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1. Introduection

In the theory of submanifolds of semi-Riemannian manifolds, it is
interesting to study the theory of lightlike (degenerate) submanifolds
due to the fact thatrin case of lightlike submanifolds, the intersection of
normal vector bundle and the tangent bundle is non-trivial. Thus the
study of lightlike submanifolds becomes more interesting and remarkably
different from the study of non-degenerate submanifolds. Moreover, lim-
ited information available on the general theory of lightlike submanifolds
makes this theory a topic of main discussion in the present scenario since
it was initiated by Duggal and Bejancu in [7]. Chen [5, 6], introduced
the notion of slant submanifolds as a generalization of holomorphic and
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totally real submanifolds for complex geometry and the subject was fur-
ther extended by Lotta [10] for contact geometry. Cabrerizo et al. [3, 4]
studied slant, semi-slant and bi-slant submanifolds in contact geome-
try. They all studied the geometry of slant submanifolds with positive
definite metric therefore this geometry may not be applicable to the
other branches of the mathematics and physics, where the metric is not
necessarily definite. Thus the notion of slant lightlike submanifolds of
indefinite Hermitian manifolds was introduced by Sahin [14]. Since there
are significant applications of contact geometry in differential equations,
optics, and phase spaces of a dynamical system (see Arnold [1]; Maelane
[11], Nazaikinskii et al. [12]) the notion of slant lightlike submanifolds
of indefinite Sasakian manifolds was introduced by Sahin and Yildirim
in [15] in which necessary and sufficient conditions for their existence is
obtained.

In the present paper, we study the theory of slant lightlike submani-
folds of indefinite Sasakian manifolds and prove that there do not exist
totally contact umbilical proper slant lightlike submanifolds of indefi-
nite Sasakian manifolds other than totally contact geodesic proper slant
lightlike submanifolds (Theorem 4.5). We also prove that there do not
exist totally contact umbilical proper slant lightlike submanifolds of in-
definite Sasakian space forms (Theorem 4.6).

2. Lightlike submanifolds

An odd-dimensional semi-Riemannian manifold M is said to be an
indefinite almost-contact metric manifold if there exist structure tensors
(¢,V,m,g), where ¢ is a (1,1) tensor field, V is a vector field called the
characteristic yector field, n is a 1-form and g is the semi-Riemannian
metric on M, satisfying

(21) X =-X+nX)V, no¢=0, V=0, nV)=1,

(2.2) G(0X,9Y) = g(X,Y) —en(X)n(Y) g(X,V)=en(X),
for X,Y € T'(TM), where ¢ = +1 and TM denotes the Lie algebra of
vector fields on M.

An indefinite almost contact metric manifold M is called an indefinite
Sasakian manifold if (see [9]),

(2.3) (Vx¢)Y = —g(X,Y)V +en(Y)X and VxV = ¢X,
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for any X,Y € I'(TM), where V denotes the Levi-Civita connection on
M.

A submanifold M™ immersed in a semi-Riemannian manifold (M™™, g)
is called an r-lightlike submanifold [7] if it admits a degenerate metric g
induced from g, whose radical distribution RadTM = TM NTM* is of
rank 7, where 0 < r < min{m,n}. Let the screen distribution S(7T'M)
be a semi-Riemannian complementary distribution of RadlT' M in TM,
that is,

(2.4) TM = RadTM L S(TM),

and S(TM+*) be the screen transversal vector bundle, which/is a semi-
Riemannian complementary vector bundle of RadT M in TM™. For any
local basis {&;} of RadT'M, there exists a null vector bundle ltr(T'M) of
RadTM in (S(TM))* such that {N;} is a basis of lt#(T M) satisfying
(25) g(NZ,N]) =0 and g(Nuf]) = 52‘3',
for any 4,5 € {1,2,...,7}. Let tr(T'M) be thé complementary (but not
orthogonal) vector bundle to T'M in T'M |y, then
(2.6) tr(TM) = ltr(TM)LS(TM™*),
and
TM |y =TM & tr(TM)

(2.7) = (RadTM & 1tr(TM))LS(TM)LS(TM™).
Let V and V denote thé linear connections on M and M, respectively.
Then the Gauss and Weingarten formulae are given by
(2.8) VxY =VxY +h(X,)Y), VxU=—-AyX + VU,
for any X, Y € I(TM) and U € I'(tr(TM)), where {VxY, Ay X} and
{h(X,Y),V%U} belong to I'(TM) and I'(tr(TM)), respectively. Here
V is a torsion-free linear connection on M. The second fundamental
form h is a symmetric bilinear form on I'(7"M') and the shape operator
Ay is a linear endomorphism of T'(T'M).

