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ABSTRACT. In this paper we study a two-phase free boundary prob-
lem for a semilinear elliptic equation on a bounded domain D C R™
with smooth boundary. We give some results on the growth of
solutions and characterize the free boundary points in-terms of
homogeneous harmonic polynomials using a fundamental result of
Caffarelli and Friedman regarding the representation of functions
whose Laplacians enjoy a certain inequality. We show that in di-
mension n = 2, solutions have optimal growth at non-isolated sin-
gular points, and the same result holds for n > 3 under an (n — 1)-
dimensional density condition. Furthermore, we prove that the set
of points in the singular set that the solution does not have optimal
growth is locally countably (n —2)-rectifiable.
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1. Introduction

1.1. Problem statement: Given a bounded domain D C R" with
smooth boundary and ug € Wh2(D) N L°°(D) consider the following
minimization problem:

Minimize
ul?
(1.1) J(u) = /D(v2| + F(u))dz
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over the set
Auy = {u € WY3(D);u — ug € Wy 2(D)}.

Here
)\+

Pl = ()1 =

—\a
. (u™)7,
where vt = maz{4u,0}, A* >0 and 1 < ¢ < 2. By the direct method
of the calculus of variations we will show the existence of minimizers
u of J which are in the class C’fo’g_l(D) and satisfy the corresponding
Euler-Lagrange equation

(1.2) Au= A" 4+ A" (w)?"in D,

in the classical sense. Since the functional J is not convex, there might
be more than one minimizer with given boundary value up. Also, since
we are not imposing any sign constraint on ug, @ny minimizer v may
take both positive and negative values.

We use the notation
QO (u) = {u >0}, Q (u) ={u< 0}
and their interfaces
I (u) =005 (u) N D,

which we also call free boundaries, as they are a priori unknown. Note
that because of the continuity of minimizers, Q" (u) and Q~ (u) are open
sets, hence u is real analytic in O (u).

1.2. Known results. For the cases ¢ = 0,1 with AT > 0 > A7, the
minimization preblem (1.1) has been studied extensively in the last
three decades using a.wide variety of methods, among them the powerful
monotonicity formula of Alt-Caffarelli-Friedman [1] as well as some of
its generalizations [6]. For the particular case where ¢ = 0, Caffarelli,
Jerison and Kenig in [6] have shown the optimal Lipschitz regularity
of minimizers and the C! regularity of the free boundary in dimension
two. When ¢ = 1, problem (1.1) corresponds to the obstacle type prob-
lem. The one-phase obstacle problem has been studied intensively, and
it has been shown that minimizers have the optimal C!! regularity.
For the two-phase version of the problem, i.e., with no sign constraint,
Shahgholian [19] and Uraltseva [22] proved the optimal Cllo’cl regularity
of solutions, and in [20] Shahgholian, Uraltseva and Weiss showed the
C! regularity of the free boundary near the so-called branching points
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(points where the gradient vanishes); also see [21].

The case 0 < ¢ < 1, AT > 0 > A7, has also received a great attention in
the literature. In this case, the one phase version of the problem (1.1)
has been well studied by Phillips [17, 18] and Alt-Phillips [2], among
others. It has been established in [17] that nonnegative minimizers en-
joy the optimal regularity C18, g = Q—Eq. Also, Giaquinta and Giusti
in [9] proved the Holder continuity of the gradient of minimizers. Weiss
in [23] considered the two-phase version of this problem and studied the
size and the structure of the singular set of the free boundary, i.e., the
set of free boundary points at which no outer normal exists. and pre-
sented some results on the partial regularity of weak solutions. Also, E.
Lindgren and A. Petrosyan in ([16], Theorem 1.1) showed the €' regu-
larity of the free boundary in two dimension. Recently; and for a more
general two-phase variational free boundary problems, a rather complete
description of the regularity of solutions and the Holder continuity of the
gradient of solutions together with the asymptotic interior regularity are
given by Leitao, Queiroz and Teixeira in [15].

When 1 < ¢ < 2, problem (1.1) has been considered in the literature
mostly with the sign condition v > 0. D. Phillips in [18] considered the

problem of minimizing the functional
(13) I = [ Va4 fpusyutde 1< g <2,
D

on the convex set K = {u € H'(D),u = uy > 0 on dD}. He proved that
the minimizers are subharmonic in D and are in the class C1¥-#-[8(@)
for G C D, where [3] is the greatest integer less than or equal to 3, and
satisfy the Euler equation

Au = qui~t in D,

w=|Vu|=0on DNo{u> 0}.

