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ABSTRACT. By the Mordell-Weil theorem, the group of rational
points on an elliptic curve over a number field is a finitely generated
abelian group. There is no known algorithm for finding the rank of
this group. This paper computes the rank of the family B, : 3° =
x® — 3pz of elliptic curves, where p is a prime.
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1. Introduction

Let E be an elliptic curve over Q and F(Q) be its Mordell-Weil group
over Q which is a finitely generated abelian group. The rank of the free
part of F(Q) as a Z-module is called the rank of E over Q. There does
not exist an algorithm which would be able to compute the rank of a
given elliptic curye. " Many authors [3—7,11,19] have considered different
families of elliptic curves and compute their rank and integral points.
Elliptic curves of the form y? = 2> —pgz are considered by many authors.
For example Maenishi [13] constructed some elliptic curves of this form
with rank exactly four. Spearman [17] gives a condition on p, such that
the ellipti¢ curve y? = 23 —2px has rank three. Later Walsh [19] provided
a sufficient condition for elliptic curves of the form 32 = 23 — 2pz, to
have rank three.
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In this paper we consider the family of elliptic curves over QQ given by
the equation

E,: y2 =$3—3p.%',

where p is a prime# 2,3. First using Selmer groups we find an upper
bound for the rank of this family. Then using Parity conjecture, we
refine our result and we find infinite families of elliptic curves which
conjecturally have rank two. Finally we find integral points on curves in
the family7 and provide a sufficient condition on p, such that the elliptic
curve 2 = 23 —3px has rank two. We also show that conjecturally, there
exist infinitely many of such primes. Our main result is the following
theorem:

Main Theorem. Let p be a prime number and E, be the elliptic curve
y? = 2% — 3pz and E’ be the elliptic curve y? = x2 + 12px. We have

(al) SW(E!/Q) ~ (Z/2Z)* for p=1,7,19,23,25,35,47 (mod 48);
(a2) S&)( E’ 7 /Q) ~ Z/2Z for p = 5,11,13,17,29, 31, 37,4143 (mod 48);
(a3) SY(E p/Q) (Z)27,)? for p=1,5,13,25,29, 37,47 (mod 48);
(ad) SW(E,/Q) ~Z/2Z for p=17,11,17,19,23,31, 35,41,43 (mod 48),

where ¢ : E, — E]’Q is a 2-isogeny defined in Section 2. And we have
the:

(bl) If p=1,25,47 (mod 48), then rank(E,(Q)) < 2;
(b2) Ifp=5,7,13,19,23,29,35,37 (mod 48) , then rank(E,(Q)) < 1;
(b3) In all other cases, rank(FE,(Q)) = 0.

Furthermore there exists an infinite family of primes p with rank(E,) =
2.

2. Computing the Selmer group

In this section, first we recall some basic facts on the Selmer groups of
elliptic. curves with at least one 2-torsion rational point and then obtain
an upper bound on the rank of elliptic curves in the family. Let E and
E’ be elliptic curves defined over Q, and ¢ : E — E’ be a non zero
2—isogeny. Then we have the exact sequence of Gal(Q/Q)-modules

0— E[p] — E-5E — 0,

where E[p] = ker ¢. Taking Galois cohomology, for each place v of Q
we obtain the short exact sequence

0 — E'(Q)/(E(Q,) < HY(Q,, Elp]) — H'(Q,, E)[p] — 0,
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where H'(Q,, —) denotes H'(Gal(Q,/Q,),—) and ¢ is the connecting
homomorphism. Consider the following commutative diagram:

0 — FEQ/pEQ) - HY(Gd(@Q/Q,Elg]) — H'(Gal(Q/Q, E)[p] — 0
N 1 N

0 —TL, B'(Q)/e(B@) = TI,H @ Elp) — I1, H(Qu, B)le] —0.
Then - Selmer group is defined as
SW(E/Q) = Ker{H'(Gal(Q/Q), El¢]) — [[ H'(Qu, E)},

and the Shafarevich-Tate group II(E/Q) is
III(E/Q) = Ker{H'(Gal(Q/Q), E) — HHl(@U, E)}

From the above commutative diagram and the definition of the Selmer
and Shafarevich-Tate groups, we immediately obtain the exact sequence

(21) 00— E(Q/e(EQ) — $Y(B/Q)— L(E/Q)lp] — 0.
Let ¢ : E' — F be the dual isogeny of ¢. Interchanging the role of E
and E’, we obtain another exact sequence

(22) 0 — E(Q)/¢(E'(Q)) — SY(E'/Q) — TI(E'/Q)[¢] — 0.
And there is the exact sequence

E'(Q)[¢] E'(Q) EQ) E@Q)

(2.3) 0— — = — — 0.

