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Defuzzification Methods and New Techniques
for Fuzzy Controllers

Jean J. Saade and Hassan B. Diab

Abstract—Based on the various components involved in the
structure of fuzzy logic controllers, this study provides an in-
depth examination of the different features and disadvantages
of commonly used defuzzification methods. Then based on this
examination, and taking into account the compatible
assignment of the logical connectives, inference rules as well
as membership functions (MFs), a superior defuzzification
technique is described and justified. It is shown that this
technique integrates the defuzzification problem into the
global structure of fuzzy controllers. It also helps the designer
achieve his design objectives in a simple and systematic
manner. Another defuzzification strategy, which falls within
the general framework of this study, is also given and
commented upon. It is shown that this strategy satisfies
properties which should be possessed by a desired
defuzzification method, and also shares important features
with the former one. Further, a recent defuzzification-based
methodology for the systematic data-driven design of fuzzy
controllers is outlined.

Index Terms—Fuzzy sets, fuzzy logic, fuzzy controllers,
inference, membership functions, defuzzification.

1. INTRODUCTION

Uzzy sets and logic have constituted a valuable tool for

dealing with the approximate nature of  human
reasoning, and reducing the design complexity of
“humanistic” systems which usually operate in a decision-
making environment involving vagueness, imprecision and
uncertainty. This has been due ‘to. the seminal work of
L. Zadeh [1]-[5]. Fuzzy control constitutes one of the major
areas in which fuzzy logic has been applied.

Aiming at improving the' performance of fuzzy
controllers, and providing systematic design approaches for
the translation of expert’s knowledge in the form of fuzzy
inference systems, ‘several concepts have, so far, been
developed. We state, for instance, the advent of the notion
of self-organizing controllers [6], [7] and the use of
artificial neural networks and genetic algorithms in the
design of adaptive fuzzy controllers [8]-[19]. This is in
addition to the fuzzy relational equations and clustering
approaches [16], [20]-[25]. Fuzzy logic has been shown in
many occasions advantageous over classical logic in the
area of control [26], [27]. Nevertheless, no performance
improvement nor systematic design methods have been
sought, so far, by constructing a defuzzification method
that integrates defuzzification into the overall setting of the
controller components. Exceptions are the studies in [28]-
[34] which have expressed the benefits that could be
obtained whether a matching between defuzzification and
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the other components of fuzzy controllers is observed.
Furthermore, the authors in [29], [31], [32] have provided
defuzzification methods to help optimize, or improve, the
system performance. Yet, neural networks, genetic
algorithms and related tools have formed the basis for the
derivation of these methods.

Prior to the appearance of the studies in [28]-[34],
defuzzification has been considered as a procedure for
determining the crisp value that is regarded as the most
representative of the fuzzy set output taken as an isolated
entity and irrespective of how it came about. That is,
attention has not been given to the surrounding of the
defuzzification module in a fuzzy controller. Reasons for
this lack of attention have been explained in [35]. As such,
the mean of maxima (MOM) and the center of gravity
(COG) haye been mostly used to come up with crisp
controller outputs [7], [16], [27], [28], [30], [36], [37].
Also, a defuzzification procedure, which we refer to in this
study as the weighted average formula (WAF), and which
applies from within the inference rules of the fuzzy
controller; i.e., without computing first the fuzzy output,
has been suggested [16], [28], [35], [38]. Further, the
authors in [28] offered a new technique, which they called
the quality method (QM), by improving over the WAF.
Other defuzzification methods, which apply to the fuzzy
output, have also been discussed and criticized in [28].
They are, however, less commonly used in practice. The
main objectives of this study are to describe and justify a
defuzzification method based on the global structure of a
fuzzy controller and show how it can be used to help the
designer achieve his goals in a simple and
systematic manner.

Accounting for the different elements that are involved
in the structure of a fuzzy controller (Section II), this study
offers first an interpretation of the above-mentioned
defuzzification procedures and emphasizes their
disadvantages (Section III). Then based on the material
presented in Sections II and III, a complete justification of
an advantageous defuzzification technique, which applies
from within the inference rules (just like the WAF and
QM), is given in Section IV. This technique, however,
differs from the WAF and QM and also from the MOM
and COG since it integrates the defuzzification problem
into the overall setting of the elements of the fuzzy
controller including the logical connectives, inference rules
and membership functions (MFs).

For completeness, description of another parameterized
defuzzification strategy [39] is offered in Section V. Unlike
the former method, this one applies to the controller output
when it is fuzzy. Yet, it is shown to fall within the general
framework of this investigation, have common features
with the first technique and satisfies properties which

1682-0053/04$10 © 2004 JD
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Fig. 1. The elements of a fuzzy controller.

should be possessed by a desired defuzzification method
[30], [40], [41]. In addition, the methodology which has
recently been developed for the systematic design and
optimization of fuzzy controllers [42] based on a strategy
introduced in [39] and under the availability of input-
output data is outlined.

II. ELEMENTS OF A FUzzy CONTROLLER

A fuzzy controller contains a fuzzifier, a set of inference
rules (fuzzy rule-base), an inference engine and a
defuzzifier. Given the input and output variables of the
fuzzy controller, fuzzification consists of assigning
overlapping fuzzy sets over each of these variables and
mapping the input values of the fuzzy controller into their
membership grades in the input fuzzy sets. The inference
rules, expressed in the form of IF-THEN rules, provide the
necessary connection between the controller input and
output fuzzy sets. For systems which admit inputs in a crisp
form, such as data taken by sensors [43], the fuzzy output
that needs defuzzification; i.e., conversion to a crisp value,
is the one that corresponds to a particular crisp input-value
or vector and obtained by implementing the inference rules.
This rule implementation is done in the inference engine
through some rule of composition which uses. logic
operations (see below). We note here that when the output
states of the fuzzy controller are assigned as crisp values
and a specific formula is used to.obtain the crisp output
directly, without computing first the fuzzy output and then
defuzzifying it, defuzzification is said to.be applied from
within the inference rules. Fig. 1 depicts the elements of a
fuzzy controller.