Then he demonstrates a number of measure estimates for the free bound-
ary. Later, Alt-and Phillips [2] considered positive solutions of a more
general semilinear Dirichlet problem and investigated the nature of the
free boundary (also see [8]). L. Bonorino [3] considered the above prob-
lem (1.3) and proved that the points of the free boundary where the zero
set has no density lie in a Lipschitz surface. Furthermore, he proved that
the singular points that have some (n — 1)-density lie locally in a C'* sur-
face ([3], Theorem 4.13).
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In this paper, we study the minimizers u of the energy functional J
given in (1.1) on the admissible set A,,, without any sign restriction
on the function w. In Section 2, with a standard argument we prove
the existence of solution for this problem, which is locally C?%~! by the
regularity theory and satisfy the Euler-Lagrange equation (1.2) in the
classical sense. In Section 3, we give a one sided nondegeneracy result
and a growth estimate for the solution u away from (and near) the free
boundary points lie on 't \ I'". However, because of the structure of
our problem and since u changes sign on every neighborhood of a free
boundary point lies on I't N I'™, it is difficult to analyze the growth of
solutions away from the free boundary. In fact, the Harnack inequality
as well as the techniques used in [17, 18] and [2] are no longer applicable
here. As one can see in a rather similar structure in ([7], Lemma 9),
Caffarelli and Salazar used the powerful monotonicity lemma to esti-
mate a quadratic growth of the solutions of Au'= cu, in {|Vu| # 0}.
To overcome this difficulty, in Section 3 we employ an interesting result
of Caffarelli and Friedman ([5], Lemma 3.1) to give a representation for
the free boundary set I'(u), and then show ‘an optimal growth estimate
for u away from and near the set of non-isolating points of the singular
part of the free boundary in two-dimension. Also, in higher dimen-
sions we prove the same result at non-isolated singular points under an
(n — 1)-dimensional density condition. Finally, in Section 4 by invoking
a technique used in [11] to study the structure of the singular set of solu-
tions of homogeneous elliptic differential equations of the second order,
we prove that the set of singular points where u does not have optimal
growth is countably (n — 2)-rectifiable.

2. Existence and Cl2 0’3_1 regularity of global minimizers

In this section by the direct method of calculus of variations we prove
the existence of minimizers u of J, which are in the class Cfo’gfl(D) and
satisfy the corresponding Euler-Lagrange equation (1.2).

Proposition 2.1. There exists at lease one minimizer u € W42(D) of
the functional J which satisfies (1.2) in the sense of distributions.

Proof. We show that J is weakly coercive and weakly sequentially lower
semicontinuous (wslsc) on the set A,,. First note that for v € A,, we
have

1 AT+ AT
(2.1) J(u) > §||Vu||% - THUII;’-
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Taking u — g = w and \ := )‘++’\7, (2.1) yeilds,

1
Jw) = SVw+ Vgl3 = lw + gl

V

1
5 [ 1Vwllz = 1Vgll2 [* =Adlwllg + llgll)*.

Using the inequality (a + b)? < 2971(a? 4 b9) for a,b > 0, and the above
inequality follows

1 1 _
(2.2) J(u) > S[IVwl3+ 5 1Valls = [Vwll2[ Vgl =22 Alwlif + lgll)-

Since 1 < ¢ < 2 < 2 = 2% by the Sobolev inequality thére exists a

n—2"°

constant C' such that ||w||; < C||Vw||2, therefore (1.4) implies
1 _ 1
J() > SlIVell3 - 27 ACIVwll§ — [[Velll Vel + 5Vl

2‘7_1)\HgHg — 00 as ||ullyre — 0.

To show that J is wslsc on A4,,,, it is enough to prove it for the functional
G : WH2(D) — R defined by

G(u)—/DF(u)dx,

which is an easy task using the compact embedding I/VO1 2 yey 4.
Now let £ € C2°(D) and consider the function I(¢) = J(u+¢€) for e € R.

+

Since the integrand of functional J, f(p, z) = |p|? + ’\q (27)7 — %(z*)q
is a O~ 1(R" x R) function, I(g)is differentiable at ¢ = 0 thus

0= I'(0) 2. (u et oo = /D (Vu.VE — F'(u))da.

Hence u satisfies (1.2) in the sense of distributions. O

Proposition 2.2. Let u € L*(D) be a solution of (1.2) in the sense of

2,q—1

distributions. Then u € C;; (D), i.e., u is a classical solution.