(EQR) « «EQ)  2EQ)  #EQ)

Hence, from above exact sequence we have

BEQW( NEBQ . FQ . EQ

24) dime 3@y G @) T pE@) T A EQR)
On the other hand,
(25) E(Q) = Zr + E(Q)tors-

Hence

(26) E(Q)/QE(Q) = (Z/2Z)T + E(Q)tors/2E(Q)tOTSa
and therefore

rank E(Q) = dimp, E(Q)/2(E(Q)) — dimp, E(Q)tors/2E(Q)ors-

From the above formulas we can see that, if ¢ is a 2-isogeny and E(Q)ors
= FE[2], then the rank of the elliptic curve is given by

(2.7) rankE(Q) = dimr, E(Q)/@(E'(Q)) + dimz, E(Q)/¢(E(Q)) — 2.
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On the other hand from (2.1) and (2.2) we have
(2.8) dimp,E'(Q)/¢(E(Q) = dimz, 5 (E/Q) — dimy, LL(E/Q)[¢]

and
(2.9) dimp, E(Q)/¢(E'(Q)) = dimp, S (E'/Q) - dime, IL(E'/Q)[¢].
Finally (2.7), (2.8) and (2.9) imply that
rankE(Q) = dimp,SP(E'/Q) — dimg, ILI(E'/Q)[$] +
(2.10) dimp, S (E/Q) — dimz,111(E/Q)[¢] — 2.
In our case, we use EI’, : 9% = 23 4 12px and the 2-isogeny ¢ : E,~—
E;, defined by
p(e,y) = (/2% —y(3p + 2%) /2?),
To compute Selmer groups, we use proposition X.4:9 in [16}. Thus letting
S = {0072737p} g MQ7
Q(S,2) = {b € Q*/(Q")?; ord,(b) = 0(mod 2) forall v¢ S},

and

Cy : dy? = d? + 12pa?,

C!) : dy* = d? — 3pat,
we have the following identifications:

S@(E,/Q) = {d € Q(8,2): Ca(Q) # ¢ for all l € S},
SN E,/Q) ~{d €Q(5,2) - Cl(Qi) # ¢ for all l € S}.
Note that {£1,+2, £3, 4p, £6, +2p, +3p, £6p} is a complete set of rep-
resentatives for Q(5,2). We identify this set with Q(S,2).
Proposition 2.1. We have
(1) S¥)(B,/Q) =~ (Z/2Z)? for p =1,5,13,25,29, 37,47 (mod 48);
(2) SYNE,/Q) = Z/2Z in all other cases.

Proof- Using the above identification we have {1,3p} C S¥)(E,/Q). On
the other hand Cy(R) = ¢ for d < 0, and Cy(R) # ¢ for d > 0.
For d = 2, C2(Q3) = ¢, so 2 ¢ S¥)(E,/Q). For d = p,we have:

Cp(Q2) # ¢ <= p = 1(mod 4),
Cp(Q3) # ¢ <= p = 1(mod 3),

(@) # 6 = (2) = 1.
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Therefore, 3 € S (E,/Q) if and only if p = 1(mod 12).
For d = 6, we have:

Cs(Q2) # ¢ < p =5,13,15(mod 16),
Co(Qs) # ¢ = (%) = 1 <= p = 2(mod 3),

Co(Qp) # ¢ = (3) = L.

Thus 6 € S¥)(E,/Q) if and only if p = 5,29, 47(mod 48).
Since 3p € S¥)(E,/Q) we conclude that

3¢ SW(E,/Q) <= pc SW¥(E,/Q) < p = 1(mod 12),
6p € S¥(E,/Q) < 2 € S¥(E,/Q), which i impossible,
2p € S¥)(E,/Q) <= 6 € S¥(E,/Q) <= p = 5,29,47(mod 48).