A collection of N inference rules for a system with two
input variables and ©one-output variable and whose form is
typical in fuzzy controllers is such that the j-th rule for
1< j <N is expressed as follows [16]:

R;:IF x is4; AND y is B; ,THEN z is C;. (1)

In the above rules, x and y denote the input variables
of the fuzzy controller and z 1is the output variable.
Of course, more than two inputs can be considered and the
above rules can be rewritten accordingly. 4,,4,,..., Ay are
the linguistic or fuzzy values assigned over the space, say
1,, of the first input variable. B,,B,,...,By are those
assigned over the space I, of the second input variable,
and C,,C,,...,Cy are the fuzzy sets assigned over the
space O of the output variable. The “IF part” of a rule is
usually called the rule “antecedent” and the “THEN part” is
the rule “consequent.”

The implementation of the inference rules in (1) is
usually done using the compositional rule of inference [3].
Actually, the inference rules in (1) can be represented by
the fuzzy relation
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Fig. 2. Input and output fuzzy sets assigned over the input and output

variables of the fan fuzzy controller. (c) also shows the output fuzzy set

obtained for the noted crisp temperature and humidity values.

R =[(4 " B,)xC1U[(4Ay N By)xCyluU...U

N . 2)
[(Ay N By)xCy]= 'Ul[(Aj NB;)xC|]
j=

In (2), the symbol U represents the OR operator
introduced between the rules. The symbol M represents the
AND operator used in the antecedent parts of the rules and
x represents the THEN or fuzzy implication operator.

The fuzzy controller output that corresponds to a crisp
input pair (x,,y,) is given by

C(2) = R(x9,¥9,2) - (€))

If the minimum (“min” or (A )) operation is adopted for
AND and for the fuzzy implication (FI) and the maximum
(max) operation is adopted for OR, then (3) with R as in
(2) can be expressed as:

C(2) = max[4;(v) 7 B; (70) A C;(2)]. (4)

It is worth noting here that other than maximum and
minimum have respectively been suggested for the OR,
AND and FI operators [44], [45].

III. COMMON DEFUZZIFICATION METHODS:
INTERPRETATION AND DISADVANTAGES

The use of (4) or any modified version of it (depending
on the operations used) provides a fuzzy output for each
crisp controller input. In order to transform this output into
a crisp one, the two main defuzzification techniques that
have so far been applied are the MOM and COG. A
defuzzification method whose implementation is carried
out from within the rules, the WAF, has also been
devised and used provided that the rules consequents are
non-fuzzy. Or, if they are fuzzy, crisp representative values
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TABLE I
MEMBERSHIP GRADES CONTRIBUTING TO THE FUZZY OUTPUT FAN SPEED,
WHICH RESULT FROM THE MFS IN FIGS. 2 (a)-(b) AND (5).
T=17°CAND H =32%

Membership Grade
Low Medium High

Rule 1: min (0.8,0.6) 0.6

Rule 2: min (0.8,0.4) 0.4

Rule 3: min (0.8,0.0) 0.0

Rule 4: min (0.2,0.6) 0.2

Rule 5: min (0.2,0.4) 0.2

Rule 6: min (0.2,0.0) 0.0
Rule 7: min (0.0,0.6) 0.0
Rule 8: min (0.0,0.4) 0.0
Rule 9: min (0.0,0.0) 0.0

need to be adopted [16], [38]. This is in addition to the QM
introduced in [28].

In order to be able to interpret and show the
disadvantages of the above-noted defuzzification methods
in the context of the overall setting of the elements of a
fuzzy controller (Section II), and as a result justify the
defuzzification method described in Section IV, it is first
useful to emphasize the application of (4). We consider a
controller to adjust the speed of a fan according to
temperature and humidity values.

Let the MFs of the fuzzy or linguistic values for
temperature (T), humidity (H) and control signal, assumed
to be directly proportional to the fan speed, be as shown in
Fig. 2. It is also assumed that the designer of the fuzzy
controller wishes to have an increase in the fan speed-when
temperature increases and humidity is kept fixed and when
humidity increases and temperature is kept fixed. Having
this objective in mind, he may adopt the following fuzzy
inference rules, which are not unique anyway (see later
material in this section):

R, : TFT is Cool AND A is Dry THEN speedis Low

R, : IFT is Cool AND H is Moist THENspeedis Low

R;: IFT is Cool AND H is Wet THEN speedis Medium
R, : IFT is Warm AND H is Dry THEN speedis Medium
Rs: IFT is Warm AND H is Moist THEN speedis Medium
Rs: IFTis Warm AND H is Wet THEN speedis High

R, : IFT is Hot ANDH is Dry THEN speedis High

Rs: IFT is Hot AND H is Moist THEN speedis High

Ry : IFT is Hot AND H is Wet THEN speedis High

©)

Despite the simplicity of this fuzzy control example, it
will be seen in the sequel that it is sufficient to serve the
purposes of this study as it progresses. Consider now a
temperature value of 17 'C and percentage humidity of
32%. The temperature of 17 'C is 0.8 Cool, 0.2 Warm and
0 Hot. The 32% humidity is 0.6 Dry, 0.4 Moist and 0 Wet.
According to the above noted IF-THEN rules, if “min” is
taken for AND, then the fuzzy output fan speed can be
obtained by referring to Table I.

Taking the maximum membership value for each column
in the table, then each output fuzzy set (Fig. 2(c)) is cut at
the corresponding membership level. Finally, the maximum
of the obtained fuzzy sets is formed. Fig. 2(c) shows the
output fuzzy set for the noted crisp temperature and
humidity values.

A. The Mean of Maxima

The MOM applies to the fuzzy output C(z) by taking the
mean of the z values at which C(z) is maximized.

