K and αn ∈ [0, 1], the sequence {xn} is generated as follows:

x1 = (1− α1)x0 + α1T1x1,
x2 = (1− α2)x1 + α2T2x2,
...
xN = (1− αN )xN−1 + αNTNxN ,
xN+1 = (1− αN+1)xN + αN+1TN+1xN+1,
...

The scheme is expressed in its compact form by

xn = (1− αn)xn + αnTn(modN)xn, n ≥ 1.

Using this iteration, they proved that the sequence {xn} converges weakly
to a common fixed point of a finite family of nonexpansive mappings
{Ti}Ni=1 in a Hilbert space under certain conditions.

In 2006, Chang et al.[3] introduced another implicit iteration process
with error. In the sense of [3], the implicit iteration process with errors
for a finite family of asymptotically nonexpansive mappings {Ti}mi=1 is
generated from an arbitrary x0 ∈ K by

xn = αnxn−1 + (1− αn)T
k(n)
i(n) xn + un, n ≥ 1,

where n = (k − 1)m + i, i = i(n) ∈ {1, 2, . . . ,m}, k = k(n) ≥ 1 is a
positive integer and k(n) → ∞, as n → ∞. {αn} is a suitable sequence
in [0, 1] and {un} ⊂ K is such that

∑∞
n=0 ∥un∥ < ∞. They extended

the results of [14] from Hilbert spaces to more general uniformly con-
vex Banach spaces and from nonexpansive mappings to asymptotically
nonexpansive mappings.

Yang and Hu [15] proposed another implicit iteration process which
appears to be more satisfactory as follows:

xn = αnxn−1 + βnT
k(n)
i(n) xn + γnun, n ≥ 1,(1.1)

where {αn}, {βn} and {γn} ⊂ [0, 1] with αn + βn + γn = 1, and {un} is
bounded in K.
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Since for each n ≥ 1, it can be written as n = (k − 1)m + i, where
i = i(n) ∈ {1, 2, ...,m}, k = k(n)− 1 is a positive integer and k(n) → ∞
as n→ ∞. Hence, (1.1) can be expressed in the following form:

xn = (1− αn − γn)xn−1 + αnT
n
i(n)xn + γnun, n ≥ 1,(1.2)

where αn + γn ≤ 1, and {un} is bounded in K.
Very recently, Yang [16] proved the following result.

Theorem 1.2. ([16]). Let E be a real normed linear space, K be
a nonempty convex subset of E, Ti : K → K, i = 1, 2, . . . ,m be a
finite family of asymptotically nonexpansive in the intermediate sense
and asymptotically pseudo-contractive mappings with {kin} ⊂ [1,∞)
such that lim

n→∞
kn = 1, where kn = max1≤i≤m{kin}. Assume that F =∩m

i=1 F (Ti) ̸= ∅ denotes the set of common fixed points of {Ti}mi=1. Let
{xn} be the sequence defined by (1.2). Suppose that {un} is bounded
in K and that {αn}, {γn} are sequences in [0, 1] satisfying the following
conditions:
(i)

∑∞
n=0 γn <∞,

∑∞
n=0 αn(kn − 1) <∞,

(ii)
∑∞

n=0 αn = ∞, lim
n→∞

αn = 0.

Assume that there exists a strict increasing function φ : [0,∞) → [0,∞)
with φ(0) = 0 such that

lim sup
n→∞

{
⟨Tn

i xn − x∗, j(xn − x∗)⟩ − kn∥xn − x∗∥2 + φ(∥xn − x∗∥)
}
≤ 0

for x∗ ∈ F and i = 1, 2, · · · ,m. Then {xn} converges strongly to a
common fixed point p of {Ti}mi=1.

Remark 1.3. We point out here that the conditions (i) is not always
true.

Example 1.4. Let αn = 1√
n+1

and kn = 1+ 1√
n+1

, then
∞∑
n=0

αn(kn−1) =

∞∑
n=0

1
n+1 = ∞, which show that conditions (i) in Theorem 1.2 is not

satisfied. Hence Theorem 1.2 need to be improved.

The purpose of this paper is, under the condition of removing the

restriction
∞∑
n=0

αn(kn−1) <∞, to prove strong convergence theorems of

Ishikawa type implicit iteration process with errors for a finite family of
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asymptotically nonexpansive in the intermediate sense and asymptot-
ically quasi-pseudocontractive type mappings in normed linear spaces
by using a new analytical method. Our results essentially extend and
improve some recent results obtained by Yang [16] and others.