Proof. Let w € L%*(D) be a solution of (1.2), then F(u) € LQ%I(D).
Consider the Newtonian potential of F'(u), i.e.,

U(x) = /D B, (1 — ) F(u(y))dy,

where ®,, is the fundamental solution of the Laplacian in R", i.e., A®,, =
0 in the sense of distributions. Then it is readily verified that U is a
weak solution of Au = F(u) in D. Thus w = u — U is harmonic in D,
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and consequently belongs to C°°(D). From the standard estimates for
smgular 1ntegrals (see e.g., [10], Theorem. 9. 9) it can be shown that U

is in VVZOC '(D),and sou=w+U € I/VloC ' (D). Next we show that
2
u € W "(@=U% (D), etc. Therefore,

loc

Vi eNue€ W 7 (D).

loc

Hence, u € W2’p for every 1 < p < o0, and the Sobolev embedding
theorem W, ’p SO a=1-1 » implies that

loc

V0 <a<lucW2P(D)NCLY (D).

loc

Now, to prove u € C}, ’q 1( D), by the classical elliptic regularity theory
it suffices to show that F(u) € C&g_l. Let K be a compact subset of
D. Since u € CY*(K), thus u is a Lipschitz function on' K, and since

functions (z1)9! and (z)7"! are Hélder continuous of order ¢ — 1, as
a consequence F(u) € C%~1(K). O

3. Analysis of the free boundary
Let u € Co9 (D) be a solution of (1:2) and set I'F (u) = QT (u) N D
and I'" (u) = 092~ (u) N D. Then, due to the subharmonicity of solutions
of (1.2) we have
(3.1) '~ (u) C T (u).
Indeed, if there exists an 2y € I'"(u) \ I'" (u), then
Jrg > 0; u(z) <0 in By, (o) and u(zg) = 0.

But_wu is subharmonic so by the strong maximum principle v can not
attain alocal maximum and hence u(x) = 0 in B,,(z¢), contradicting
with zg € I'"(u).

It is noteworthy that if 0 € D with B, C D, there is a radial positive
solution of (1.2) in B,,. Indeed, it is easy to find a suitable v, > 0 so
that

(3.2) Uo(x) = qlal’, 8= 5—

is a solution of (1.2) in By,
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Lemma 3.1. Let u be a solution of (1.2). Then there are constants
Cy =C(n,q, A1), such that
(i) if o € Q7 (u),
sup  u(z) > u(zo) + CrP
Br(ro)ﬂﬂ"'
for any r > 0 such that B,(z9) CC D and
(ii) if x € Q™ (u), then

u(z) < —C(dist(x,17))".

Proof. Let xg € Q7 (u) and Uy(z) given in (3.2) be the radial solution of
(1.2). Define

A ={z € B.(20) N QT ,u(x) > Up(x — m0)}.

Since xg € A, A is a nonempty open set. Next we define the auxiliary
function

w(z) = u(x) — u(zg) — Up(x =~ x9),
and take y € A such that

w(y) = sup w(x).
€A
For z € A we have
Aw(z) = Au(z) — AUp(x — x0) = Mi(u(z)?™ — Up(z — 20)7') > 0,

hence, w is subharmonic on A. Suppose that y € A. Also, let y € A C
A, where A is a connected component of A. If y is an interior point
of A, then the maximum principle says that w is constant on A. So
w = w(y) on A, gives u(z) = w(y) + u(xo) + Up(x — zo) for z € A,
and consequently Au = AUy(x — xp) on A. The last equality yields
Mu(x)™t = A Ug(a=20)97! or u(z) = Up(x—x0) for z € A. Therefore,
w(y) = —u(zp) < 0 = w(xp), a contradiction. Therefore, we must have
y € 0A and due to the standard fact of point-set topology A C JA,
gives y € 9A. Now, we have the three possible cases, y € OB, (xo) N QT
u(y) = Up(y — zo) or y € ONT. It is easy to see that the two later cases
lead to the contradiction w(y) < 0, so y € B, (xo) N QT and thus

sup  u(z) —u(zg) —Cr® = sup  w(x)
8Br(:c0)mQ+ BB»,«(JJ())QQJF
> sup  w(z) =supw(x) =w(y) > w(wo) =0
8By (z0)NQTNA A
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which implies the required inequality in (7).

