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INTUITIONISTIC FUZZY HYPER BCK-IDEALS OF HYPER
BCK-ALGEBRAS

R. A. BORZOOEI AND Y. B. JUN*

ABSTRACT. The intuitionistic fuzzification of (strong, weak; s-weak) hyper
BC K-ideals is introduced, and related properties are investigated. Character-
izations of an intuitionistic fuzzy hyper BC' K-ideal are established. Using a
collection of hyper BC K-ideals with some conditions, an intuitionistic fuzzy
hyper BC'K-ideal is built.

1. Introduction

The hyper structure theory (called also multialgebras) was introduced in 1934
by Marty [8] at the 8th congress of Scandinavian Mathematiciens. In [7], Jun et
al. applied the hyper structures to BC'K-algberas, and introduced the concept of a
hyper BC'K-algebra which is a generalization of a BC K-algebra. They also intro-
duced the notion of a (weak, s-weak, strong) hyper BC K-ideal, and gave relations
among them. After the introduction of the concept of fuzzy sets by Zadeh [9],
several researchers were conducted.on the generalization of the notion of fuzzy sets.
The idea of “intuitionistic fuzzy set? was first published by Atanassov [1, 2], as a
generalization of the notion of fuzzy set. In this paper, using the Atanassov’s idea,
we establish the intuitionistic fuzzification of the notion of (strong, weak, s-weak)
hyper BC K-ideals in hyper BC K-algebras, and investigate some of their proper-
ties. We give characterizations of intuitionistic fuzzy hyper BC K-ideals. Using
a collection of hyper 'BC K-ideals with some conditions, we build an intuitionistic
fuzzy hyper BC'K-ideal.

2. Preliminaries

We include some elementary aspects of hyper BC'K-algebras that are necessary
for this paper, and for more details we refer to [5], [6], and [7].

[1P]

Let. H be a nonempty set endowed with a hyperoperation “o”. For two subsets
A and B of'H, denote by Ao B theset |J aob. We shall use z oy instead of

acA,beB
zo{y}, {z} oy, or {z}o{y}.
By a hyper BCK -algebra we mean a nonempty set H endowed with a hyperop-

[1P]

eration “o” and a constant 0 satisfying the following axioms:
(HK1) (zoz)o(yoz) <K zoy,
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(HK2) (zoy)oz=(zoz)oy,
(HK3) zo H < {z},
(HK4) = < y and y < z imply = =y,

for all x,y,z € H, where x < y is defined by 0 € z oy and for every A, B C H,
A < B is defined by VYa € A, 3b € B such that a < b. In such case, we call “<”
the hyperorder in H.

Note that the condition (HK3) is equivalent to the condition:

(pl) zoy < {a} for all z,y € H.
In any hyper BC K-algebra H, the following hold.

p2) zo0 < {x}, 0oz < {0} and 000 <« {0}.
p3) (AoB)OC (AoC)oB, Ao B« A and 0o A < {0}.

p9) 0096—{0}
10) 0o A = {0}.
) A< {0} implies A = {0}.
) Ao B < A.
) x€xo0.
pld) z o0 < {y} implies x <.
)
)
)

o) e e NN

y < z implies z o z K.x 0 y.
pl6) z oy = {0} implies (x 0z)o(yoz) ={0} and zoz K yo z.
(pl7) Ao {0} = {0} implies A = {0}.

for all z,y, z € H and for.all nonempty subsets A, B and C of H.

A nonempty subset I of a hyper BC K-algebra H is said to be a hyper BCK -ideal
of H if it satisfies

(I1) 0 €1,

(I12) zoy < I and y € I imply z € [ for all z,y € H.

A nonempty subset I of a hyper BC K-algebra H is called a strong hyper BCK -
ideal of H if it satisfies (I1) and

(I3) (woy)NI#0and y € I imply z € I for all x,y € H.

Note that every strong hyper BCK-ideal of a hyper BC K-algebra is a hyper
BCK-ideal.