Now we consider Ishikawa type implicit iteration process with errors
for a finite family of asymptotically quasi-pseudocontractive type map-
pings as follows:{

xn = (1− αn − γn)xn−1 + αnT
n
i(n)yn + γnun

yn = (1− βn − µn)xn + βnT
n
i(n)xn + µnvn, (n ≥ 0),

(1.3)

where n = (k − 1)m + i, i = i(n) ∈ {1, 2, · · · ,m}, k = k(n) ≥ 1 is a
positive integer and k(n) → ∞, as n → ∞. {αn}, {βn}, {γn}, {µn} are
four suitable sequences in [0, 1] with αn + γn ≤ 1, βn + µn ≤ 1 and
{un}, {vn} are bounded sequences in K.

The following lemmas plays an important role in this paper.

Lemma 1.5 ([17). ] Let E be a real normed linear space and Jp : E →
2E

∗
a duality mapping. Then

∥x+ y∥p ≤ ∥x∥p + p⟨y, jp(x+ y)⟩
for all x, y ∈ E, 1 < p <∞ and jp(x+ y) ∈ Jp(x+ y).

Lemma 1.6. Let φi(i = 1, 2, . . . ,m) : [0,∞) → [0,∞) be strictly in-
creasing functions with φi(0) = 0 and let {an}, {bn}, {cn}, {δn} be non-
negative real sequences such that

∑∞
n=1 δn = ∞, lim

n→∞
bn
δn

= 0,
∑∞

n=1 cn <

∞. Suppose that

apn+1 ≤ apn − δnφi(an+1) + bn + cn, n ≥ n0,(1.4)

where n0 is some nonnegative integer and p ∈ (1,∞), then lim
n→∞

an = 0.

Proof. Setting lim inf
n→∞

an = τ , then τ ≥ 0. Now we prove τ = 0. If

τ > 0, then there exists a positive integer N1 > 0 such that an ≥ τ
2

for all n ≥ N1. By the strictly increasing property of φi, we have
φi(an+1) > φi(

τ
2 ) ≥ min

1≤i≤m
φi(

τ
2 ) =: σ. Since lim

n→∞
bn
δn

= 0, there exists

a positive integer N2 > N1 such that bn
δn

≤ 1
2σ for all n ≥ N2. Taking

N3 = max{N2, n0}, then from (1.4), we have

apn+1 ≤ apn − δnσ + δn
σ

2
+ cn = apn − δn

σ

2
+ cn
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for all n ≥ N3, which means that δn
σ
2 ≤ apn − apn+1 + cn. Hence for any

positive integer h ≥ N3, we obtain

σ

2

h∑
n=N3

δn ≤ apN3
− aph+1 +

h∑
n=N3

cn ≤ apN3
+

h∑
n=N3

cn,

and so

∞ =
σ

2

∞∑
n=N3

δn ≤ apN3
+

∞∑
n=N3

cn,

a contradition. This implies that τ > 0 is impossible. Therefore τ =
0, which there exists a subsequence {anj} ⊂ {an} such that anj →
0(j → ∞). Since lim

n→∞
bn
δn

= 0,
∑∞

n=1 cn < ∞, for any given ε > 0,

there exist two positive integers j0 > 0 and N4 > 0, such that for all
n ≥ N4,

∑∞
n=N4

cn < εp, bn
δn

< 1
2ω and anj < ε for all j ≥ j0, where

ω = min{φ1(ε), φ2(ε), · · · , φm(ε)}. Let N5 = max{j0, N4}. For fixed
j∗ > N5 and all k ≥ 0, we now want to show that anj∗+k < 2ε. To see
this consider two possible cases.

Case I: anj∗+1 < ε.

In this case, apnj∗+1 < εp + cnj∗ + cnj∗+1 and so we have the desired

result.
Case II: anj∗+1 ≥ ε.
In this case, φi(anj∗+1) ≥ φi(ε) ≥ ω > 0 since for each i = 1, 2, · · · ,m,

φi is a strictly increasing function. From (1.4), we also have

apnj∗+1 ≤ apnj∗
− δnj∗φi

(
anj∗+1

)
+ bnj∗ + cnj∗

≤ apnj∗
− δnj∗

(
ω − ω

2

)
+ cnj∗

<εp + cnj∗ + cnj∗+1.