For the proof of statement (ii) let € Q™ (u) and take ry, := dist(x,I'7).
Set v = —u, then v > 0 in B, (z) and —Av = A"v?" 1. Now, define the
auxiliary function

v()?* T A
w(y) = fq - %(Ti —ly— $|2),
and compute
_ Vol i _ [Vol?
Since on 0B, (x) we have w(y) = % > 0 and w is superharmonic
we get w(z) = v(;;)jq—q — é—;rg > 0, which gives the desired estimate. O

Remark 3.2. (Nondegeneracy) Note that from the statement (i), if xg €
'™ by the continuity of u we get
sup  u(x) > Cr’
By (zo)NQ2t+
for any r > 0 such that B,(xg) C D. Also, if g € I'™ is an exterior
point of QT i.e., there exist x1 € Q™ and.ro > 0 such that |xo—x1| = 7o
and By, (z,) C 17, then the statement (i1) of the above lemma gives
inf. = wu(r) < —Crf
By (z0)NQ2—
for any r < rg. Indeed if < rg, we can take a point x, in the line
segment Tox1 such that |xg — x| =1, then
inf  u(z) <w(r,) < —0(dist(z,,T7)) = —Clzo — z,|° = —CrP.
Br(xo)ﬂQ_

The next lemma says that a solution u of (1.2) will have the optimal
growth /8 at free boundary points lieing on I'" — I'". Note that since
u is non-negative in a neighborhood of a point on I'" — I'", it can
be deduced from the results of [18] (also see [[2], Corollary 1.11]), but
we give a different proof using the comparison principle and Harnack’s
inequality.

Lemma 3.3. Let u € WY2(D) be a solution of (1.2) and zo € T+ —T"".
Then there exists ro = ro(xg) > 0 such that
sup u(z) < cr?, for every r < rg,
Br (o)

where § = ﬁ and C is a constant depends on n,q and 7.
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Proof. Let zg € T'" — ', then u(x) = 0 and there exists rg > 0 such
that u(z) > 0 in B,,(20), so from (1.2) we obtain
(3.3) Au(z) = ATud™t in B, (x0).

Define

M, = sup |u(z)|, < ro.
Br(l’O)

Now split u into the sum v + H in B,(x), where
Av =\ "u?"' AH =0 in B, (o),
v=0, H=uon dB(x9).
We estimate v and H separately.
To estimate v consider the auxiliary function w(z) = 3=(r— |z —uzg[*),
which satisfies
Aw = —1, in B,(xg),
w =0, on OB, (x)-
From (3.3) and the definition of M, we have
0<Av=\ty? < )\+Mﬁ_1 1 Byr(xo),
and by the comparison principle we get
“ATMI w(z) <w(z) <0, in By(zg),

which implies

AT 12 :
(3.4) - Q—Mﬂ r° <wv(z) <0, in B(zg).

n
To estimate H observe that H is a nonnegative harmonic function in
B,(z9) and H ="w on 0B,(zp). Therefore, the Harnack’s inequality
gives
H(z) € CpH(z0) = —Cpo(xo) < CoATMI 2 ¢ € B (z0).

Combining the estimates for v and H we get

u(z) <CMI™'r2, z € B (20),
and

M: < CMI~Yr? for every r < .

r

Using the equality 72 = —"— in the last inequality we have
g q y rB(a—1)

- - g ~ M,
3.5 Mr < C qu 1, where M, == — and C, = 28¢.
2 q 7"6 q
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Taking r; := 7% and M; = Mr]. for j =0,1,2,..., from (3.5) we obtain
Mj+1 < Cquq—l < Cqu_lM;,1(q_1)2 <. < Cé1+(q_1)2+.,,+(q—1)j)Méqq)j.
Since (g—1) - 0and 1+ (¢—1)*+ ...+ (¢ — 1)/ — Qi_q when j — oo,
then {M]} is a bounded sequence, hence we find a positive constant C
such that M; < Crf for every j € N which is enough to conclude that
M, < CrP for any r < ry and the proof is complete. O

Let u be a solution of (1.2) and g € It —T'", then from lemma (3.3)
there exists 79 > 0 such that u(x) > 0 in By (x¢) and

sup u(z) < CrP, for every r < rg.
Br($0)

Now, following [18] for r < ry

|D%(z)| < C’(u(q:))ﬁTla‘, € Q(u)N Br(xo),
where D = D"'..D&", |a| = > | o; and w € C[ﬁ}ﬁ*[ﬁ}(B% (20)).
Note that if zp € TN, then u changes sign in every ball B,.(xq), r > 0
and the techniques used in the previous works mentioned in Section 1.2
can not be used here to get the above result.
In the sequel, to study the free boundary we frequently use the following
fundamental lemma of Caffarelli and Friedman [5]. Note that this lemma
in [5] is proved for the case n = 3, but as the authors indicated in the
introduction the proof is valid for any dimension. A related result in two

dimensions was proved by Hartman and Wintner by complex variables
methods [14].