A nonempty subset I of a hyper BC K-algebra H is called a weak hyper BCK -
ideal of H if it satisfies (I1) and

(I4) xoy CITand y € I imply « € I for all z,y € H.

We now review some fuzzy logic concepts. A fuzzy set in a set H is a function
X —[0,1], and the complement of u, denoted by fi, is the fuzzy set in H given
by fi(z) =1 — u(x) for all z € H. For any ¢ € [0,1] and a fuzzy set 4 in a nonempty
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set H, the set
U(ust) ={z € H | p(x) >t} (resp. L(p;t) ={z € H | p(z) < t})
is called an upper (resp. lower) level set of p.
A fuzzy set p in a hyper BC K-algebra H is called a fuzzy hyper BC K -ideal of
H if it satisfies
o &<y implies u(y) < (),
o u(z) 2 min{ inf u(a), u(y)},
for all x,y € H.
An intuitionistic fuzzy set (briefly, IFS) A in a nonempty set X is an object
having the form
A=A{(z,pa(z),7a(x)) | * € X}
where the functions g4 : X — [0,1] and v4 : X — [0, 1] denote the degree of
membership and the degree of nonmembership, respectively, and

0<pa(x)+vyalz)<l

for all z € X. An intuitionistic fuzzy set A.= {(x, pa(z)sya(x)) | z € X} in X can
be identified with an ordered pair (pa,va).in I x IX. For the sake of simplicity,
we shall use the symbol A = (a,7v4) for the IES A = {(z, pa(z),v4(z)) | x € X}.

3. Intuitionistic Fuzzy Hyper BCK-Ideals
In what follows let H denote a hyper BCK-algebra unless otherwise specified.

Definition 3.1. An IFS A = (pa,74)4n H is called an intuitionistic fuzzy hyper
BCK -ideal of H if it satisfies

(k1) » <y implies pa(@) > ma(y) and va(z) < va(y),
(k2) pa(z) > min{aiegﬁy pala), pa(y)},
(k3) va(z) < maX{bzuIO) ¥4 (b), va(y)}

for all x,y € H.

Example 3.2. Let H = {0,a,b} be a hyper BCK-algebra with the following
Cayley table:

o‘ 0 a b

0] {0} {0} {0}

a|{a} {0,a} {0,a}

b | {b} {a,b} {0,a,b}
Define ‘an IFS A = (ua,v4) in H by pa(0) = 0.7, pa(a) = 04, pa(b) = 0.2,
v4(0) = 0.07, va(a) = 0.5, and v4(b) = 0.6. It is easily verified that A = (ua,v4)
is an intuitionistic fuzzy hyper BC K-ideal of H.

Definition 3.3. An IFS A = (ua,v4) in H is called an intuitionistic fuzzy strong
hyper BC K -ideal of H if it satisfies

inf pa(a) 2 pa(z) = min{bsup pa(d), pa(y)}
acxrox emoy



64 R. A. Borzooei and Y. B. Jun

and
sup ya(c) < va(x) < max{ ot , ya(d), va(y)}

cexox

for all z,y € H.

Example 3.4. Let H = {0,a,b} be a hyper BCK-algebra with the following
Cayley table:

ol 0 a b

0]{o0} {or {0}
a|{a} {0} {a}
b
)

{o; {6} {0,b}
Define an IFS A = (ua,va) in H by pa(0) = 0.9, pa(a). = 0.6, pa(b) = 0.3,
v4(0) = 0.09, ya(a) = 0.16, and v4(b) = 0.23. It is routine to check that A =
(4a,7v4) is an intuitionistic fuzzy strong hyper BC K-ideal of H.

Definition 3.5. AnIFS A = (ua,v4) in H is called an intuitionistic fuzzy s-weak
hyper BCK -ideal of H if it satisfies

(s1) wa(0) > pa(x) and v4(0) < ya(x)for all x €H;

(s2) for every x,y € H there exist a,b €& oy such that

pa(r) > min{pa(a), pa(y)} andiqa(z) < max{ya(b),va(y)}.