By using induction, we have

apnj∗+k < εp +

nj∗+k∑
i=nj∗

ci < εp + εp = 2εp < (2ε)p

for all k ≥ 0. This shows an → 0 as n→ ∞. The proof of Lemma 1.6 is
completed.
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2. Main results

Theorem 2.1. Let E be a real normed linear space, K a nonempty
convex subset of E and Ti : K → K(i = 1, 2, . . . ,m) a finite family of
asymptotically nonexpansive in the intermediate sense and asymptoti-

cally quasi-pseudocontractive type mappings with {k(i)n } ⊂ [1,∞) such

that lim
n→∞

kn = 1, where kn = max1≤i≤m{k(i)n }. Assume that F =∩m
i=1 F (Ti) ̸= ∅ denotes the set of common fixed points of {Ti}mi=1. Let

{xn} be the sequence defined by (1.3). Suppose that {un} and {vn} are
bounded sequences in K and that {αn}, {βn}, {γn} and {µn} are se-
quences in [0, 1] satisfying the following conditions:

(i)
∞∑
n=0

αn = ∞,

(ii) αn → 0, βn → 0(n→ ∞),

(iii)
∞∑
n=0

γn <∞, µn → 0(n→ ∞).

Assume that there exist strict increasing functions φi : [0,∞) → [0,∞)
with φi(0) = 0 such that

lim sup
n→∞

{
inf

jp(xn−x∗)∈Jp(xn−x∗)
⟨Tn

i xn − x∗, jp(xn − x∗)⟩

−kn∥xn − x∗∥p + φi(∥xn − x∗∥)
}
≤ 0

(2.1)

for x∗ ∈ F and i = 1, 2, . . . ,m. Then {xn} converges strongly to a
common fixed point x∗ of {Ti}mi=1.

Proof. For i = 1, 2, . . . ,m, let

σ(i)n = inf
jp(xn−x∗)∈Jp(xn−x∗)

⟨Tn
i xn − x∗, jp(xn − x∗)⟩

− kn∥xn − x∗∥p + φi(∥xn − x∗∥),

then there exist j
(i)
p (xn − x∗) ∈ Jp(xn − x∗), such that

⟨Tn
i xn − x∗, j(i)p (xn − x∗)⟩ − kn∥xn − x∗∥p + φi(∥xn − x∗∥)

< σ(i)n + ε(i)n ≤ ξn,(2.2)

where ε
(i)
n ∈ (0, 1) with ε

(i)
n → 0(n → ∞), and ξn = max

1≤i≤m
{σ(i)n , 0} +

max
1≤i≤m

{ε(i)n }. It is easy see (using (2.1)) that lim
n→∞

ξn = 0. Since {un} and

{vn} are bounded sequences inK,M = Sup
n≥0

{ ∥un − x∗∥ + ∥vn − x∗∥ } <

∞. Also, since for each i = 1, 2, . . . ,m, Ti : K → K is an asymptotically
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nonexpansive in the intermediate sense, there exists n0 ≥ 1 such that
supx,y∈K (∥Tn

i x− Tn
i y∥ − ∥x− y∥) ≤ 1 for all n ≥ n0, i = 1, 2, . . . ,m.

It follows from (1.3) that

∥xn − x∗∥
1 + ∥xn−1 − x∗∥

=
∥(1− αn − γn)(xn−1 − x∗) + αn(T

n
i yn − x∗) + γn(un − x∗)∥

1 + ∥xn−1 − x∗∥

≤ ∥xn−1 − x∗∥+ αn∥Tn
i yn − x∗∥+ ∥un − x∗∥

1 + ∥xn−1 − x∗∥

≤
∥xn−1 − x∗∥+ supx,y∈K (∥Tn

i x− Tn
i y∥ − ∥x− y∥)