Considering the projection morphisms L and S of ¢r(T'M ) on ltr(T M)

and S(TM™), respectively, then using (2.6), the Gauss and Weingarten
formulae become

(2.9) VxY = VxY +h(X,Y) 4+ h*(X,Y),
(2.10) VxU = —AyX + D\ U + DU,
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where we put h!(X,Y) = L(h(X,Y)), h¥(X,Y) = S(h(X,Y)), DU =
L(V%U) and DU = S(VxU).

As h! and h® are T'(Itr(TM))-valued and T'(S(TM+))-valued respec-
tively, they are known as the lightlike second fundamental form and the
screen second fundamental form on M. In particular, we have

(2.11) VxN = —AnX + V4N + D*(X,N),

(2.12) VxW = —Aw X + VW + DX, W),

where X € I'(TM), N € I'(itr(TM)) and W € T\(S(TM~)). Using
(2.6)-(2.7) and (2.9)-(2.12), we obtain

(2.13) g(h*>(X,Y), W) + (Y, D'(X, W) = g(Aw X, ¥),

for any X,Y € I'(TM) and W € I'(S(TM+*)). Let P'be a projection of
TM on S(T'M). Then using the decomposition TM = RadT'M L S(TM),
we can write

(2.14)  VxPY =VXPY + h*(X,PY),( Vx{ = ~A{X + V5,

for any X,Y € T'(TM) and ¢ € I'(RadL'M); where {V%PY, AFX}
and {h*(X, PY), V¢} belong to I'(S(T'M)) and I'(RadT M), respec-
tively. Here V* and V*! are linear connections on S(TM) and RadT M,
respectively. By using (2.9), (2.11) and (2.14), we obtain

(2.15) g(h'(X, PY),&) = g(A{ X, PY).
3. Slant lightlike submanifolds

A lightlike submanifold has two distributions, namely the radical dis-
tribution and the sereen distribution. The radical distribution is totally
lightlike and it is not. possible to define an angle between two vector
fields of the radical distribution, where the screen distribution is non-
degenerate. There are some definitions for the angle between two vector
fields in Lorentzian setup [13], which is not appropriate for our goal.
Therefore to introduce the notion of slant lightlike submanifolds one
needs a Riemannian distribution. For such a distribution, Sahin and
Yildirim [15] proved the following lemmas.

Lemma 3.1. Let M be an r-lightlike submanifold of an indefinite Sasakian
manifold M of index 2q. Suppose that pRadT M is a distribution on M
such that RadT M N¢RadT M = {0}. Then ¢ltr(TM) is a subbundle of
the screen distribution S(T'M) and ¢ltr(TM) N ¢RadT M = {0}.
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Lemma 3.2. Let M be an r-lightlike submanifold of an indefinite Sasakian
manifold M of index 2r. Suppose that pRadT M is a distribution on M
such that RadT M N¢RadT M = {0}. Then any complementary distribu-
tion to ¢ltr(T'M) @& ¢RadT M in screen distribution S(TM) is Riemann-
ian.

Definition 3.3. ([15]) Let M be an r-lightlike submanifold of an indef-
inite Sasakian manifold M of index 2r. Then M is said to be a slant
lightlike submanifold of M if the following conditions are satisfied:
(A) RadT M is a distribution on M such that ¢ RadT M N RadTM =
{0}.
(B) For each nonzero vector field X tangent to D = D L {V} at
reUCM,if X and V are linearly independent, then the angle
0(X) between ¢pX and the vector space D, is constant, that is, it
is independent of the choice of x € U C M and X € D,,, where
D is the complementary distribution to ltr(T'M) D ¢RadT M in
screen distribution S(T'M).

The constant angle 0(X) is called the slant angle of the distribution D.
A slant lightlike submanifold M is said to be proper if D # {0} and

9%{0,% :

Since a submanifold M is invariant (respectively, anti-invariant) if
¢T,M C T,M, (respectively, ¢T, M C TpMJ-)7 for any p € M. Using
the above definition, it is clear that M is invariant (respectively, anti-
invariant) if 6(X) = 0, (respectively, 0(X) = 7).