Finally we have:

If p = 1,13, 25,37 (mod 48), then S(YU(E,/Q) = {1,3,p, 3p}.
If p = 5,29,47 (mod 48), then S (E,/Q) = {1,6,2p, 3p}.
In all other cases, S\¥)(E,/Q) = {1, 3p}.

This completes the proof. O

Proposition 2.2. We have
(1) SW(EL/Q) ~ (Z/2Z)* forp=1,7,19,23,25,35,47 (mod 48);
(2) S(@(E]’,/Q) ~ 7./27 in all other cases.
Proof. Tt is clear ffom the definition that {1, —3p} € S(*®) (£,/Q). Sup-
pose that d=2k with & = £1,43,+p and C},(Q2) # ¢. Taking the
valuation vy at 2 of both sides, we obtain a contradiction.

For d = —1, we have C’' {(Q3) = ¢, so —1 ¢ S(@(EI’;/Q).
For d = 3 we have:

C4(Q2) # ¢ <= p = 3,7,15(mod 16),
C5(Q3) # ¢ <= p = 2(mod 3),

C3(Qp) # ¢ <= () = 1 <= p=1,11(mod 12),

For d = —3, we have
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C.3(Q2) # ¢ <= p =1,3,7,9(mod 16),
CL5(Q3) # ¢ <= (§) =1 = p = 1(mod 3),
CL3(Qp) # ¢ = () =1 <= p=1,7(mod 12).
So
+2,+2p, 6 ¢ S (E,/Q),
3 € SW(E)/Q) <= p=23,35,47(mod 48),
—3€ SW(E/Q) < p=1,7,19,25(mod 48).
Since —3p € S¥)(E//Q) we conclude that
p € SP(E/Q) « —3 € SY(E]/Q) <= p=1,7,19,25(mod 48),
—p € SW(E,/Q) <= 3 € S¥)(E]/Q) <= p = 23,35,47(mod 48),

3pe S (E’ /Q) <= —1¢ S(‘ﬁ)(EI’)/Q), which is impossible.

Finally we have:

If p=1,7,19,25 (mod 12), then S ¢>(E’ /Q) = {1,-3,p, —3p},
If p = 23,35,47 (mod 12), then S(@ (E’ /Q) ={1,3,—p, —3p},
In the other cases, then S(® (E’ /Q) = {1, -3p}.

This completes the proof. O

Theorem 2.3. Following statements hold:

If p=1,25,47 (mod 48), then rank(E,(Q)) < 2;

If p=5,7,13,19,23,29, 35,37 (mod 48) , then rank(E,(Q)) < 1;
In all other cases, rank(E,(Q)) = 0.

Proof. This follows from propositions 2.1, 2.2 and (2.10). O
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3. Calculation of the root number

In this section, first we recall the concept of the root number and
then using Parity conjecture refine our results in the previous section.
Let E be an elliptic curve over Q and n, be the number of points in the
reduction of curve modulo p. Also let a, = p+1 —n,. Local part of the
L-series of E at p is defined as

1 —a,T +pT? if E has good reduction at p,

L,(T) = 1-T if E has split multiplicative reduction at p,
P B if E has non- split multiplicative reduction at p,
1 if E has additive reduction at p.

Definition 3.1. The L-series of E is defined to be
L(E, 8) = Hp 7[/1)(]];75)’
where the product is over all primes.

Theorem 3.2. The L-series L(E, s) has an analytic continuation to the
entire complex plane, and it satisfies the functional equation

A(E,s) =€¢(E)A(E,2 = 3),
where
A(E, 5) = (Ngyg)*/2(2m) T (s) L(E, 5),
Ng/q is the conductor of E and I is the Gamma function. Here e(E) =
+1 is called the global root number of E.

The Parity conjecture states that
(3.1) e(E) = (-1)"",

where rg denotes the rank of Mordell-Weil group of E. On the other
hand, e(F) can beexpressed as a product [ [, ,(E) taken over all places of
Q, each local root number ¢;( F) being defined in terms of representations
of Weil-Deligne group of Q;. We recall some facts from [14].