1 + ∥xn−1 − x∗∥

+
αn∥yn − x∗∥+ ∥un − x∗∥

1 + ∥xn−1 − x∗∥

≤
∥xn−1 − x∗∥+ 1 + αn

[
∥xn − x∗∥+ ∥Tn

i xn − x∗∥
1 + ∥xn−1 − x∗∥

+
∥vn − x∗∥

]
+ ∥un − x∗∥

1 + ∥xn−1 − x∗∥

≤ ∥xn−1 − x∗∥+ 1 + 2αn∥xn − x∗∥
1 + ∥xn−1 − x∗∥

+
supx,y∈K (∥Tn

i x− Tn
i y∥ − ∥x− y∥) + 2M

1 + ∥xn−1 − x∗∥

≤ 3 + 2M +
2αn∥xn − x∗∥

1 + ∥xn−1 − x∗∥
(2.3)

for all n ≥ n0.
Since 1−2αn → 1 (n→ ∞), there exists n1 ≥ n0 such that 1−2αn >

1
2 > 0 for all n ≥ n1, which together with (2.3) gives that

∥xn − x∗∥
1 + ∥xn−1 − x∗∥

≤ 3 + 2M

1− 2αn
≤ 6 + 4M.(2.4)

Let c
(i)
n = supx,y∈K (∥Tn

i x− Tn
i y∥ − ∥x− y∥) , dn = max

{
0 , max

1≤i≤m
c
(i)
n

}
,

then lim
n→∞

dn = 0.
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By (1.3), we have

∥xn − yn∥ ≤ βn∥Tn
i xn − xn∥+ µn∥vn − xn∥

≤ βn(∥Tn
i xn − x∗∥ − ∥xn − x∗∥)

+ (2βn + µn)∥xn − x∗∥+ µn∥vn − x∗∥
≤ βn sup

x,y∈K
(∥Tn

i x− Tn
i y∥ − ∥x− y∥)

+ (2βn + µn)∥xn − x∗∥+ µnM

≤ (2βn + µn)∥xn − x∗∥+ βndn + µnM(2.5)

for all n ≥ n1.

For j
(i)
p (xn − x∗) ∈ Jp(xn − x∗), ∀n ≥ 0, we have from (1.3) and

Lemma 1.5 that(
∥xn − x∗∥

1 + ∥xn−1 − x∗∥

)p

=
∥(1− αn − γn)(xn−1 − x∗) + αn(T

n
i yn − x∗) + γn(un − x∗)∥p

(1 + ∥xn−1 − x∗∥)p

≤
(1− αn)

p∥xn−1 − x∗∥p + pαn

⟨
Tn
i xn − x∗, j

(i)
p (xn − x∗)

⟩
(1 + ∥xn−1 − x∗∥)p

+
pαn

⟨
Tn
i yn − Tn

i xn, j
(i)
p (xn − x∗)

⟩
(1 + ∥xn−1 − x∗∥)p

+
pγn

⟨
un − x∗, j

(i)
p (xn − x∗)

⟩
(1 + ∥xn−1 − x∗∥)p

(2.6)

for all n ≥ n1, i = 1, 2, . . . ,m.
Next we consider the second and third term on the right side of (2.6).

From (2.4) and (2.5), we obtain that

pαn

⟨
Tn
i yn − Tn

i xn, j
(i)
p (xn − x∗)

⟩
(1 + ∥xn−1 − x∗∥)p

≤ pαn
∥Tn

i yn − Tn
i xn∥∥xn − x∗∥p−1

(1 + ∥xn−1 − x∗∥)p

= pαn
(∥Tn

i xn − Tn
i yn∥ − ∥xn − yn∥) + ∥xn − yn∥
1 + ∥xn−1 − x∗∥

·
(

∥xn − x∗∥
1 + ∥xn−1 − x∗∥

)p−1
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≤ pαn

(
dn

1 + ∥xn−1 − x∗∥
+

∥xn − yn∥
1 + ∥xn−1 − x∗∥

)
·

(
∥xn − x∗∥

1 + ∥xn−1 − x∗∥

)p−1

≤ pαn

(
dn +

(2βn + µn)∥xn − x∗∥+ βndn + µnM

1 + ∥xn−1 − x∗∥

)
·

(
∥xn − x∗∥

1 + ∥xn−1 − x∗∥

)p−1

≤ pαn(6 + 4M)p−1[dn + (2βn + µn)(6 + 4M) + βndn + µnM ](2.7)

for all n ≥ n1.
In view of (2.4), we deduce that

pγn

⟨
un − x∗, j

(i)
p (xn − x∗)

⟩
(1 + ∥xn−1 − x∗∥)p

≤ pγn ∥un − x∗∥ ∥xn − x∗∥p−1

(1 + ∥xn−1 − x∗∥)p

≤ pγnM(6 + 4M)p−1.(2.8)