Lemma 3.4. ([5], Lemma 3.1) Let v be a positive non-integer, v>7p> 0,
and let v(x) be a funetion satisfying

(3.6) [Av(z)| < Cy|x|Y in By, Cy > 27.
Then
(3.7) v(z) = P(x) + I'(z) in By,
where P(x) is a harmonic polynomial of degree [y] + 2 and
(3.8) ID(2)] < CC,—|2["*2 in By,
()
~3

(3.9) |VI'(z)| < CC’WWMVH in By,
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where () = min{y —[y],1+[y] =} and C is a constant depending only
on Yo, and on upper bounds on |v(x)| and |Vv(z)| for x € IBy.

For a function u define the singular set as
S(u) = {x € D; u(x) = |Vu(z)| = 0},
and set
Op(u) = {x0;3C, 6 > 0; |u(x)| < Clz — /%, in Bs(xo)}.
Also, motivated by the work of Caffarelli and Friedman [5] we define
Sp(u) = {xo;u(x) = Hyp(x—x0)+O0(|z—20™*°),0 £ H,p € By, 6 > 0},
where X, denotes the space of all homogeneous harmonic polynomials

of degree m.

Remark 3.5. Note that in the definition of Sp,(u), we can replace H,,
by a harmonic polynomial (not necessary homogeneous) Py, of degree
m. To see this it suffices to expand Py, into its Taylor series around xg.
Indeed, if Py(x) = >_", Qi(x — x0), where every Q; is a homogeneous
harmonic polynomial of degree i and k > 1, then xg € S;(u), where j is
the least integer > 1 such that Q; Z 0.

Now, we present one of our main results concerning the representation
of free boundary points. We prove it for R3, the proof however is valid
for any dimension.

Theorem 3.6. Let I'(u) be the free boundary, then

(3]
(3.10) Plu)= ] Smw)U (] Op(u).
m=1

2<b< B8
Moreover, if B is a positive non-integer, then

(8]
(3.11) T(u) = | Sm(u)UOg(u).
m=1

Furthermore, if K is a compact subset of D, then the constant C' in the
definition of Op(u), 2 < b < (B is uniform in xg, xg € K NT'(u) and
depends only on q, u and K.

Proof. Suppose zp € I'(u) \ U[Tf}zl Sp(u). Since u(zg) = 0 and u is in
C?, thus there exists Cp > 0 such that |u(z)| < Colz — z0| in By (z0)
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for some rg > 0. We can take rp = 1 due to the scaling property of
solutions. Then it follows that
[Au(@)] = A ()T AT (W) < A7) [ulh < ACple—ao| @Y,
in Bi(zp), where A := AT + A\7. Thus, by Lemma 3.4

u(z) = Pi(z) + Ri(z), in Bi(xo),

where P; is a harmonic polynomial of degree [¢ — 1] + 2 = 2, and for
x € By (wo)

- |z — 20|12 = CAColw — o)™,
(¢—1)
where C' is a constant depending only on ¢, and on upper bounds on
u(z) and |Vu(x)| for x € 9B1(xg). Since P; is of'degree 2 < [§], by
our assumption and Remark 3.5, we must have P; = 0. It follows that
u(x) = Ry(z) in Bi(xp), hence

Au(@)] < Mu(@)["™" = AR (@)1 < ACACY)T £ a0,

|Ri(z)| < CACy Z:

in Bi(xo). Replacing (¢ — 1)(¢ + 1) (in the case it is an integer) with
(g —1)(¢+ 1) — &1 to get a non-integer, where 0 < 1 < ¢ — 1, and
applying Lemma 3.4 once again we conclude that,

u(z) = Py(z) + Ra(z), in Bi(xo),

where P, is a harmonic polynomial of degree 2+ [(¢—1)(¢+1) —&1] and

4 —=1)(g+1)—¢ B .
Ro(w)] < CACACR) <E;1 — 138 + 1§ - si> | — o[ PHamDlatl) e,

Since1<q<2wegetq+1<B:2%q,thus

2% [(g=Dg+ 1) —aa] <2+ [(¢ - 1Bl = [6]-
Hence, by our assumption P> = 0 and u(x) = Ra(z) in Bi(zg). Repeat-

ing the above argument we are able to find sequences ¢; and /3; such
that

(3.12) lu(z)| < Cjlz — x|, in Bi(x),

where Bg = 1,690 = 0 and for j > 0

(3.13) Bj+1:2+(q—1)5j—€j, 0<eg < (q—l)j,
_ i—2

(3.14) Cja1 = CACYY i

(B; —2)
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By induction it is easy to see that 3; < 3. Indeed, we have $; = 2 < 3,
and if B; < 3 then