Suppose that z,z,,...,z,are the maximizing points of
C(z), then

P

itz etz

p

In the case where the maximizing elements of C(z) are
in the range between a and b, say, then

J.bzdz
MOM[C(z)]=+ =E(a+b) . 7

MOM[C(2)] = (6)

b
J.dz
The output fuzzy set shown in Fig. 2(c) is defuzzified by
the MOM to give a fan speed equal to 11%. The MOM
accounts only for rules, which are triggered at the
maximum membership level. Although this leads to a
considerable computational simplification, it is generally
felt that ignoring rules which are triggered below the
maximum level of membership is not properly fuzzy [46].

B. Center of Gravity

It consists of finding the centroid of the area bounded by
the controller output MF and its abscissa is taken as the
crisp controlling value [16], [28], [30], [38], [47]. Hence,

J.oc zC(z)dz
COG[C(2)] = =2—. )]
j C(z)dz

The discrete version of the COG method is:

Dz
COG[C(z)] === )

where, ¢ is the number of sample values of the output, and
z; is the value of the control output at the sample value.

Compared to the MOM method, The COG takes into
account the rules, which are triggered below and at the
maximum membership level. On the other hands, it has the
disadvantage of not allowing control actions towards the
extremes of the action (output) range [46]. The application
of (8) to the output fuzzy set in Fig. 2(c) yields a fan speed
of 24.73%.

C. The WAF, MAX-WAF and OM

[4; (xg) A B;(yo)l= 1, then with ¢ denoting the crisp
output of rule j in (1), the WAF formula applies as
follows to produce the crisp output ¢

N
. ]
c=+. (10)

j=1uf

It is to be noted here that according to Berenji [38], (10)
was first suggested by Tsukamoto and it has a modified
version [48] that permits structure and parameter
identification of fuzzy systems. Applying (10) to the fan
example with rules as in (5) and for 17 °C temperature and
32% humidity results in the following crisp fan speed
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Hence. in terms of fuzzy 1ogic operators combination Fig. 4. Control surfaces of the fuzzy fan controller with rules (5) and input
_’ _ f s _ and output MFs (Fig. 2). The product operation is used for AND,

AND OR-F I, (10) considers min-sum product.anq (11) (a) MAX-WAF. (b) WAF and (c) QM.

considers min-max-product. If the degree of activation of

rule j; thatis, p; is obtained using the product, then (10)  the rule fuzzy consequent, then (10) becomes the QM

becomes one that considers product—sum-product and (11) method introduced in [28]

product-max-product. Applying (11) to the fan example

N
with rules as expressed in (5), we obtain the following crisp Z/_:l c;p;ld;
fan speed for a temperature value of 17°C and ==y (12)
32% humidity: DMl
crisp fan speed= (06x14) +(02x40) +(0x77) ~205%.  Where ¢; is the center of gravity of the fuzzy consequent
06+02+0 of rule j and d; is the measure of the support of the

If the centers of gravity of the output fuzzy sets are taken ~ consequent of rule j. The application of (12) to the fan
as the crisp output values and the degree of activation of ~ €Xample with rules as in (5) provides the fouoyvmg crisp
each rule (1) is divided by the measure of the support of fan speed for a temperature of 17 °C and humidity of 32%
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The plot of the fan speed versus temperature and
humidity using (11) with minimum used for AND is shown
in Fig. 3. Clearly the plot contains some undesirable parts.
Having regions in which the fan speed decreases when
temperature increases and humidity is kept fixed and vice
versa does not sound reasonable since it does not satisfy
the previously specified designer’s objective. Also, the
application of the WAF and QM (as in (10) and (12)) to the
fan example with rules as in (5) and again using the “min”
for AND results in similar undesirable parts in the fan
controller surfaces. The plot, however, becomes smooth
and satisfying design objectives when the “min” for AND
is replaced by the product (Fig. 4). Hence, it appears that
the  product-sum-product and product-max-product
combinations for AND-OR-F.I. operators are advantageous
over min-sum-product and min-max-product. Yet, product-
sum-product seems better than product-max-product. This
can be seen by comparing Fig. 4(a) with Figs. 4(b)
and 4(c).

Further, the advantage provided by the use of the
product-sum-product over min-sum-product can again be
checked by considering a different set of inference rules for
the fuzzy fan controller
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Fig. 6. Control surfaces of the fan fuzzy controller with input and output
MFs as in Fig. 2, (a) COG (min-max-min), and (b) COG (product-sum-
product). The rules are as expressed in (5).

R, :IF T is Cool AND H is Dry THEN fan speed is Low
R, :IF T is Cool AND H is Moist THEN fan speed is Low
R;:IF T is Cool AND H is Wet THEN fan speed is Medium
R, :IF T is Warm AND H is Dry THEN fan speed is Low
Rs:IF T is Warm AND H is Moist THEN fan speed is Medium
R¢:1IF T is Warm AND H is Wet THEN fan speed is High
R, :1IF T is Hot AND H is Dry THEN fan speed is Medium
Rg :IF T is Hot AND H is Moist THEN fan speed is High
Ry :1IF T is Hot AND H is Wet THEN fan speed is High

13)

These rules also seem appealing from the point of view
of satisfying the previously specified designer’s objective.
The plots of fan speed versus temperature and humidity for
the set of rules in (13) and using WAF are shown in Fig. 5.
The QM plots are very similar to the WAF.

What has been shown regarding the advantage of the
product-sum-product for AND-OR-F.I. logic operators
using the MAX-WAF, WAF and QM can be shown in
some equivalent manner using the COG. The MOM does
not provide a noticeable improvement and its control
surfaces are highly discontinuous. Fig. 6 shows the plots of
fan speed versus temperature and humidity using the COG
and rules in (5) under the min-max-min and product-sum-
product. Further, if we confine each of the operators AND,
OR and F.I. to be only represented by either of two
operations; min or product for AND, max or sum for OR
and min or product for F.I., then it can be verified that the
product-sum-product combination is the most suitable out
of the 8 possible combinations.