Definition 3.6. An IFS A = (ua,v4) in H is called an intuitionistic fuzzy weak
hyper BC K -ideal of H if it satisfies

pa(0) 2 pafe) Zmin{ inf aa), pa(y)}

and

Y (0)<qa(z) < max{bseug ya(b), va(y)}

for all x,y € H.

Let an IFS A =(pa,v4)in H be an intuitionistic fuzzy s-weak hyper BC K-ideal
of H and let x,y€ H:. Then there exist a,b € z oy such that

pa(z) > min{pala), pa(y)} and ya(zr) < max{va(b),va(y)}

Since pala) > énf pa(c) and v4(b) < sup ~va(d), it follows that
cExoy dexoy

na (x) > min{cg;gy ,UA(C)7 HA (y)}

and

va(r) < maX{diug va(d), ya(y)}-

Hence every intuitionistic fuzzy s-weak hyper BC K-ideal is an intuitionistic fuzzy
weak hyper BC K-ideal.

An IFS A = (pa,va) in H is said to satisfy the inf-sup property if for any
subset T of H there exist xg,yo € T such that pa(zo) = ;relg wa(z) and va(yo) =

sup ya(y)-
yeT
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It is not easy to find an example of an intuitionistic fuzzy weak hyper BCK-
ideal which is not an intuitionistic fuzzy s-weak hyper BC'K-ideal. But we have
the following proposition.

Proposition 3.7. Let A = (ua,v4) be an intuitionistic fuzzy weak hyper BCK -
ideal of H. If v satisfies the inf-sup property, then A = (ua,va) s an intuitionistic
fuzzy s-weak hyper BCK -ideal of H.

Proof. Since A = (ua,va) satisfies the inf-sup property, there exist ap,bp € zoy
such that pa(ag) = inf pa(a) and y4(bo) = sup ya(b). It follows that
agzoy bExoy

pa(z) 2 min{ inf y4(a), pa(y)} = min{pa@), pa(y)}

and

Ya(z) < maX{bzug Ya(b), va(y)} = max{va(bo),v4(y)}

This completes the proof. [

Note that, in a finite hyper BCK-algebra, every fuzzy set satisfies the inf-
sup property. Hence the concept of intuitionistic fuzzy weak hyper BC K-ideals
and intuitionistic fuzzy s-weak hyper BC K-ideals coincide in a finite hyper BC K-
algebra.

Proposition 3.8. Let A = (ua,va) be an intuitionistic fuzzy strong hyper BCK -
ideal of H and let x,y € H. Then
(i) pa(0) = pa(z) and 74(0) <7ya(x).
(ii) = <y implies pa(r) 2 paly) and ya(z) <va(y).
(iii) pa(z) > min{pa(a), pa(y)}and ya(z) < max{ya(b),ya(y)} for all a,b €
Toy.

Proof. (i) Since 0 € z o x for all x € H, we have 14(0) > inf pa(a) > pa(z) and

acrox

v4(0) < sup v4(b) < va(z), which proves (i).
b

€xox

(ii) Let =,y € H besuch that x < y. Then 0 € zoy and so sup pa(c) > pa(0)
cexoy

and dénf) ~Ya (d) < v4(0). Tt follows from (i) that

palx) > min{czuwgy pa(c), pa(y)} = min{pa(0), pa(y)} = pa(y)
and

va(z) < max{ dierg)y va(d), va(y)} < max{y4(0), va(y)} = va(y).

(iii) Let =,y € H. Since
pa(z) = min{ sup pa(c), pa(y)} = min{pa(a), pa(y)}

and |
Ya(z) < max{  nf , ya(d), va(y)} < max{ya(b), va(y)}

for all a,b € x oy, we have the desired result. ([l
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The following corollaries are straightforward.

Corollary 3.9. If A= (ua,va) is an intuitionistic fuzzy strong hyper BCK -ideal
of H, then
pa(x) > min{aiegfoym(a% pa(y)} and ya(z) < maX{bS‘lp va(0); 1a(y)}
cxoy
forallz,y € H.