Bis1=2+(q—1)Bj—¢; <2+ (¢—1)8 =B
Taking b; = f — f3; in (3.13) we compute

bjr1=(q—1bj+ej=(q—1)*bj—1 + (¢ = Dgjo1 +e5 = . = (¢ = 1)’by

J
+Z(q— 1)'ej—i
i—1
<(qg—1Yb1+j(g—1)Y =0, as n — oo,

and consequently, §; — 3 as j — oco. Now, if b < 3 we can choose a
J» € N so that b < 3;,, hence
lu(z)] < Cjb|x - x0|ﬁjb < Cjb|x - x0|b7 in Bi(zo):

This proves the first assertion. Now, suppose 5 is a positive non-integer,
since B3; — B thus (8;) — (8) > 0, hence for a jo € N; (B;) > @, for
any j > jo. Taking jo large enough we have 8; < 2 + 8 and from (3.14)
with a = C)\?—ﬁﬂ) we get
(3.15)

— _ —1)2 _ _ ) —J — j—Ji
Cji1 < aC;? 1 < ot I)Cj(-q 1) <k Q@D+ (g=1) JOC](;J 1)7=J0
Since O' < gq—1< 1, wehave 1 + (g —1)+ ..(¢ — )79 < ﬁ and
(gq—1)777° - 0 as j — co. Thus, (3.15) implies that {C;} is a bounded
sequence. Taking 7 — oo in (3.12) we obtain

l(x)|'< Ol — 20]®, in Bi(xo),

which is the desired results.
For the last assertion, suppose that K is a compact subset of D. Since

u € Cfo’g_l(D), forwg € K NT'(u) we can choose a Cy uniform in xg

and depends only on v and K such that |u(z)| < Cylz — x0| in By, (z0)
for some ry < %dist(K, 0D). Starting the above proof with this Cp, the

rest of the proof shows that C' is independent of z. O
Theorem 3.7. Let n =2 and xo be a non-isolated point of S(u) then
(3.16) 2o € [) Op(u),

b<p

and in the case B & 7
(3.17) zo € Og(u).
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Proof. For simplicity take xyp = 0. We show that 0 ¢ UEE]:l Sm(u) and
then the conclusion follows from Theorem 3.6. Suppose this is not the
case, so there is an m > 1 such that 0 € S,,(u), hence

(3.18) w(x) = Hp(x) + O(|z|™?), in By,

for some & > 0, where 0 # H,, € %,,. Since 0 € S(u) and u is a C?
function, then from (3.18) we get H,,(0) = |VH,,(0)| = 0 follows that
m > 2. Now, take a sequence of points x; # 0 in S(u), where z; — 0.
From (3.18) and the homogeneity of degree m of H,, we get

Hyy (5 y = i) () Oflzg™*°) _ O(laif™)
T 2laylt 2magm s 2m gy 2m ™ 2m '
Taking y; = 2|ij]-|7 there is a subsequence y;, and ywith |y| = % such

that y;, — y and H,,(y) = 0. Since VH,, is also homogeneous (of
degree m — 1), similar to the above argument (starting with x;, instead
of ;) we can show that VH,,(y) = 0, and from the harmonicity of H,,,
Ay € S(H,,) for every A € RT. But this contradicts the fact that the
singular set of every harmonic function in"R? is isolated (for example,
see [12], Lemma 2.4.1), so H,, =0 in By, which is a contradiction. [

To get a similar result in the casen > 3, we need a density assumption
on the singular set S(u) near .

Definition 3.8. For the set of points x1,...,xx in S C R", k < n, let
Ppo .. be the k-dimensional parallelogram (with one “vertez” xo) and
vectors xoxi, ..., toxi-as the edges. Indeed we have

L1 yeenyT

k
P e = {Ztixoxi; 0<t; < 1}.
=1

Note that

Vol Py0 . . > 0 2071, ..., T}, are linearly independent,

and
Volpe Py iy =11 Volge PR
Now, let S C R™ and xg € S. We define
Vol i PFO
0r(S, g, k) := SUP{W’ T1, ., Tk € SN By(xo)},

and 6,(S, k) := 6,(S,0,k).
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Remark 3.9. L. Caffarelli in [4] used the concept of minimal diameter,
that measures the thinness of the zero set of solution at a given point.
For a set S C R"™, define

(5,20 i MD(S 0 Be(z0)

r

where M D(A), called minimal diameter of A, is the infimum of distances
between pairs of parallel planes such that A is contained in the strip
determined by the plane. Many authors used the condition

lim sup 4,.(T'(u), x9) > 0,
r—0

where o € OI'(u) N D to analyze the free boundary. It is easy to see that
there is a constant C' so that 0..(S, xg) < C6,(S,xo, k) for every k <mn.