Nevertheless, it can be verified in this instance that the
use of the product-sum-product is not sufficient to adjust
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(5) but with rule 8 modified, (a) WAF (product-sum-product), (b) QM
(product-sum-product), and (¢) COG (product-sum-product). The input
and output MFs are as in Fig 2.

the fuzzy controller characteristic so as to satisfy design
objectives. Let for example the consequent of rule 8 in (5)
be changed from High to Medium. Fig. 7 shows the fan
controller output (fan speed) versus temperature and
humidity under the WAF, QM and COG using product-
sum-product. Also, a violation of the desired control
characteristic can be verified by looking at Fig. 8 which is
the controller characteristics obtained by changing the
consequents of rules 5 and 8 in (5) from Medium and High
to High and Medium respectively, and using the COG. The
WAF and QM plots are very much similar.

It can be argued, in this instance, that the above-noted
rule modifications introduced to (5) can be easily checked
as counter-intuitive and, hence, the designer can easily
correct them to return to (5) and obtain a control surface
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Fig. 8. Control surface for the fuzzy fan controller with inference rules as
in (5) but with consequents of rules 5 & 8 modified. The input and output
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Fig. 9. Input MFs of the fan fuzzy controller.

that is up to his desires and expectations. This may be true
in simple cases such as the one considered with a simple
design objective, 9 rule antecedents and 3 consequents each
of which is to be assigned to one of these antecedents. The
task of consequent assignment turns out to be more
difficult if, for example, 5 MFs are assigned over each of
the input variables, thus, resulting in 25 rule antecedents
each of which is to be assigned one out of some number of
output fuzzy sets. For 3 output fuzzy sets, the number of
possible rules becomes 3%. For 5 output fuzzy sets, the
number of possible rules is 5. Consequently, the
assignment of consequents to the antecedent parts of the
rules may become a designer’s nightmare. This is also true
in higher dimensional input-output spaces, and also when
the design objective is not as simple as stated in this section
(see end of Section IV). Thus, a procedure is needed to
make the task of rule assignment to satisfy design goals
easier. This will be considered as one of the main issues
when introducing the defuzzification method in Section IV.

In addition, even if a good set of rules is used in a fuzzy
controller case with a good combination of fuzzy logic
operations, performance deterioration can still be obtained
if the MFs of the input fuzzy sets (particularly their degree
of overlap) are assigned in some arbitrary manner.
Consider again the fan controller example with input MFs
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as in Fig. 9. The application of the WAF with product-sum-
product and rules as in (13) results inthe control surface
shown in Fig. 10(a). Fig. 10(b) shows the control surface
using the COG with rules as in (5) and-using product-sum-
product. Also, the input MFs shown in Fig. 11 provide the
characteristic shown in Fig. 12 under the QM with product-
sum-product applied to the rules in (13). It is clearly seen
in Figs. 10 and 12 that the basic continuity property noted
in [28] and which was said to characterize the COG and
especially the QM can. be violated.

In conclusion, we note here that control surfaces such as
those shown in Figs. 3, 6(a), 7, 8, 10, and 12 can be easily
obtained in fuzzy control cases if reliance is to be only on
human expertise and knowledge, and defuzzification using
the common methods discussed previously. This is due to
the fact that none of these methods is structured in a way
that considers the simultaneous and compatible assignment
of logic operations, rules and MFs in the light of achieving
design goals. The discussed defuzzification methods,
therefore, do not consider the surrounding of the
defuzzification module in their structure (see Section II).
This is one of the main disadvantages of these methods.

D. Additional Notes on Previous Defuzzification Methods
In addition to the shown disadvantages of the WAF,
MAX-WAF, QM, MOM and COG, and the demonstrated
performance deterioration which can be obtained using any
of these defuzzification methods (subsections III.A-III.C),
the following aspects are worth being addressed. The
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Fig. 11. Input MFs of the fan fuzzy controller.
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used for AND.

methods are all probabilistic since they consider
probabilistic averaging. In particular, the denominators in
(8), (10)-(12) represent a normalization process so as the
possibility distribution or MF is transformed into a
probability distribution (density). This is true by the
following facts: With respect to (11), considering the
membership grades HMimax s H(i+1ymax > and H(p+1ymax as a
possibility distribution over ¢, c¢,, and c;, the division of
each of the membership grades by their sum makes the sum
of the resulting values equal to 1. Hence, with
Himax + H(i+1) max + H(p+1)max =i, say, then (Mlmax /[)+
(u(i+1)max /t)+(u(p+1)max /t) =1. As a reSLﬂta (”lmax /t) s
(Ristymax /1) and (K(,i1max /) can be considered as a
probability distribution over ¢;,c,, and c;. The average
value of this distribution is as in (11). The same applies to
(10) and (12). Equation (8), on the other hand, can be
written as

COGIC(z2)] = j mM(2)dz where 1(z) = ——Z)
- C(z)dz

where m(z) is a probability density function since it
integrates to 1.

Furthermore, the probabilistic nature of the MOM and
COG has been clarified in [33], [34], [36], [37]. In [33],
[34], the authors have devised a general and parameterized
defuzzification method based on possibility-probability
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transformations using Klir’s ideas. The MOM and COG
have been shown as particular cases of the noted general
defuzzzification method. We need to note here that
possibility-probability transformations have been regarded
as a controversial topic over some past number of years

[30], [41]. This has motivated researchers to look
for defuzzification methods using a set theoretical
approach [41].

Based on the shown disadvantages of the common
defuzzification methods, a new defuzzification technique is
described and justified in the next section. The objective is
centered on making the various components of a fuzzy
controller (see Section II) compatibly work together to help
the designer achieve his goals in a simple and systematic
manner and obtain performance improvement.

IV. DESCRIPTION AND JUSTIFICATION OF A NEW
DEFUZZIFICATION TECHNIQUE

In the previous section, emphasis has been placed on the
drawbacks of the existing defuzzification methods. Also,
cases under which these methods have provided
satisfactory performance and deterioration have been
brought out. It has been shown that with product-sum-
product for AND-OR-F.I., these methods yield acceptable
performance under a good assignment of rule consequents
and MFs. However, the performance has been shown to
deteriorate once either of these latter entities or the logical
connectives are not properly chosen. The matter, therefore,
is left for the fuzzy controller designer (human expert) to
translate his knowledge and expertise in the form of a
fuzzy inference system that serves his design goals. As was
emphasized in Section III.C, this is not simple.