For a slant lightlike submanifold M of an indefinite Sasakian manifold
M, the tangent bundle T'M is decomposed as

(3.1) TM =RadT ML (¢RadT M & ¢ltr(TM))LD,
where D = D L{V}. Therefore, for any X € I'(T M), we write
(3.2) X =TX + FX,

where T'X is the tangential component of X and F' X is the transversal
component of ¢.X. Similarly, for any U € I'(¢tr(T'M)), we write

(3.3) ¢U = BU + CU,

where BU is the tangential component of ¢U and CU is the transver-
sal component of ¢U. Using the decomposition in (3.1), we denote
by Pi, P2, Q1, Q2 and @2 the projections on the distributions RadT M,
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¢RadT M, ¢ltr(TM), D and D = D1V, respectively. Then for any
X e I'(TM), we can write

(3.4) X =PX+PX+QX+QX,

where Q2 X = Q2X + n(X)V. Applying ¢ to (3.4), we obtain

(3.5) X = pPIX + ¢Po X + FQ1 X +TQ2X + FQ2X.

Then using (3.2) and (3.3), we get

(3.6) PLX = TP X € [(pRadT M), ¢P>X =TPyX € I'(RadT M),
(3.7) FPX =FP,X =0, TQ.X € (D), FQ,X € T(itr(TM)).
Lemma 3.4. Let M be a slant lightlike submanifold of an indefinite
Sasakian manifold M then FQuX € T'(S(TM™)), for.any X € TB(TM).

Proof. Using (2.5) and (2.6), it is clear that FQoX & F(S(TM™)) if
g(FQ2X,&) = 0, for any & € T'(RadTM). Therefore g(FQ2X,&) =

9($Q2X — TQ2X,€) = g(¢Q2X,€) = —g(Q2X, ¢€) =0, implies the re-
sult.

Thus from Lemma (3.4), it follows that #7(D), ) is a subspace of S(T'M*).
Hence, there exists an invariant subspace p,, of T, M such that

(3.8) S(TPMJ_) =F(Dp)Lpp,
and consequently,
(3.9)  T,M = S(T,M) L{Rad(T,M) & ltr(T,M)} L{F (D) Lu,}.

Now, differentiating (3.5) and using (2.9)-(2.12), (3.2) and (3.3), for any
X, Y e I'(TM), we have

(VxT)Y = AFQlyX —I—AFQ2yX + Bh(X,Y)

(3.10) —g9(X, V)V +en(Y)X,

and

DX, FQ\Y) + D (X,FQyY) = FVxY —h(X,TY)+Ch*(X,Y)
(3.11) V5 FQyY — VL FQ,Y.

g

Using the Sasakian property of V with (2.8), we have the following
lemmas.
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Lemma 3.5. Let M be a slant lightlike submanifold of an indefinite
Sasakian manifold M. Then

(3.12)  (VxT)Y = Apy X + Bh(X,Y) — g(X,Y)V + en(Y) X,

(3.13) (VX F)Y = Ch(X,Y) — h(X,TY),
where X, Y € T'(T'M) and
(3.14) (VxT)Y =VxTY —TVyY, (V4F)Y =V4FY — FVxY.

Lemma 3.6. Let M be a slant lightlike submanifold of an indefinite
Sasakian manifold M. Then
(VxB)U = Acu X —TAy X —g(X,U)V,
(V5 C)U = —FAyX — h(X, BU),

where X € I'(TM) and U € I'(tr(T'M)) and
(3.15) (VxB)U = VxBU — BVLU, (V4%C)U =V5CU - CV4U.
Theorem 3.7. Let M be a slant lightlike submanifold of an indefinite
Sasakian manifold M. Then:

(A) The distribution D is integrable, if and only if, h(X,TY) =

h(Y, TX), DYX,FQyY)= D_l(Y, FQX) and VL, FQY =
SFQ2X, for any X,Y € I(D).
(B) The distribution ¢ltr(T M) is integrable, if and only if, Apg,y X =
Apg,xY, for any X,Y e I'(gpltr(TM)).
Proof. Let X,Y € I'(D) then using(3.11), we have FVxY = D!(X, FQyY)
+ h(X,TY) + V4 FQ2Y — Ch#(X,Y). Here replacing X by Y and then
subtracting the resulting equation from this equation, we get (A). Next,
let X, Y € I'(pltr(TM)) then using (3.12) and (3.14), we have
—TVxY = AFQlyX + Bh(X,Y),

Then, similarly as above, we have T X, Y] = Apg, xY — Arg,v X, that
completes the proof of (B). O

In [15]; Sahin and Yildirim proved the following theorem.