The following example shows that we can have 9..(S,z9) = 0 while
0r (S, z9,m — 1) > C > 0, for every r > 0.
Example 3.10. Take S = {(0,y,|y|), y € R}. C R3. “Then S is con-
tained in the strip determined by the planes x = £e for every e > 0, so
01.(S,0) = 0 for every r > 0. But it is easy to see that 6,(S,0,2) = @,
for every r > 0.

Theorem 3.11. Let n > 3 and @9 be a non-isolated point of S(u).
Moreover,

(3.19) limsup 6,(S(w), zg,n — 1) > 0.
r—0
Then
(3.20) 2o € [) Op(u),
b<p

and in the case B & 7
(3.21) xo € Opg(u).

Proof. Without loss of generality take o = 0, then similar to the proof
of Theorem 3.7 it suffices to show 0 & UK]:I Sy, If this is not the
case, then u satisfies (3.18) in the proof of Theorem 3.7. Take 0 :=
lim sup,_,¢ 6, (S(u), xg,n — 1), then from (3.19) we can find a sequence
{rj} of real numbers and sequences {z1;},..., {xn—1,;} in S(u) with
|z; ;| <7; = 0,i=1,..,n—1such that

(3.22) Volgn1 Py, .
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Now, suppose that H,, # 0 in B;. Similar to the proof of Theorem 3.7
we find x1,...,2,—1 € S(H,,) with (possibly passing to subsequences)
iy gy 4 =1,..,n— 1. But then from (3.22) we get

4,51

: 0
Volgn1 Py, . | = h_}m Volgn-1P%,; a2, 1
n—roo E T R EE
1 it
> lim(0 — ! > 0,

3/ el |14l

that shows 1, ..., z,,—1 are linearly independent. Therefore, dim S(H,,) >
n — 1. This contradicts the fact that the dimension of the singular set of
a harmonic homogeneous polynomial is < n — 2 [[13], page 5], also see
[12]. Therefore, H,, =0 in By, a contradiction. O

4. Structure of the singular set

Let u be a C? solution of (1.2). By the implicit function theorem
[(u) \ S(u) = Si(u) is an (n — 1)-dimensional hypersurface at least
locally. The following example shows that dimOgs(u) can take every
number of 0,1, ..., n.

2

Example 4.1. For j =1,2,...,n and § = =

functions

1 < g < 2 the following

uj: R" = R uj(x1,....xn) = v;|(z1, ..., 25,0, ...,0)|’8,
are solutions of the equation
Au(a) = u(z)|",

in B1 for a suitable ;. Note that we have dimOg(uj) = n — j, j =
1,2,...,n. Also the following function constructed in [17]

V2

u(z) = (?)5@ —slf, for s <u,

u(z) =0, for z<s,
s a solution of
Aufz) = (g — Dlu(@)""Y, in D = (~1,1),
UO(—l) = O,UQ(l) =h>0,
for small h and s > —1. Then dimOg(u) = dim[—1,s] = 1.
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In the sequel we study the structure of S,,(u) for m > 2 and give
some partial results by assuming some conditions on the range of g or
the higher order regularity of solution u. To do this we use an approach
similar to the one in [11], also see [12].

Let 1 < g < %, then 2 < 8 = ﬁ < 3 and thus from Theorem 3.6 we
have

(4.1) S(u) = Sx(u) U Os(w),
where by the definition of S, (u)

So(u) = {xo;u(z) = Ha(x — x0) + O(|z — 20|>7%),0 2 Hy € 3,6 > 0}.
Indeed, in this case we have

(4.2) Sa(u) = {xo;u(x) = Ho(x — x0) + O(|z — 20[?7),0 Z-Hs € Xp}.