Consequently, it is our point of view  that "a
defuzzification method should be structured in‘a-way so as
to assist in the appropriate translation. of expert’s
knowledge and minimize the possibility of errors in this
translation. This can be done by introducing design
guidelines (related to the components of the fuzzy
controller) which would render the task of achieving design
objectives systematic and simpler. Further, the probabilistic
averaging applied in all the. methods mentioned in Section
IIT has been clarified and brought out as a controversial
matter not yet resolved.

Hence, in setting up a defuzzification method that
applies from within the rules, we should consider a proper
choice of the fuzzy logic operations. Also, the choice of
rule antecedents and suitable crisp rule consequents should
be incorporated in the defuzzification method. The
selection of rule consequents should be specified in a
manner to make the task of the fuzzy controller designer
easy, in terms of achieving his design objective. It should
also reduce the possibility of erroneously assigning
consequents, which would result in performance
deterioration as was seen in Section III. We need in
addition to figure out a way to avoid the probabilistic
averaging involved in the discussed methods, and set a
condition on the assignment of input MFs that helps avoid
sudden and abrupt changes in the control surface. As will
be seen, all these noted requirements are closely
interrelated. Satisfying them will result in a defuzzification

method that integrates the problem of defuzzification into
the global structure of the fuzzy controller.

Prior to the setting of a general defuzzification formula,
we find it convenient to first emphasize its development by
referring to the fan controller. In order to come up with a
suitable consequent for each rule, let us first define the
following correspondence between fuzzy temperature
values and crisp fan speeds

Cool > S, %, Warm — S, %, and Hot = S, % .

Similarly, the correspondence between fuzzy humidity
values and crisp fan speeds is

Dry — S, %, Moist —» S,,, %, and Wet > S,,% .

It is also possible to consider a fuzzy fan speed for each
input fuzzy set and have it represented by a crisp value,
which could be taken as its center of gravity. We also
consider all pair-wise and distinct combinations of the
input fuzzy sets'(each pair is formed by a fuzzy set from
one input variable and another from the second input
variable) to. form the antecedent parts of the rules. The
crisp consequent corresponding to each rule antecedent is
taken to be a-suitable function of the crisp output values
corresponding to the fuzzy temperature and humidity
involved in this antecedent. For example, for Cool
temperature and Moist humidity, the fan speed can
be  f(S.,,S,,). Table II shows f(.,) for all
input combinations.

Further, in order to come up with the assignment of logic
operations for OR and F.I. which, together with the
operation assigned for AND, help avoid the application of
a probabilistic averaging, two conditions are to be met:
First, we require that the sum of the membership grades of
any crisp input value in the different overlapping fuzzy sets
defined over a single input variable be 1. Thus, the input
MFs should look as in Figs. 2(a) and 2(b). Second, instead
of using the minimum operation for AND in order to
combine the membership grades of crisp input values in the
input fuzzy sets involved in the antecedent part of each
rule, the product of these grades is adopted. The product
operation accounts for both membership grades and could
be considered more suitable than the minimum operation in
the context of fuzzy control. In our point of view, it should
be desirable to have the output affected by the various
states of different input variables. Also, just as the use of
the maximum for OR leads to a violation of the weight
counting property [28] by deleting the contribution of some
fired rules (Table I), the use of minimum for AND neglects
the contribution of input fuzzy sets involved in the
antecedent parts of fired rules. Further, the product for
AND has provided improvement over the minimum as was
discussed in Section III.

Now, consider a crisp temperature value ¢, which is
C,(ty) Cool, W,(t,) Warm and H,(¢,) Hot. Consider
also a crisp humidity value A, which is D, (h,) Dry,
M, (hy) Moist and W,(h,) Wet. Then combining both
temperature and humidity membership grades using the
product operation to obtain the level of firing of each rule
antecedent, the following membership grades (shown in
Table II) result
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TABLE II
THE CRISP CONSEQUENTS CORRESPONDING TO ALL
INPUT COMBINATIONS AND THEIR MEMBERSHIP GRADES

Temperature Humidity H Fan Speed
Cool Dry 501 S(Se058a)
Cool Moist M2 S(Sc0sSm0)
Cool WET His S (SeorSie)
Warm Dry Moy S (SyarSar)
Warm Moist Hao S(S\asSmo)
Warm WET Ho3 S (SyasSie)
Hot Dry M3y S (Sho>Sar)
Hot Moist M3 S (Sho>Smo)
Hot WET M33 S (ShosSie)

w =C,(t)x D, (hy); Wy =W, (tg)x D, (hy);
M3 =Ho(t0)XDr(h0);

Mo =C,(tg)x M, (hy); Koy =W, (t5)x M ,(hy);
W = H,(15)x M, (hy);

W3 =C, (L) x W, (hy); Koz =W, (tg)x W, (hy);
M33 :HO(IO)XWe(hO)

Due to the previously-stated requirement on the imput
MFs, C,(t)+W, (t))+H,(t)) =1 and also
D, (hy)+M ,(hy)+W,(hy)=1. Hence, the sum of the
above-noted membership grades is always 1. As for the OR
operator and fuzzy implication, the sum and product will be
used respectively just as in the WAF and QM methods
since the method developed falls in the same class. This
means that the fuzzy logic operations combination for
AND-OR-F.I. will be the product-sum-product. This
combination was also shown to be the best (Section III).

A defuzzification method can now be applied.in a form
relevant to the noted specifications. That‘is, the crisp fan
speed can be represented by

S fan = M1 X S (Seos S ) + iz X F(Sp> Spio )+
13 X (Seos Sye) + Mo X [ (8,584 +
M2 X [ (SyasSmo) A 23X [ (Sy0,Sye) + - (14)
H31 X (Shos S ) H M3 X [ (Sho>Spo) +
H33 X [ (Spo>Siie)

There is no need to divide the right-hand-side of (14) by
the sum of the used membership grades since it is 1. Hence,
the probabilistic averaging is avoided.