Substituting (2.2), (2.7) and (2.8) into (2.6) yields that(
∥xn − x∗∥

1 + ∥xn−1 − x∗∥

)p

≤ (1− αn)
p∥xn−1 − x∗∥p + pαnξn

(1 + ∥xn−1 − x∗∥)p

+
pαn

(
kn∥xn − x∗∥p − φi(∥xn − x∗∥)

)
(1 + ∥xn−1 − x∗∥)p

+ pαn(6 + 4M)p−1
[
dn + (2βn + µn)(6 + 4M)

+ βndn + µnM
]
+ pγnM(6 + 4M)p−1(2.9)

for all n ≥ n1, i = 1, 2, . . . ,m.
Since 1 − pαnkn → 1 (n → ∞), there exists n2 ≥ n1 such that

0 < 1
2 < 1− pαnkn < 1 for all n ≥ n2. It follows from (2.9) that

∥xn − x∗∥p ≤ (1− αn)
p∥xn−1 − x∗∥p + pαnξn − pαnφi(∥xn − x∗∥)

1− pαnkn

+

(
pαnAn + pγnM(6 + 4M)p−1

)
(1 + ∥xn−1 − x∗∥)p

1− pαnkn
(2.10)

for all n ≥ n2, i = 1, 2, . . . ,m,
where An = (6 + 4M)p−1[dn + (2βn + µn)(6 + 4M) + βndn + µnM ] →
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0(n→ ∞). Note that (1 + ∥xn−1 − x∗∥)p ≤ 2p−1(1 + ∥xn−1 − x∗∥p),

(1− αn)
p =1− pαn +

p(p− 1)α2
n

2!
− p(p− 1)(p− 2)α3

n

3!
+ · · ·+ (−αn)

p

=1− pαn + αnBn,

where

Bn =
p(p− 1)αn

2!
− p(p− 1)(p− 2)α2

n

3!
+ · · ·+ (−αn)

p−1 → 0(n→ ∞).

In virtue of (2.10), we conclude that

∥xn − x∗∥p ≤
[
1 +

pαn(kn − 1) + αnBn + p2p−1αnAn

1− pαnkn

+
pM2p−1(6 + 4M)p−1γn

1− pαnkn

]
∥xn−1 − x∗∥p

+
pαn(ξn + 2p−1An) + pM2p−1(6 + 4M)p−1γn

1− pαnkn

−
pαnφi

(
∥xn − x∗∥

)
1− pαnkn

≤
[
1 + 2pαn(kn − 1) + 2αnBn + p2pαnAn

+ pM2p(6 + 4M)p−1γn
]
∥xn−1 − x∗∥p

+ 2pαn(ξn + 2p−1An) + pM2p(6 + 4M)p−1γn

− pαnφi

(
∥xn − x∗∥

)
(2.11)

for all n ≥ n2, i = 1, 2, . . . ,m.
Now we take a nonnegative integer n3 ≥ n2 such that xn3 ̸= x∗(if

not, xn = x∗ for all n ≥ n2, then xn → x∗(n → ∞), and so we have

done). Since kn → 1, ξn → 0, Bn → 0, An → 0 (n → ∞),
∞∑
n=0

γn < ∞,

there exists a positive integer N > n3 such that, for all n ≥ N, (kn−1+

1
pBn)(2G)

p +
(
ξn + 2p−1An(1 + (2G)p)

)
<

min
1≤i≤m

{φi(G)}

4 and
∑∞

n=N γn <
Gp

pM2p(6+4M)p−1(1+(2G)p)
, where G = max {∥xn3 − x∗∥, ∥xn3+1 − x∗∥, . . . ,

∥xN−1 − x∗∥, ∥xN − x∗∥}, and obviously 0 < G <∞.
Next we proceed by induction to show ∥xN+k−x∗∥ ≤ 2G for all k ≥ 1.
To see this consider two possible cases.
Case III: ∥xN+1 − x∗∥ ≤ G.
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In this case, ∥xN+1−x∗∥p ≤ G2+pM2p (6 + 4M)p−1 (1+(2G)p)γN+1

and so we have the desired result.
Case IV: ∥xN+1 − x∗∥ > G.
In this case, φi(∥xN+1 − x∗∥) > φi(G) ≥ min

1≤i≤m
{φi(G)} > 0 since for

each i = 1, 2, · · · ,m, φi is a strictly increasing function. From (2.11),
we also have