Theorem 3.8. Let M be a lightlike submanifold of an indefinite Sasakian
manifold M. Then M 1is a slant lightlike submanifold, if and only if,

(1) ¢(RadT M) is a distribution on M such that ¢ RadT M N RadT M
= {0}.
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(i) D = {X € (D) : T?X = —X(X —n(X)V)} is a distribution
such that it is complementary to ¢ltr(TM) ® ¢RadT M, where
A\ = —cos®6.
4. TOTALLY CONTACT UMBILICAL SLANT LIGHTLIKE SUBMANIFOLDS

Definition 4.1. ([16]). If the second fundamental form h of a subman-
ifold, tangent to characteristic vector field V', of a Sasakian manifold M
s of the form

(4.1) h(X,Y) = {g(X,Y)=n(X)n(Y)}a+n(X)h(Y,V)+n(Y )X, V),

for any XY € T'(TM), where « is a vector field transversal to M, then
M is called a totally contact umbilical and totally contact geodesic if
a=0.

The above definition also holds for a lightlike submanifold M. For a
totally contact umbilical lightlike submanifold M, we have

R(X,Y) = {9(X,Y) = n(X)n(Y)}ar +n(X)hIY, V)
(4.2) +n(Y)R' (X, V),

(XY) = {g(X,Y) = n(X)n(Y)fas +n(X)h*(Y,V)
(4.3) +n(Y)h*(X, V),
where o, € T(Itr(TM)) and ag € T(S(TM™Y)).

Lemma 4.2. Let M be a slant lightlike submanifold of an indefinite
Sasakian manifold M. Then

(4.4)  g(TQ2X, TQaY) = cos*0[g(Q2X, QoY) — n(Q2X)n(Q2Y)],
and
(45)  g(FQiX,FQsY) = sin*0[g(Q2X, Q2Y) — n(Q2X)n(Q2Y ),
for any X, ¥ € T(TM).
Proof. From (2.2) and (3.2), we obtain

9(TQ2 X, TQ2Y) = —g(Q2X, T?QsY),

for any X,Y € I'(T'M). Then using the Theorem (3.8), assertions fol-
lows. O

Lemma 4.3. Let M be a totally contact umbilical slant lightlike sub-
manifold of an indefinite Sasakian manifold M then g(VxX, ¢&) = 0,
for any X € I'(D) and § € T'(RadTM).
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Proof. Let X € T'(D), implying X = @Q2X. Then using (2.3), (2.9)
and (2.12), for a totally contact umbilical slant lightlike submanifold,
we have

9(VxX,06) =g(VxX, ) = —g(VxTQ2X,€) — G(VxFQ2 X, &)
= —g(h'(X,TQ2X),€) — §(D'(X, FQ2X),€)
(46) :—Q(DZ(X7FQ2X),§)7
since for X € I'(D), using (2.2), (3.2) and (4.2), we have h!(X, TQ2X) =
{9(X, TQ2X)}ar = 0. Moreover, n(Q2X) = 0, n(¢) = 0 and by replac-
ing W by FQ2X, Y by € in (2.13) and then using that M is‘a totally
contact umbilical slant lightlike submanifold, we obtain
(DX, FQaX),&) = —g(h*(X.€), FQsX)
= —9(X,8)g(as, FQ2X)
(4.7) =0.
Hence from (4.6) and (4.7), the result follows. O
Theorem 4.4. Let M be a totally contact umbilical slant lightlike sub-

manifold of an indefinite Sasakian manifold M. Then at least one of
the following statements is true:

(i) M is an anti-invariant submanifold.

(ii) D = {0}.
(iii) If M is a proper slant lightlike submanifold, then ag € T'(u).