If we consider the particular case of Fig. 2(a) where the
temperature value is 17 'C and Fig. 2(b) with humidity
value of 32%, then the membership entries in Table II
become 0.48, 0.32, 0.0, 0.12, 0.08, 0.0, 0.0, 0.0 and 0.0
respectively. If we adopt f(m,n) =(m+n)/2, then the fan
speed entries in the same table become 14%, 27%, 45.5%,
27%, 40%, 58.5%, 45.5%, 58.5% and 77% respectively.
These values result from the assumption that
S, =S8, =14%, Siva =S =40%, and
Sio =Sye =77%, where 14%, 40%, and 77% are
respectively the centers of gravity of the fuzzy outputs
Low, Medium and High shown in Fig. 2(c). Therefore,
applying (14), the fan speed corresponding to the
temperature of 17 °C and 32% humidity becomes
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Figure 13. Control surfaces of the fan fuzzy controller with input/output
MFs as in Fig 2. (a) new defuzzification method, (b) QM (product for
AND), and (c) COG (product-sum-product). For (a), the rule consequents

are determined by 1;(C4,C5 )=05C, +0.5Cy - For (b) and (c), the
inference rules are as expressed’in (13). !

Crisp S, == (0.48%x14)+(0.32x27) + (0x45.5) +
fan
(0.12x27)+(0.08x40) + (0x58.5) +
(0x45.5)+(0x58.5)+(0x77)=21.8%

The plot of fan speed versus temperature and humidity,
with input and output MFs as in Fig. 2, is shown in
Fig. 13(a). This control surface is close to the ones
obtained using the WAF and QM when product is used for
AND and rules as in (13). It is also close to the COG plot
under product-sum-product and again rules as in (13). See
Figs. 5(a), 13(b), and 13(c). The plot obtained using the
new method, however, is better than those obtained using
the other ones since we have a reduction in the size of the
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HURIDITY

areas in the input space over which the fan speed remains
constant. Also, a reduction in the steepness of the control
curves is obtained under the new method. The reason for
obtaining such a reduction can be inferred by comparing
the crisp consequents of the 9 rule antecedents using the
introduced method (see previous paragraph) with the crisp
consequents of the inference rules as listed in (13). Another
advantage of (14) over the noted methods is that it makes
the assignment of MFs such as those in Figs. 9 and 11
impermissible. Hence, performance deterioration as shown
in Figs. 10 and 12 is avoided. Also, (14) can be generalized
to consider within its structure the appropriate adjustment
of rule consequents and, hence, systematically
accommodate multiple and changing design objectives.
Obtaining undesirable performance as in Figs. 7 and 8
under the use of the WAF, QM and COG can, in addition,
be reduced. These latter issues will be discussed and
validated at the end of this section.

A general form of the new defuzzification method for a
controller with two input variables and one output variable
can now be written as follows:

n_p
Crisp Output = )" " [ 4,(x)x B, (3)] £;(C,,.Cp ) (15)

i=l j=1

A, A4,,..., 4, are the fuzzy sets assigned over the first input
variable of the fuzzy controller. B, B,,...,B , are the fuzzy
sets over the second input variable of the fuzzy controller.
4;(xg) and B;(y,) are respectively the membership
grades of the crisp inputs x, and y, in the fuzzy sets 4,
and B, with (x,,,) being the crisp input pair for which
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Fig. 15. Control surface of the fan fuzzy controller using the new
defuzzification method with input and output MFs as in Fig 2. Function
f;(C A’,Cgf)z a;C, + b;,-CB, has coefficient values as indicated in
the text.

the crisp output is'to be determined. C, is the crisp output
of the controller assigned to the fuz‘zy set A4, for any
i=123,..,n, CBj is the crisp output assigned to B; for
any j=123,...,p and fi]-(CA[ ,CB/) is the function
providing the crisp consequent for a rule whose antecedent
part is formed by 4; and B; .

Equation (15) simultaneously considers the appropriate
selection of the fuzzy logic operations, the assignment of
rules antecedents and consequents, the setting of input MFs
and also avoids the use of probabilistic averaging. This
defuzzification method, therefore, integrates this problem
into the global structure of a fuzzy controller and provides
performance improvement over the existing methods even
under their best implementation conditions. The
generalization of (15) to accommodate any number of input
variables is straightforward.

The usefulness of (15) in assisting the designer to
achieve his design goals in a systematic and simple manner
can be argued as follows: It is much easier for a designer to
figure out the crisp output for each single input fuzzy set,
and then aggregate these outputs through the appropriate
tailoring of the function f;(C 4-C B/) to form the crisp
consequent for each rule antecedent in a fuzzy rule-base,
than to figure out the rule consequent directly.

Consider again the fan example and let

4, = Cool - 14%, 4, = Warm — 40%, and 4; = Hot = 77%
B, = Dry — 14%, B, = Moist — 40%, and B; = Wet — 77%

Assume now that in addition to the previously noted design
objective (Section III), the designer wishes to have the fan
speed affected by temperature more than humidity. Such a
multiple design objective can be reflected by having
fl-j(CAI,CBj):aCA‘_ +bCBj , with a+b=1 and a>b.
The a+b =1 requirement should be satisfied in order not
to have a crisp rule consequent given a value outside the
range of the fuzzy controller output. Let for example
Ji(Cy ,Cp)=0.7C, +0.3Cy , then the control surface of
the fan fuzzy controller becomes as shown in Fig. 14(a).
Fig. 14(b) shows the control surface when a=0.9 and
b=01. f,;(C, :Cp,)  can also be written as
a;C, +b;C - In such a case, a; and b; become rule
dependent. Having rule dependent coefficients can also be
useful in satisfying composite design objectives.
The designer may wish to have, say, the fan speed affected
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by temperature more than humidity only in low and
medium humidity ranges. In such a situation, he may adopt
the following coefficient values: a;;, =a;, =a,, =a,, =
ay, =a3, =09, b, =by, =by =by; =by; =b;, =01, and
a3 = Ay = a3 = b3 =by; =b33 =0.5. The control surface
obtained using these coefficients is shown in Fig. 15.