Corollary 3.10. FEvery intuitionistic fuzzy strong hyper BCK -ideal is both an
intuitionistic fuzzy s-weak hyper BCK -ideal (and hence an intuitionistic fuzzy weak
hyper BCK -ideal) and an intuitionistic fuzzy hyper BCK -ideal.

Proposition 3.11. Let A = (ua,ya) be an intuitionistic fuzzy hyper BCK -ideal
of H and let x,y € H. Then

(i) pa(0) = pa(z) and 74(0) < ya(z).
(ii) If A = (pua,va) satisfies the inf-sup property, then
pa(z) = minfpa(a), pa(y)} and ya(z) < max{ya(b), va(y)}

for some a,b € xzoy.

Proof. (i) Since 0 < z for all v € H, it follows from (k1) that p4(0) > pa(x) and
74(0) < va(x).
(ii) Since A = (p4,v4) satisfies the ‘inf-sup property, there exist ag,by € z oy
such that pa(ag) = inf pa(a) and v4(bp)= sup ~va(b). Hence
agzxoy bexoy
pa(e) 2 min{ inf pala), paly)} =min{palao), pa(y)}

and

va(z) < maX{bil{g Y¥a(b), va(y)} = max{va(bo), va(y)}-

This completes‘the proof. O

Corollary 3.12: (i) Every intuitionistic fuzzy hyper BC K -ideal is an intuitionistic
fuzzy weak hyper BCK -ideal.

(ii) If A= (wa,ya) is an intuitionistic fuzzy hyper BCK -ideal of H satisfying
the inf-sup. property, then A = (ua,va) is an intuitionistic fuzzy s-weak hyper
BCK-ideal of H.

Proof. Straightforward. (]

The following example shows that the converse of Corollary 3.10 and Corollary
3.12(i) may not be true.

Example 3.13. (1) Consider the hyper BCK-algebra H in Example 3.2. Define
an IFS A = (ua,v4) in H by

08 if z=0, 0.08 if z =0,
pa(z) =4 05 if z=a, va(z) =< 015 if z =a,
0.3 if 2=, 0.23 if = =b,



Intuitionistic Fuzzy Hyper BC K-Ideals of Hyper BC K-algebras 67

Then we can see that A = (pa,7v4) is an intuitionistic fuzzy hyper BC K-ideal of
H and hence it is also an intuitionistic fuzzy weak hyper BC K-ideal of H. But it
is not an intuitionistic fuzzy strong hyper BC K-ideal of H since

min{ sup pa(w), pa(a)y = min{pa(a), pa(a)} = 0.5 £ pa(b)

weboa

also

max{wg})f;a’m(w), va(a)} = max{ya(a), ya(a)} = 0.15 2 va(b).

(2) Consider the hyper BCK-algebra H in Example 3.2. Define an IFS A =

(1ta,74) in H by

0.8 if =0, 0.08 if z =0,
pa(z):=¢ 05 if z =0, ya(z) =< 0.15 .if = =,
0.3 if x=a, 0.23 if @ =aq,

Then A = (pa,7v4) is an intuitionistic fuzzy weak hyper BC K-ideal of H but it is
not an intuitionistic fuzzy hyper BC K-ideal of H since a < b but pua(a) ;Lf pa(d),

also 74(a) £ 74(0).

Theorem 3.14. If A = (ua,ya) is an intuitionistic fuzzy strong hyper BCK -ideal
of H, then for every s,t € [0,1], the nonempty. level sets U(pa;t) and L(ya;s) are
strong hyper BC'K -ideals of H.