Proposition 3.3. Let [ be a prime. Then

(1) If £ isany elliptic curve over R, then ex(F) = —1.

(2) If E/Qq has good reduction, then ¢ (F) = 1.

(3) If E/Q; has multiplicative reduction, € (E) = —1 if and only if
the reduction is split.

(4) If E/Qq has additive, potentially multiplicative reduction then for
1>2, ¢(E) = (=1/1) and for l = 2, es3(E) = —c/22(%) mod 4.

(5) If E/Qq has additive, potentially good reduction with I > 3 and
e =12/gcd(v;(A),12). then
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(—=1/1) ife=2o0r6
a(B) = (=3/1) ife=3
(=2/1) ife=4
(6) If E/Qq has additive, potentially good reduction with | = 3 (re-
spectively 1=2) and E is given in minimal form, then € (E) de-
pends only on the l-adic expansion of c4,ce and A; if E is given
in minimal Weirestrass form, € /(E) can be read from table II

of [9].

Proposition 3.4. For any prime [, if E/Q; is in minimal Weierstrass
form, then its reduction is: good if and only if vi(A) = 0, multiplicative
if and only if vi(A) > 0 and vi(ca) = 0, additive if and only if v (A) >0
and vi(cq) > 0. In the last case, the reduction is potentially multiplicative

if and only if vi(A) > 3u(ca).

For the elliptic curve E in the family, we have Ap = 26.x 33 x p3. In
particular, y2 = 2> — 3px is in global minimal Weierstrass form. In this
case the reduction of F), is additive, potentially good at 2,3 and p, and
good at all other primes.

Proposition 3.5. For elliptic curve E = y?> = x® — 3pz, we have
+1 if p=1,9,11,15 (mod 16)
e(Ep) = 1V
-1 ifp=3,57,13 (mod 16).
Proof. Let ¢ (E,) denote thelocal root number at {. From proposition
3.3 and above discussion, we have

(Ey) +1 if p=3,15 (mod 16)
€ =
2\ g —1 ifp=1,57,9,11,13 (mod 16),

and
63(Ep) = 1,
and, finally
_ +1 if p=1,3 (mod 8)
E = (—=) =
lEp) = (5) {—1 if p=5,7 (mod 8).
The assertion follows. O

Corollary 3.6. Assume the Parity conjecture holds for the family E,.
Then
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(1) if p=15,7,13,19,23,29,35,37 (mod 48), then r, = 1;

(2) if p=11,17,31,41,43 (mod 48), then r, = 0;

(3) if p = 1,25,47 (mod 48), the Parity conjecture implies r, =
0 or 2.

Remark 3.7. Recall that Kolyvagin’s work [10] proves that if E is a
modular elliptic curve over Q and if analytic rank of F is 0 or 1, then
the analytic rank equals the algebraic rank. Thanks to Wiles we can
remove modularity hypothesis from these results. Actually, in (3) both
cases appear: T191 = T197 = 1313 = 0 and r47 = T337 = r3529 = 2.

4. Integer points and independent points

In this section, first we find integral points on the elliptic curve, and

using Weil-Chéatelet group we give a condition on p, such that y? =
23 — 3px has maximal rank.
If (z,y) is an integer point on E,, then the equation y* = x(x? — 3p)
implies that z = du? and x> —3p = dv? for some squarefree integer d and
positive integers u,v. Combining these two equations yields d?u* — 3p =
dv?; hence, d is a divisor of 3p, and

(4.1) du* — (3p/d) = v*.

We examine each cases separately.

4_v2?, therefore

(1) d=1.In this case (4.1) can be rewritten as 3p = u
p=2u? -3, and (u?, u(p— 3)/2) is on the curve.

(2) d=-1. In this case (4.1) can be rewritten as 3p = u* 42, which
is impossible modulo 3.

(3) d=3. In this case (4.1) can be rewritten as p = 3u* — v
(3u?, 3uv) is on the curve.

(4) d=-3. In this case (4.1) can be rewritten as p = 3u* + v%, and
(—3u?, —3uv) is on the curve.