Achieving control surfaces such as those in Figs. 14 and
15 to satisfy multiple design goals by simply relying on
human experts’ intuitive judgment in the assignment of rule
consequents is not an easy task. If we exclude the hybrid
data-driven approaches noted in the introduction, this
achievement has, so far, relied on tedious trial and error
procedures. These become even more difficult when the
number of input and output MFs and/or the number of
input variables increases. Under the described
defuzzification method, however, the procedure remains as
simple as described above. If we consider five MFs over
each of the input and output variables of the fan fuzzy
controller, with the fan speed desired to be affected by
temperature more than humidity
(f;’j(CAi9CB/-): 0.7C, +0.3CB/_ ), the control surface is as
shown in Fig. 16. '

Further, if in a fuzzy control case, the controller output is
desired to increase when the first input increases and
decrease with increasing second input, say, then this could
be easily reflected by having: 4, —>C,, 4,->C,,
A3 —->Cy, with C,<Cy <C, and B —>Cy,
B, >Cp, By—>Cp, with Cp >Cp >Cp . The
procedure remains the same when the fuzzy controller has
more than two input variables and/or more than three fuzzy
sets defined over each input.

V.ANOTHER DEFUZZIFICATION METHOD

The defuzzification technique in (15) “applies  from
within the inference rules; i.e., without computing first the
fuzzy output and then defuzzifying it. This is similar to the
application of the WAF, MAX-WAF and QM. Another
technique that applies to the fuzzy output, just like the
MOM and COG, was introduced in [39]. This technique
was established by addressing the defuzzification problem
from the point of view of ranking the controller fuzzy
outputs with each being the response of a particular crisp
input. By relying on the fact that a fuzzy controller is a
decision-making system[6], [38], [49], it was shown in
[39] that the issue of defuzzification can better be resolved
by figuring out a way by which these fuzzy outputs can be
ranked with respect to each other. That is, a relative
perspective in resolving the defuzzification problem was
adopted so as to permit a change in the ranking of the fuzzy
outputs through the use of various decision-making criteria.
The aim was, as in Section IV, to satisfy desired design
goals and shape conveniently the controller input-output
characteristics.

The problem of ranking fuzzy sets over the real line was
addressed in [50] by first reformulating the maximin,
maximax and the Hurwicz criterion (for a parameter value
of 0.5) which apply for ranking intervals, using the
intervals characteristic functions and the notion of distance.
Then, the reformulated criteria were made applicable to
fuzzy sets through the use of the fuzzy sets membership
functions and a generalized distance notion. The developed
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Fig. 16. Control surface of the fan fuzzy controller with 5 input and
output MFs assigned over each variable and using the new defuzzification

method. Rule consequents are
Si(Cy :Cp, )=0.7C 4 + 0.3Cy, -

computed by

fuzzy sets ranking criteria were then unified leading to a
single parameterized ranking and defuzzification formula
[39]. Hence; a non-probabilistic and set-theoretic approach
was adopted in' coming up with the new defuzzification
formula. This formula, therefore, maps the normalized
version of fuzzy set of control C,(z) [51], to a crisp
number while still applying the ranking perspective. With
[C,,(2)], =[ci(@),c,()] being the o -level set of the
fuzzy set C,(z) (o is a membership level in [0,1]), the
defuzzification method applies to C,(z) as follows

FIC, (0= [ B @+ (1-8)e@lda,  (16)

with & being a parameter taking values in the interval
[0,1]. For & =1, for instance, (16) represents the maximin
criterion, and for 6 =0, (16) is the maximax criterion. The
use of an intermediate criterion between pessimism and
optimism is done through the selection of a & -value
in (0,1).

Compared to the MOM and COG methods, it was shown
in [39] that (16) overcomes the disadvantages of these two
methods as noted in subsections III.A and II1.B. It accounts
for the rules triggered at all membership levels. It also
allows actions towards the extremes of the action range to
be obtained by choosing 6 accordingly. The application of
(16) with & =0.5 to the output fuzzy set C(z) in Fig. 2(c),
after normalization, provides a fan speed equal to 20.5%.
For 6 =1, (16) provides 0 as a fan speed. And for 6=0, the
fan speed is 41%. When 8 varies between 1 and 0, any
value between 0 and 41 can be taken as a crisp
representation of C(z). Thus, the crisp control value for a
crisp input vector is not fixed as with the MOM and COG.
It can be modified to meet design goals. The same applies
using (15) when the function f;(C,,C Bj) is changed
(Section 1V). It is worth mentioning here in addition that
(16) satisfies the properties specified in [30], [40], [41] for
a desired defuzzification method.

1. It observes the fuzzy-set-theoretic architecture of a
fuzzy controller [41].

2. It employs the notion of criteria in the determination
of the crisp value representing a fuzzy set [30], [40].
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3. It observes the fact that defuzzification is a problem of
optimal selection [29]-[31] since optimization is usually
considered under the application of a specific criterion.

4. It contains a free parameter (8), which can be used for
required adaptation [29], [30]. Equation (16) is therefore
configurable. It allows the variation and selection of the
crisp output value depending on the problem [41].

In a recent study [42] a defuzzification-based algorithm
was devised for the design of Mamdani-type fuzzy
controllers using (16) and under the existence of desired
input-output data pairs obtained experimentally or from
experts. In this algorithm, the parameter & and its change
have provided a guide for the necessary modification of the
rule-base, particularly the fuzzy consequents of the rules.
The objective was to arrive at a final fuzzy system through
the reduction of the data approximation error. Hence, a
systematic and flexible procedure for the design and
optimization of fuzzy controllers [30] has been established
in [42]. As a result, it was shown that (16) can be used and
made to account for the effect of the “surrounding
modules” of the defuzzifier [30]. For additional details on
the derivation and justification of (16), the reader is
referred to [39]. In this same reference a discussion of the
parameterized probabilistic defuzzzification methods,
offered in [33], [34], [52], and their relationship to (16) can
be found.