Proof: Let M be a totally contact umbilical slant lightlike subman-
ifold of an indefinite Sasakian manifold M, then for any X = QX €
I'(D) with (4.1), we have

MT'Q:X, TQ2X) = g(TQ2X, TQ2X)cv,
while from (2:8), (4.4) and above equation, we get
VrguxTQ2X — Vg, xTQ2X = cos0[g(Q2X, Q2X)]a.
Using (3.2) and the fact that M is a Sasakian manifold, we obtain
OVTQxQ2X — 9(TQ2X, TQ2X)V — VrQ,x FQ2X — V1, xTQ2 X
= c05°0[g(Q2X, Q2.X)]v.
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Then using (2.9)-(2.12) and (4.4), we get
OV 1Qx QX + oh!(TQ2X, X) + ¢h*(TQa X, X) + Apg,xTQaX
~Vig,xFQ2X — DNTQ2 X, FQ2X) — Vrg,xTQ2X
= c05%0[g(Q2X, Q2. X)](ar + V).
Thus, using (3.2), (3.3), (4.2) and (4.3), we have
TV7QxQ2X + FV70,xQ2X + 9(TQ2X, X)pa! + g(TQ2X, X)Ba*
+9(TQ2X), X)Ca® + Apq,xTQ2X — Vig,x FQ2X
—DNTQ2X,FQ2X) — Vrg,xTQ2X = cos*0[g(Q2X, Qs X)|(a + V),
equating the transversal components, we get
FV71qQ,xQ2X + g(TQ2X, X)Ca® — Vigyx FQ2X
(4.8) —DYTQ2X,FQaX) = cos*0[g(Q2X, Q2 X)]ax,

On the other hand, (4.5) holds for any X =Y € I'(D) and taking the
covariant derivative with respect to T'QQ2 X', we obtain

(4.9) 9(Vig,xFQ2X, FQ2X) = 5in*0g(Vipg,xQ2X, Q2X).

Now, taking the inner product of (4.8) with FiQ2X, we obtain
9(FV1Q,xQ2X, FQoX) = g(Vig,x FQ2X, FQ2X)
= cos?0[g(Q2X, Q2X)lg(as, FQ2.X).

Then using (4.5) and (4.9); we get

(4.10) c05%0[g(Q2X, Q2X)]g(as, FQaX) = 0.

Thus, from (4.10), it follows that either § = § or Q2X = 0 or ag € I'(p).
This completes the proof.

Theorem 4.5. FEvery totally contact umbilical proper slant lightlike sub-
manifold of an indefinite Sasakian manifold is totally contact geodesic.

Proof. Since M is a totally contact umbilical slant lightlike submanifold
for any X = QX € I'(D), using (4.1), we have h(TQ2X,TQ2X)
= g(TQ2X,TQ2X)a, and using (4.4), we get

MTQ2X, TQ2X) = cos’0[g(Q2X, Q2X) — n(Q2X)n(Q2X)]x
(4.11) = c05°0[g(Q2X, Q2.X)]v.
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Using (2.1) and (3.11) for any X € I'(D), we obtain

h(TQ2X,TQ2X) = FVrg,xX + Ch(TQ2X,X) — Vig,xF'Q2X
(4.12) —DYTQyX, FQ2X).
Since M is a totally contact umbilical slant lightlike submanifold
Ch(TQ2:X,X) = g(TQ2X,X)Ca = 0, and using (4.11) and (4.12), we
get

c0s*0[g9(Q2X, Q2 X))o = FVrg,xX — Vig,xFQ2X

(4.13) —DYTQ2X, FQ2X).
Taking the scalar product of both sides of (4.13) with respect to FQ2.X,
we obtain

c0s%0[g(Q2X, Q2 X)]g(as, FQ2X) = g(FVrg,xX, FQsX)
(4.14) —9(Vig,x F@2 X, F'Q2X),
then using (4.5), we get
c0520[g(Q2X, Q2 X)]g(as, FQaX) = sin20[g(VTQ2XX, Q2X)]
(4.15) ~9(VTgux FQ2X, FQ2X).
Now, for any X = Q2X € I'(D), (4.5) implies that
g(FQ2X, FQoX) = 5in’0[g(Q2X, Q2X)].

Taking covariant derivative of this equation with respect to ?TQ2 X, we
get

(4.16) I(Vig,x FQ2 X, FQ2X) = sin*0[g(Vrg,x Q2 X, Q2X)].
Using (4.16) in (4.15), we obtain
(4.17) €05°0[g(Q2X, Q2X)|g(as, FQaX) = 0.

Since M is a proper slant lightlike submanifold and ¢ is a Riemannian
metric on D we have g(ag, FQ2X) = 0. Thus, using Lemma (3.4) and
the equation (3.8), we obtain

(4.18) ag € I(p).