To see this, let g € Sa(u), then there exists C' such that |u(z)|<C|x—z|?
in B,, (zo) for some ro > 0. From (1.2) it follows that |Au(z)|<C" |z—xo|>@ D
in By, (xo). Thus by Lemma 3.4

u(z) = P(x — z9) + R(x), in By, (xo),
where P is a harmonic polynomial of degree [2(¢ — 1)] +2 = 2 and
R(z) = O(]z — x0]*?). Now, since #9 € Sa(u) and 2q > 2 we must have

P(z) = 27 D?P(z0)z € X9 thus(4.2) holds. Also, note that since u is
in C? and from Lemma 3.4 it is easy to show that

(4.3) Sa(u) = {xo; ulg) = [Vu(zo)| = 0, D*u(xo) # 0}.

The next theorem shows that Ss(u) is locally countably (n—2)-rectifiable.
The proof is essentially the same as that of Theorem 2.1 in [11] where the
author studied the structure of the singular sets of solutions of homoge-
neous elliptic differential equations of the second order. The following
lemma ([11], Lemma 2.3) is crucial for the proof.

Lemma 4.2. Suppose A C R™ has the following property: for anyz € A
there exists a j-dimensional linear subspace l,, such that for any sequence
{zr, C A} with z, — x, we have

Angle(TTy, 1) — 0.
Then A is on a countable union of j-dimensional Lipschitz graphs.

Theorem 4.3. Let 1 < ¢ < % and u be a solution of (1.2) in By. Then
Sao(u) given in (4.1) is countably (n — 2 )-rectifiable.
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Proof. We show that
n—2
Sa(u) = | S3(w),
j=0

where Sj(u) is on a countable union of j-dimensional C! manifolds,
j=0,1,...,n —2. To do this take y € Sa(u) and let Hy, be the leading
polynomial of u at y as in the definition of Sa(u). Since Hs , is a nonzero
homogeneous harmonic polynomial of degree 2, thus

Sa(Hzy) = {z; Hay(a) = [V Hay(w)| = 0, D Hay(x) #0}

is a linear subspace with dimSs(Ha,) < n — 2 [[11], page 10], also see
[12]. Indeed, assuming Hay(z) =3, o ava”, then if 2/ € Sy(Hyy ) from
Hsy(2) = [VHay(2)| = 0 we get Hyy(z) = >, |—0 av(2—2)*. Therefore,

Hyy(x) = Hyy(x 4+ 2), v € R"

which gives Hy y(x) = Hay(z + Az) for '€ R" and X € R (note that
H,, is a homogeneous harmonic polynomial). Therefore, Hy,(A2) =
|VHjy(Az)] =0 gives Az € Sa(Ha ). Now, it is easy to see that Sp(Ha )
is a linear subspace. To prove that dimSz(Hs,y) < n — 2, take d :=
dimSy(Ha ) then from the above fact that Hy ,(x) = Hay(x + 2), for
r € R" and z € S3(Hay), Hay must be a function of n — d variables.
But if d = n — 1 then Hs, must be a second order harmonic polynomial
of one variable which is impossible, so d = n — 2. Now, define

S)(u) = {y € So(u)sdimSy(Hay) = 5}, j=0,1,....,n — 2.

Let y,yx € Sg(u), with yx = y. Then we have

Hyy, (x —yp) "= (2= )" D?u(yp) (@ — yk) = (& — y)" D?u(y)(z — y)

(44) = HZ,y(CC - y)v

uniformly.in C?(B;). Also, if we take 2z = |%’“| — 2, then similar to
k

the proof of Theorem 3.7 we can prove that z € Sa(Hay). Now, let
ly := 83(Ha,), which is a j-dimensional linear subspace, then the latter
fact together with (4.4) and the equality Angle(w,l,) = Angle(hwﬂ—', ly),
for 0 # w € R", show that

Angle(yyx, ly) — 0.
Now, applying Lemma 4.2 completes the proof. O
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Remark 4.4. If one can prove that a solution u of (1.2) is in Cl[fc](D),
then similar to the proof of Theorem 4.2 can prove that Sy, (u) is locally
countably (n — 2 )-rectifiable for 2 < m < [f] . Indeed, for such u using
Lemma 3.3 we have

Sm(u) = {z0;u(z) = Hp(x—10)+O(|z—20[™°),0 # Hpp € Ty, 6 > 0}
= {zg € S(u); D(z9) =0 for any |a| < m, D™u(xg) # 0}.
Thus, using the fact that dimSy,(Hy,) < n—2 for any non-zero homoge-
neous harmonic polynomial Hy, of degree m and by a completely similar

argument as above we can show that for any 2 < m < [(] there ewists
the following decomposition

n—2
Sm(u) = S, (u),
j=0

where Sfﬂ(u) is on a countable union of j-dimensional C* manifolds for
j=0,1,...,n—2.
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