∥xN+1 − x∗∥2 ≤ ∥xN − x∗∥p

+[2pαN+1(kN+1 − 1) + 2αN+1BN+1 + pM2p(6 + 4M)p−1γN+1

+p2pαN+1AN+1](2G)
p + 2pαN+1(ξN+1 + 2p−1AN+1)

+pM2p(6 + 4M)p−1γN+1 − pαN+1 min
1≤i≤m

{φi(G)}

=∥xN − x∗∥p

−pαN+1

[
min

1≤i≤m
{φi(G)} − 2

(
ξN+1 + 2p−1AN+1(1 + (2G)p)

)
−2

(
kN+1 − 1 +

1

p
BN+1

)
(2G)p

]
+pM2p(6 + 4M)p−1(1 + (2G)p)γN+1

≤∥xN − x∗∥p − pαN+1

 min
1≤i≤m

{φi(G)} −
min

1≤i≤m
{φi(G)}

4


+pM2p(6 + 4M)p−1(1 + (2G)p)γN+1

≤∥xN − x∗∥p + pM2p(6 + 4M)(1 + (2G)p)γN+1

≤Gp + pM2p(6 + 4M)p−1(1 + (2G)p)γN+1.

By using induction, we get that

∥xN+k − x∗∥2 ≤Gp + pM2p(6 + 4M)p−1(1 + (2G)p)

N+k∑
i=N+1

γi

≤Gp +Gp = 2Gp ≤ (2G)p

for all k ≥ 1.
This shows ∥xn − x∗∥ ≤ 2G for all n ≥ N . Therefore, it follows from
(2,11) that

∥xn − x∗∥p ≤ ∥xn−1 − x∗∥p + 2pαn

[(
kn − 1 +

Bn

p
+ 2p−1An

)
(2G)p
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+ ξn + 2p−1An

]
+ pM2p(6 + 4M)p−1(1 + (2G)p)γn

− pαnφi

(
∥xn − x∗∥

)
(2.12)

for all n ≥ N, i = 1, 2, · · · ,m.
Taking δn = pαn, cn = pM2p(6+4M)p−1(1+(2G)p)γn, an = ∥xn−x∗∥

and bn = 2pαn

[(
kn − 1 + Bn

p + 2p−1An

)
(2G)p + ξn + 2p−1An

]
for all

n ≥ N. By (2.12) and Lemma 1.6 ensures that ∥xn−x∗∥ → 0 as n→ ∞,
that is, xn → x∗ as n→ ∞. This completes the proof.

Remark 2.2. Theorem 2.1 improves and extends Theorem 1.2 (i.e.,
Theorem 2.1 of Yang [16]) in the following aspects:
(1) Extend asymptotically pseudocontractive mapping to asymptotically
quasi-pseudocontractive type mappings.

(2) It abolishes the condition that
∞∑
n=0

αn(kn − 1) <∞.

(3) The proof of sequence {xn} boundedness is entirely different from
what it was before.
(4) Extend implicit iterative scheme (1.2) to Ishikawa type implicit iter-
ation process (1.3).
(5) Condition

lim sup
n→∞

{
⟨Tn

i xn − x∗, j(xn − x∗)⟩ − kn∥xn − x∗∥2 + φ(∥xn − x∗∥)
}
≤ 0

is replaced by the condition

lim sup
n→∞

{
inf

jp(xn−x∗)∈Jp(xn−x∗)
⟨Tn

i xn − x∗, jp(xn − x∗)⟩

−kn∥xn − x∗∥p + φi(∥xn − x∗∥)
}
≤ 0.

From Theorem 2.1, we obtain the following result immediately.

Theorem 2.3. Let E be a real normed linear space, K a nonempty
bounded convex subset of E and Ti : K → K(i = 1, 2, · · · ,m) a finite

family of asymptotically nonexpansive mappings with {k(i)n } ⊂ [1,∞)

such that lim
n→∞

kn = 1, where kn = max1≤i≤m{k(i)n }. Assume that F =
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i=1 F (Ti) ̸= ∅ denotes the set of common fixed points of {Ti}mi=1. Let

{xn} be the sequence defined by (1.3). Suppose that {un} and {vn}
are bounded sequences in K and that {αn}, {βn}, {γn} and {µn} are
sequences in [0, 1] satisfying the following conditions:

(i)
∞∑
n=0

αn = ∞,

(ii) αn → 0, βn → 0(n→ ∞),

(iii)
∞∑
n=0

γn <∞, µn → 0(n→ ∞).