Now, using the Sasakian property of M, we have Vx¢Y = ¢VxY —
g(X,Y)V, for any X,Y € I'(D), and using (4.1) we obtain

VXxTQyY +9(X,TQaY)a — Apg,y X + VS FQsY + DX, FQ,Y)
(4.19) = TVxY + FVxY + g(X,Y)pa — g(X,Y)V.
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Taking the scalar product of both sides of (4.19) with respect to ¢as
and using the fact that p is an invariant subbundle of T'M, we obtain

(4.20) (VX FQ2:X, das) = g(Q2X,Q2Y)g(ag, ag).
Again using the Sasakian character of M, we have Vy¢pas = ¢V xag,
this further implies that

—Apas X + Vipas + DX, pag) = —TAusX — FAuX + BVias
(4.21) +CViag + ¢DY(X, ag),

taking the scalar product of both sides of above equation with respect
to FFQ2Y and using invariant character of u, that is, CV§ags € T'(u)
with (2.1) and (4.5), we get

g( g((baSaFQQY) = _g(FAOtSXa FQQY)
(4.22) = —s5in*0[g(Ans X, QaY)].
Since V is a metric connection we have (Vxg)(FQ2Y, pas) = 0, this
further implies that g(V%FQ2Y, pas) = g(V s, FQ2Y ), and using
(4.22), we obtain
(4.23) G(VEFQaY, dag) = —sin*0[g(Ans X, Q2Y)).
From (4.20) and (4.23), we have
(4.24) 9(Q2X, Q2Y)g(ag{ag) = —sin*0g[(Aas X, Q2Y)],
and using (2.13) in (4.24), we obtain
9(Q2X, Q2Y)g(as, as) = —sin*0[g(h*(Q2X, Q2Y ), as)]
(4.25) = —sin0[g(Q2X, Q2Y)]g(ss, s),
which implies that
(1 + sin20)[g(Q2X, Q2Y)]g(aus, ag) = 0.
Since M is a proper slant lightlike submanifold and g is a Riemannian
metric on D we have
(4.26) ag = 0.
Next, for any X € I'(D), using the Sasakian character of M, we have
VxoX = ¢Vx X, implying that VxT QX +h(X,TQ2X) — Apg,x X +
V4 FQ2X + DX, FQ:X)=TVxX+FVxX+Bh(X,X)+Ch(X, X).
Since M is a totally contact umbilical slant lightlike submanifold using
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h(X,TQ2X) = 0 and then comparing the tangential components, we
obtain

(4.27) VxTQ2X — Apg,xX =TVxX + Bh(X, X).

Taking the scalar product of both sides of (4.27) with respect to ¢§ €
I'(¢RadT M) and using the Lemma (4.3), we get

(4.28) 9(Arg,x X, ¢€) + g(h' (Q2X, Q2X), &) = 0.
Now, using (2.11), we have
G(h* (X, $¢), FQ2X) + g(¢€, DNX, FQ2X)) = g(Apg,x X, $€).

Since M is a totally contact umbilical slant lightlike submanifold using
(4.3) and (4.26) in the above equation, we have

(4.29) 9(ArQ,x X, ¢§) = 0.
Using (4.29) in (4.28), we obtain g(h!(Q2X,Q2X),£)= 0, and using
(4.2) we have

9(Q2X,Q2X)g(ar,§) = 0.
Since g is a Riemannian metric on D g(ar,&) =0, and using (2.5), we
obtain

(4.30) ar= 0
Thus, from (4.26) and (4.30), the proof is complete. O

Next, denote by R and R the curvature tensors of V and V respec-
tively. Using (2.9)-(2.12), we have

R(X,Y)Z = RX,Y)Z+ ApixzY — Apy X + Apsx,2)Y

—Apy X + (Vxh)(Y, Z) — (Vyh)(X, Z)
+DN(X,h%(Y, Z)) — DY(Y, h*(X, Z))
+(Vxh)(Y, Z) = (Vyh*)(X, Z)

(4.31) +D%(X, WY, Z2)) — D*(Y, W (X, 7)),

where

(Vxh*)(Y,Z) = Vih*(Y,Z) - h*(VxY, Z)
(4.32) —h3(Y,VxZ),
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and
(Vxh')(Y,2) = VB(Y,Z2) - B (VxY, 2)
(4.33) —h(Y,VxZ).