(5) d=p. In this case (4.1) can be rewritten as pu* = v? + 3 and
(pu?, puv) is on the curve.

(6) d=-p. In this case (4.1) can be rewritten as —pu* = v? — 3,
which is impossible, since p # 2, 3.

(7) d=8p. In this case (4.1) can be rewritten as 3pu* = v? + 1,
which is impossible modulo 3.

(8) d=-3p. In this case (4.1) can be rewritten as —3pu* = v — 1,
which is impossible.

2 and
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Remark 4.1. From above discussion, if p satisfies any two cases of
(1),(3),(4),(5) above, then we can find two integer points on the elliptic
curve. For evample, 47 = 2x5%—3 and 47 = 3x2*—1, then P = (25,110)
and Q = (12,6) are on Ey7 : y?> = 23 — 141z. On the other hand, we
have

(P, P) = 3.05926,
(P,Q) = —1.38191,
(Q,Q) =2.27932.
Where as [21]
<R1, R2> = h(Rl + RQ) — h(Rl) - h(Rg),
s the height pairing. Therefore

det

(P,P) (P,Q) } _det[ 3.05926  —1.38191 = 510633 £ 0.

(P,Q) (Q,Q) —1.38191 2.27932

Hence, P and Q are independent points on Eyy : y?> =a3 — 141z.

Now, following [12,22] we try to find elliptic curves with maximal rank
in the family. Using the homomorphism

ot Bp(Q)=Q% /0%,
which is defined by
Qx2 ifP=0
a(P) =< —3pQ*? "if P = (0,0)
FQ2 0 if P = (2,y) # (0,0),P £ O.
We have the following exact sequence
0 —.B(EL(Q)) — Ep(Q) — Q*/Q*?,
as well as the corresponding result for the dual isogeny:
0 — p(E,(Q)) — EH(Q) - Q*/Q*2,
E E]
— = p/(Q) and imf ~ 7]0(@)
P(E,(Q)) P(Ep(Q))
images of o and 8 can be described as follows: WC(E,/Q) = ima
consists of all classes b;Q*2, where b; is a squarefree integer such that
(4.2) N? = b1M4 + b2€4, b1bs = —3p

has a nontrivial solution N, M,e € N with (M,e) = (N,e) = 1. The
equation (4.2) is called a torsor of F/Q and is denoted by 7% (by).

So ima ~ . As mentioned in [12], The
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Similarly, WC(E,/Q) := im/3 consists of all classes b;Q*?, where b; is
a squarefree integer such that

(4.3) TO(by) : N? = by M* + boe*,  biby = 12p

has a nontrivial solution in integer N, M,e € N. It is easy to see that
every rational point P # O on E, has the form P = (m/e? n/e3) for
integers n,m, e € Z such that (m,e) = (n,e) = 1, and by definition we
have a(P) = mQ*2. Moreover, it can be shown that the corresponding
torsor 7(#)(m) is solvable. Conversely, if (N, M, €) is a nontrivial prim-
itive solution of 7()(b1), then (byM?2/e?, b MN/e3) is a rationial point
on E. Finally from (2.1) and (2.2) we have the following exact sequences

(44) 0— WC(E,/Q) — SY(E,/Q) — III(E,/Q)[¢] —0,

(45) 0—WC(E,/Q) — S¥)(E,/Q) — LI(E,/Q)[g}= 0.

Proposition 4.2. If the parity conjecture holds for the family E,, then

(1) if p = 48a* + n?%, and n? = 1,25,47 (nod 48) then r, = 2.
(2) if p=48a* — n? and n? = 1,23,47 (mod 48), then r, = 2.

Proof. 1f p = 48a* +n? then (2a,n, 1) is a nontrivial solution of —3M* 4
pet = N2, then TP (=3) # ¢ and so {1, —3p, —3,p} C WC(E,/Q).
Thus (4.5) and proposition 2.2 imply that dimp,III(E'/Q)[¢] = 0. On
the other hand, {1,3p} C W.C(E,/Q), and therefore (4.4) and proposi-
tion 2.1 imply dimp, I1(E/Q)[p} < 1. Now (2.10) implies r, > 1. Thus
from parity conjecture.we conclude that r, = 2. Proof of part (2) is
similar. 0

Corollary 4.3. If p = 48a* + (4a* + m* — 3)? or p = 48a* + (12a* +
3mt —1)2, then r, = 2.