Assume that there exist strict increasing functions φi : [0,∞) → [0,∞)
with φi(0) = 0 such that

lim sup
n→∞

{
inf

jp(xn−x∗)∈Jp(xn−x∗)
⟨Tn

i xn − x∗, jp(xn − x∗)⟩

−kn∥xn − x∗∥p + φi(∥xn − x∗∥)
}
≤ 0

for x∗ ∈ F and i = 1, 2, · · · ,m. Then {xn} converges strongly to a
common fixed point x∗ of {Ti}mi=1.

Proof. Since Ti is an asymptotically nonexpansive mapping with
{kn} ⊂ [1,∞) such that lim

n→∞
kn = 1, we have

lim sup
n→∞

{
supx,y∈K (∥Tn

i x− Tn
i y∥ − ∥x− y∥)

}
≤ lim sup

n→∞
[(kn − 1) diam(K)] = 0,

where diam(K) = supx,y∈K ∥x − y∥. This implies that every asymp-
totically nonexpansive mapping is asymptotically nonexpansive in the
intermediate sense. Also since every asymptotically nonexpansive map-
ping is asymptotically pseudo-contractive mapping. The conclusion now
follows easily from Theorem 2.1.

If γn = µn = 0(∀n ≥ 1) in Theorem 2.1 and Theorem 2.3, then we
have the following results.

Theorem 2.4. Let E be a real normed linear space, K a nonempty
convex subset of E and Ti : K → K(i = 1, 2, · · · ,m) a finite family of
asymptotically nonexpansive in the intermediate sense and asymptoti-

cally quasi-pseudocontractive type mappings with {k(i)n } ⊂ [1,∞) such

that lim
n→∞

kn = 1, where kn = max1≤i≤m{k(i)n }. Assume that F =
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i=1 F (Ti) ̸= ∅ denotes the set of common fixed points of {Ti}mi=1. Let

{xn} be the sequence defined by{
xn = (1− αn)xn−1 + αnT

n
i(n)yn

yn = (1− β)xn + βnT
n
i(n)xn, (n ≥ 0).

Suppose that {αn}, {βn} are sequences in [0, 1] satisfying the following
conditions:

(i)
∞∑
n=0

αn = ∞,

(ii) αn → 0, βn → 0(n→ ∞).
Assume that there exist strict increasing functions φi : [0,∞) → [0,∞)
with φi(0) = 0 such that

lim sup
n→∞

{
inf

jp(xn−x∗)∈Jp(xn−x∗)
⟨Tn

i xn − x∗, jp(xn − x∗)⟩

−kn∥xn − x∗∥p + φi(∥xn − x∗∥)
}
≤ 0

for x∗ ∈ F and i = 1, 2, · · · ,m. Then {xn} converges strongly to a
common fixed point x∗ of {Ti}mi=1.

Theorem 2.5. Let E be a real normed linear space, K a nonempty
bounded convex subset of E and Ti : K → K(i = 1, 2, · · · ,m) a finite

family of asymptotically nonexpansive mappings with {k(i)n } ⊂ [1,∞)

such that lim
n→∞

kn = 1, where kn = max1≤i≤m{k(i)n }. Assume that F =∩m
i=1 F (Ti) ̸= ∅ denotes the set of common fixed points of {Ti}mi=1. Let

{xn} be the sequence defined by{
xn = (1− αn)xn−1 + αnT

n
i(n)yn

yn = (1− β)xn + βnT
n
i(n)xn, (n ≥ 0).

Suppose that {αn}, {βn} are sequences in [0, 1] satisfying the following
conditions:

(i)
∞∑
n=0

αn = ∞,

(ii) αn → 0, βn → 0(n→ ∞).
Assume that there exist strict increasing functions φi : [0,∞) → [0,∞)
with φi(0) = 0 such that

lim sup
n→∞

{
inf

jp(xn−x∗)∈Jp(xn−x∗)
⟨Tn

i xn − x∗, jp(xn − x∗)⟩

−kn∥xn − x∗∥p + φi(∥xn − x∗∥)
}
≤ 0
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for x∗ ∈ F and i = 1, 2, · · · ,m. Then {xn} converges strongly to a
common fixed point x∗ of {Ti}mi=1.
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