An indefinite Sasakian space form is a connected indefinite Sasakian
manifold of constant holomorphic sectional curvature ¢ and denoted by
M (c). Then the curvature tensor R of M(c) is given by (see [9])

RXY)Z = 2 20X - (X, )Y+ S (Xm(2)y
(Y In(Z)X +g(X, 2V IV ~ g(Y, Z)n(X)V
(131 (6, 2)0X — g(6X, 2)0Y — 29(6X, Y )6Z).

for X,Y, Z vector fields on M.

Theorem 4.6. There do not exist totally contact umbilical proper slant
lightlike submanifolds of an indefinite Sasakian space form M (c) such
that ¢ # €.

Proof. Let M be a totally contact umbilical proper lightlike submanifold
of M(c) such that ¢ # e. Then, using (4.34), for any X € I'(D), Z €
L(@ltr(TM)) and £ € I'(RadT M), we obtain

3(R(X,6X)Z,€) = £ g(6X, 6X)9(6Z.€),
2

and using (2.2), we get

CcC—¢€

On the other hand, using (4.1) and (4.31), we get

(4.36) g(R(X,9X)Z€) = g((Vxh')(¢X, 2),) = g((Voxh')(X, 2),€).
Also, using(4.2) and (4.33), we have

(4.37)  (Vxh)(@X,2) = —g(VxoX, Z)ar — g(TQ:X, VxZ)ar.
Similarly,

(4.35) G(R(X,0X)Z, &)= —

(4.38) (Voxh') (X, Z) = —g(Vyx X, Z)ar, — (X, Vx Z)ap.
Using (4.37) and (4.38) in (4.36), we obtain
J(R(X,0X)Z,6) = —9(Vx¢X,Z)g(ar,&) — 9(¢X,VxZ)g(ar,§)

(4.39) +9(Vox X, Z)g(ar,§) + 9(X, Vex Z)g(ar,§).
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Now, using (2.3), we have

(4.40) 9(0X,VxZ) = —g(Vx¢X,Z) = —g(Vx¢X, Z),
and

(4.41) 9(X,VexZ) = —§(Vyx X, Z) = —g(Vyx X, Z).
Using (4.40) and (4.41) in (4.39), we obtain

(4.42) G(R(X,$X)Z,€) = 0.

Thus, using (4.42) in (4.35), we have

(1.43) “S9(Q2X, Q2X)g(92,) = 0.

Since ¢ is a Riemannian metric on D and g(¢Z,&) # 04 (4.43) implies
that ¢ = e. This contradiction completes the proof. O

In [7], a minimal lightlike submanifold M was defined when M is a
hypersurface of a 4-dimensional Minkowski space. Then in [2|, a general
notion of minimal lightlike submanifold of a ‘'semi-Riemannian manifold
M was introduced as follows:

Definition 4.7. A lightlike submanifold (M, g, S(TM)) isometrically
immersed in a semi-Riemannian manifold (M, g) is minimal if

(i) h* =0 on RadTM and
(ii) trace h = 0, where traceds written with respect to g restricted to
S(TM).

We use the quasi orthonormal basis of M given by

{51, """ 757“3(;5517 ---- a¢€7’7v,617 ----- aeqvngla ---- ’¢NT‘}7

such that {51, ..... ,fr}, {¢§1, ..... y gf)fr}, {61, ..... 5 eq} and {ngl, ..... 5 (Z)NT}
form a basis of RadT' M, ¢(RadT M), D and ¢(ltr(T'M)), respectively.

Definition'4.8. ([8]) A lightlike submanifold is called irrotational if and
only if Vx§ € D(TM) for all X e I'(TM) and § € T'(RadTM).

Theorem 4.9. Let M be an irrotational slant lightlike submanifold of
an indefinite Sasakian manifold M. Then M is minimal if and only if

trace Aw,|srary =0, and trace Ag|sirar =0,
where {Wi}t _, is a basis of S(TM*) and {&}_, is a basis of RadT M.
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Proof. Since V'V = 0 using (2.9), we get h/(V, V) = 0 and h*(V, V) = 0.
Moreover, M is irrotational implying that h*(X,&) =0 for X € I'(T'M)
and & € I'(RadT M ). Thus h® vanishes on RadT M. Hence M is minimal
if and only if trace h = 0 on S(T'M), that is, M is minimal if and only
if

i=1 =1
Using (2.13) and (2.15) we obtain

Soh(sg.08) = S0 D o(ALok 66N,
=1 =1

i=1

q
Zh ¥, ¢&i) +Zh ONi, ON:) + ) hiej ej) = 0.
7=1

-

(4.44)