Proof. As we see in the proof of last proposition, in these cases

dimp, IT(E'/Q)[¢] = 0. If p = 48a* + (4a* + m* — 3)2, then p = (4a* +
m*+3)2—-12m* and therefore (M, N, e) = (m, 4a*+m*+3,1) is a solution
of T¥)(12). So 12 € WC(E,/Q), and thus {1,3p,3,p} C WC(E,/Q).
Therefore, (4.4) and proposition 2.1 imply dimp, I1(E/Q)[¢] = 0. Now,
(2.10) implies 7, > 2, and we conclude that 7, = 2. For p = 48a* +
(12a* + 3m* — 1)? we have a similar argument. O

The following conjecture due to Schinzel and Sierpinski [15] implies
that there exist infinitely many such primes.
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Conjecture 4.4. Let fi(z), fa(x),. .., fm(z) € Z]x] be irreducible poly-
nomials with positive leading coefficients. Assume that there exists no
integer n > 1 dividing f1(k), fa(k), ..., fm(k) for all integers k. Then
there exist infinitely many positive integers | such that each of the num-

bers f1(1), fo(1), ..., fm(l) is prime.

We can see that f(z) = 48x% 4 (42* +13)? and g(v) = 48z* + (122* +
47)? satisfy the assumption of the conjecture with m = 1. So there
exist infinitely many positive integers l; and Iz, such that f(l;) and
g(l2) are prime numbers. So there exist infinitely many elliptic. curves
y? = 23 — 3px with rank two. Some examples of such primeés are: 337,
1087657, 27071017, 3529, 243391009, 832957129, 619417519609.

5. Numerical calculations related to the rank

As we see in corollary 3.6, if p = 1,25,47 (mod 48), then parity
conjecture implies 1, = 0 or 2. Now, using Magma [1], we have some
examples in table 1.

TABLE 1.
p=1(mod48) | rp | p=25 (mod 48) | rp | p =47 (mod 48) | 1y
1249 0 4969 0 4943 0
3889 2 5449 0 5711 0
4177 2 5737 2 15647 0
4657 0 5881 2 16223 0
5281 0 39241 0 17903 2
5521 0 39769 0 17903 2
6529 0 42841 0 34319 2
28513 2 44617 2 47087 2
33409 2 47017 2 47903 0
34897 2 47977 0 47951 0

Let Ni(z,7) denote the number of elliptic curves E, with p = 48i+ k

and i < z, such that r, = r, and set ng(z,0) = m and
ng(z,2) = %. Tables 2, 3, 4 suggest that the elliptic curves

E,, with rank 2 thin out. Therefore considering corollary 3.6 and the
Dirichlet theorem on arithmetic progressions, it seems that half of the
curves in the family have rankl and the other half have rank 0.
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TABLE 2.

x Ni(z,2) | Ni(x,0) | ni(z,2) | n1(z,0)
10000 577 1905 0.2325 | 0.7675
20000 945 3725 0.2024 | 0.7976
30000 1293 5513 0.19 0.81
40000 1596 7317 0.1791 0.8901
50000 2151 8830 0.1959 | 0.8041
60000 2400 10613 0.1844 | 0.8156
70000 2646 12376 0.1761 | 0.8239
80000 2855 14137 0.168 0.832
90000 3060 15894 0.1614 | 0.8386
100000 3239 17676 0.1549 | 0.8451

TABLE 3.

x N25 (x, 2) N25(x7 0) TL25(J?, 2) n25(a:, 0)
10000 627 1845 0.2617 0.7383
20000 1000 3697 0.2129 0.7871
30000 1318 5513 0.1929 0.8071
40000 1605 7282 0.1806 0.8194
50000 1855 9089 0.1695 0.8305
60000 2116 10855 0.1631 0.8369
70000 2340 12652 0.1561 0.8439
80000 2549 14420 0.1502 0.8498
90000 2755 16192 0.1454 0.8546
100000 2961 17939 0.1417 0.8583
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