Equation (16) falls within the general framework of this
study, and hence shares the following features with (15):

1. Both techniques are non-probabilistic.

2. Both consider the appropriate adjustment of rule
consequents to satisfy design objectives and properly
translate expert’s knowledge. (16) considers this through
the use of input-output data pairs and modification of the
parameter 6 . The concern in (15) is centered on the
selection of appropriate crisp output values for input fuzzy
sets separately. Then an aggregation of.these outputs via
the suitable choice of the function f;(Cy ,CB ), which
can be parameterized, is to be performed.

3. Both apply the ranking perspective in defuzzification.
Regarding (16), this was previously clarified. In terms of
(15), this can be easily figured out by referring to the last
paragraph in Section V. Equation (15), however, does not
explicitly employ the notion.of criteria.

4. Both techniques account for the modules surrounding
the defuzzifier. However, (16) leaves open the choice of
the fuzzy logic operations since the fuzzy output has to be
computed first and then defuzzified. Yet, upon
programming the algorithm developed in [42], and testing
it through various case studies, it became apparent to us
that the use of the product for AND and fuzzy implication
and sum for OR gave the best results. These operations are
in fact used in (15). Whether (15) can be used to come up
with a data-driven design algorithm for fuzzy controllers,
as was done with (16), remains to be investigated. The
algorithm in [42] was tested through the use of non-linear
functions for data-approximation, noise insensitivity, and
generalization capability and compared to neuro-fuzzy,
clustering and other approaches. The results were shown
superior when compared to ANFIS [9] fuzzy partitions [14]
and clustering [22], [24]. The algorithm was also
used to construct a fuzzy controller for guiding the robot
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Fig. 17. Control surfaces of the fan fuzzy controller obtained using the
algorithm developed in [42] based on defuzzification technique (16),
(a) control surface with min-max-min, (b) control surface with product-
max-product, and (c) control surface with product-sum-product.

HUMIDITY

navigation among moving obstacles [53]. Results were
shown better than those obtained by ANFIS and another
fuzzy-genetic approach.

Finally in this section, the control curves of the fan fuzzy
controller, obtained using the algorithm developed in [42],
are given in Fig. 17. These curves were obtained as final
control curves after providing the algorithm with the input
and output membership functions shown in Fig. 2. Also, 20
input-output data points read from the control surface
shown in Fig. 15 and selected in some uniformly
distributed manner over the input space were used in the
learning process. The initial rule consequents were all set to
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Low. After learning the data points and as a result changing
in a systematic manner the rule consequents and § value,
the algorithm settled on the following final rule
consequents: Low, Medium, Medium, Medium, High,
High, High, High, and High using product-sum-product
and product-max-product. In the min-max-min case, the
final rule consequents were Low, Medium, Medium, High,
High, High, High, High, and High. The final & value in
the 3 cases was 0.6. The remaining 5 combinations of the
fuzzy logic operations were also used, but the control
curves got worse. As is seen in Fig. 17, the product-sum-
product provided the best control.

VI. CONCLUSIONS

In this paper, the common defuzzification methods; i.e.,
WAF, QM, COG and MOM have been interpreted in the
light of the elements of a fuzzy controller. It has been
shown that the control characteristics deteriorate once
either of the fuzzy controller elements is not properly
assigned by the designer. This has been shown to result
easily in fuzzy controllers design whether reliance is to be
done solely on intuitive judgments to translate human
expertise and knowledge. This is especially true when
multiple design goals exist or when the number of input
membership functions and hence inference rules become
large. It can also be the case in high-dimensional input
spaces. The probabilistic nature of the existing
defuzzification methods, which violates the fuzzy-set-
theoretic architecture of fuzzy controllers, has, in addition,
been emphasized.

As a result, in order to reduce the possibility -of
performance deterioration and obtain improvement in fuzzy,
controllers design, emphasis has been placed on the need
for a defuzzification technique that considers:within its
structure the compatible assignment of all the components
of a fuzzy controller and also helps the‘designer realize his
design objectives. Using the product for AND and sum-
product for OR-F.I. as in the WAF and QM, setting a
condition on the input membership =~ functions and
structuring the manner by. which the correspondence
between the rule antecedents and consequents need to be
assigned, have resulted in the complete justification of a
non-probabilistic and. superior._defuzzification method. It
integrates the defuzzification problem into the global
structure of a fuzzy controller. It has been shown that this
method provides improvement over the existing ones in
terms of smoothness and avoidance of sudden and abrupt
changes in the control curves and this is important in fuzzy
control. It has been shown, in addition, that the method can
be used to modify control surfaces in accordance with
different composite design goals in a very simple and
systematic manner. Emphasis has also been placed on the
fact that the procedure remains as simple when we have an
increase in the number of membership functions and rules.

Further, another non-probabilistic  defuzzification
method has been given and commented upon in the light of
the general framework of this study. It has been shown that
(16) satisfies the properties, which need to be possessed by
a desired defuzzification method and shares important
features with (15). Hence, except for the explicit
application of decision criteria, (15) also satisfies the

properties of a desired defuzzification method. Formula
(16), however, has been used to come up with an algorithm
for the automatic tuning and optimization of initial fuzzy
controllers based on input-output data. Using (15),
although the tuning of the fuzzy controller has been made
systematic and much simpler than the tedious trial and error
procedures, it still has to be done through the involvement
of the designer and the explicit specification of design
goals. Hence, at the present time, the method expressed in
(16) might have a wider application scope than (15) since
in many control cases, and especially those concerned with
complex and ill-defined humanistic processes, the explicit
statement of design goals might not be very simple.
Numerical data, which could be obtained by observing the
skilled human operator’s control actions [38], are in many
instances available. Future research should, therefore, be
concerned with the use of the defuzzification method in
(15) to develop automatic learning algorithms based on
available numerical data.
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