£ 57 gl Aw, o6, Wi

T

1
Similarly, we have

S h(eNLoN) = S0 D glAz 9N, NN,
i=1 =1 1

o~ =
-
Il

(4'45) + g(AWk €4, ej)Wk}y
k=1
and
q 91
Zh ej,e5) = Z{; Zg(AZiej,ej)N
i=1 =1 =1
1
(4.46) ZZ g(Aw,e;,e;)Wy}.
k=
Thus our assertion follows from (4.44)-(4.46). O
Acknowledgment

The authors would like to thank the anonymous referee for his/her com-
ments that helped us to improve this paper.

REFERENCES

[1] V. 1. Arnold, Contact Geometry: The Geometrical Method of Gibbss Thermo-
dynamics, Proceedings of the Gibbs Symposium (New Haven, CT, 1989), Amer.
Math. Soc., Providence, 1990.



1151 Sachdeva, Kumar and Singh Bhatia

[2] C. L. Bejan and K. L. Duggal, Global lightlike manifolds and harmonicity, Kodai
Math. J. 28 (2005), no. 1, 131-145.

[3] J. L. Cabrerizo, A. Carriazo, L. M. Fernandez and M. Fernandez, Slant subman-
ifolds in Sasakian manifolds, Glasg. Math. J. 42 (2000), no. 1, 125-138.

[4] J. L. Cabrerizo, A. Carriazo, L. M. Fernandez and M. Fernandez, Semi-slant
submanifolds of a Sasakian manifold, Geom. Dedicata 78 (1999), no. 2, 183-199.

[5] B. Y. Chen, Slant immersions, Bull. Austral. Math. Soc. 41 (1990), no. 1, 135-
147.

[6] B. Y. Chen, Geometry of Slant Submanifolds, Katholieke Universiteit, Leuven,
1990.

[7] K. L. Duggal and A. Bejancu, Lightlike Submanifolds of Semi-Riemannian Man-
ifolds and Applications, 364, Kluwer Academic Publishers Group, Dordrecht,
1996.

[8] K. L. Duggal and B. Sahin, Screen Cauchy Riemann lightlike submanifolds, Acta
Math. Hungar. 106 (2005), no. 1-2, 1137-165.

[9] R. Kumar, R. Rani and R. K. Nagaich, On sectional curvature of e- Sasakian
manifolds, Int. J. Math. Math. Sci. 2007, Article ID 93562, 8 pages.

[10] A. Lotta, Slant submanifolds in contact geometry, Bull. Soc. Sci. Math.
Roumanie 39 (1996) 183-198.

[11] S. Maclane, Geometrical Mechanics II, Lecture Notes, University of Chicago,
Chicago, USA, 1968.

[12] V. E. Nazaikinskii, V. E. Shatalov and B. Y. Sternin, Contact Geometry and
Linear Differential Equations, 6, De Gruyter Expositions in Mathematics, Walter
de Gruyter Co., Berlin, 1992.

[13] B. O’Neill, Semi-Riemannian Geometry with Applications to Relativity, Aca-
demic Press, New York, 1983.

[14] B. Sahin, Slant lightlike submanifolds of indefinite Hermitian manifolds, Balkan
J. Geom. Appl. 13 (2008), no. 1, 107-119.

[15] B. Sahin and C. Yildirim; Slant lightlike submanifolds of indefinite Sasakian
manifolds, Filomat 26 (2012), no. 2, 277-287.

[16] K. Yano and M. Kon, Stuctures on Manifolds, 3, Series in Pure Mathematics,
World Scientific, Singapore, 1984.

(Rashmi Sachdeva) SCHOOL OF MATHEMATICS AND COMPUTER APPLICATIONS,
THAPAR UNIVERSITY, P.O. Box 147001, PATIALA, INDIA
E-mail address: rashmi.sachdeva86@gmail.com

(Rakesh Kumar) UNIVERSITY COLLEGE OF ENGINEERING, PUNJABI UNIVERSITY,
P.O. Box 147002, PATIALA, INDIA
E-mail address: dr_rk37c@yahoo.co.in

(Satvinder Singh Bhatia) SCHOOL OF MATHEMATICS AND COMPUTER APPLICA-
TIONS, THAPAR UNIVERSITY, P.O. Box 147001, PATIALA, INDIA
E-mail address:  Email: ssbhatia@thapar.edu