Proof. Assume that U(pa;t) # 0 # L(ya;s) for s,t € [0,1]. Then there exist
a €U(ua;t) and b € L(va;s), and so pa(a) >t and v4(b) < s. Using Proposition
3.11(1), we get ppa(0) > pa(a) > tand v4(0) < ya(b) < 5,800 € U(pa;t)NL(va;s).
Let z,y € H be such that (zog)NU(ua;t) # 0 and y € U(ua;t). Then there exists
ag € (xoy)NU(ua;t) and hence pa(ag) > t. It follows that

pa(z) > min{aset;gy ma(a), pa(y)t > min{pa(ao), pa(y)} >t

so that € U(pa;t).- Now let u,v € H be such that (uowv) N L(ya;s) # 0 and
v € L(ya;s). Then we cantake by € (uov) N L(va;s) and so v4(bg) < s. Hence

ya(u) < mw{égﬁym@% ya(v)} < max{ya(bo), va(v)} <,

which implies u € L(7a4;s). Consequently, U(ua;t) and L(v4;s) are strong hyper
BCK-ideals of H. 0

We now consider the converse of Theorem 3.14. We need the following notion.
AnTES A =(11a,7v4) in H is said to satisfy the sup-inf property if for any subset T
of H there exist ag, by € T such that pa(ag) = sup pa(a) and y4(bo) = gng va(b).

acT €

Lemma 3.15. Let A be a subset of H. If I is a hyper BCK -ideal of H such that
A < I, then A is contained in I.

Theorem 3.16. Let A = (a,v4) be an IFS in H satisfying the sup-inf property.
If for every t,s € [0,1], the nonempty level sets U(ua;t) and L(ya;s) are strong
hyper BCK -ideals of H, then A = (ua,va) is an intuitionistic fuzzy strong hyper
BCK -ideal of H.
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Proof. Suppose that for each t,s € [0,1] the nonempty level sets U(ua;t) and
L(7ya; s) are strong hyper BCK-ideals of H. For every x,y € H, let ua(z) =t and
va(y) = s. Then x € U(ua;t) and y € L(ya;s). Since zox < x and yoy < y by
(pl), we have zox <« U(ua;t) and y oy < L(vya;s). It follows from Lemma 3.15
that zoax C U(ua;t) and yoy C L(ya;s). Thus, for each a € x oz and b € y oy,
we have a € U(pa;t) and b € L(va;s), and so pa(a) >t and y4(b) < s. Therefore
nf pa(a) 2t =pa(z) and sup 74(b) < s =7a(y). Now let
acxrox beyoy
k:=min{ sup pa(a), pa(y)} and h:= max{bénfyfyA(b), va(y)}

acxoy o

Since A = (pa,7va4) satisfies the sup-inf property, we have
palao) = sup pa(a) = min{ sup pa(a), pa(y)}t =k

acxoy acxoy
and
va(bo) = inf y4(b) <max{ inf (ya(b)svaly)} =h
bexoy bexoy

for some ag,by € z oy. It follows that ag € U(ua;k) and by € L(ya;h) so that
(xoy)NU(ua; k) # 0 and (xoy) N L(ya; k) # 0. Sincey € U(ua; k) N L(ya;h), we
have & € U(pa; k) N L(ya;h) by (I13). Hence

pa(x) = k= min{sup pafe), pa(y)}

acxoy
and
Ya(z) < h = maX{bggy ya(d), va(y)}-

Consequently, A = (pa,v4) i8 an/intuitionistic fuzzy strong hyper BC K-ideal of
H. O

Theorem 3.17. Let A= (ua,y4) be an IFS in H. Then A = (ua,va) s an
intuitionistic fuzzy hyper BCK-ideal of H if and only if for every s,t € [0,1], the
nonempty level‘sets U(pa;t) and L(va;s) are hyper BCK -ideals of H.

Proof. Assume that A= (114,74) is an intuitionistic fuzzy hyper BC K-ideal of H
and U(ua;t) # 0 £L(ya;s) for any s, t € [0,1]. It is clear that 0 € L(ua;t) N
L(~ya;s) by Proposition 3.11(i). Let 2,y € H be such that z oy <« U(ua;t) and
y € U(uA3t). Then for any a € xoy, there exists ag € U(ua;t) such that a < ag. It
follows from (k1) that pa(a) > pa(ag) >t for all a € x oy so that aierg)y,uA(a) >t

Thus
pra(z) = min{ inf pa(a), pa(y)} = ¢,
acxroy

and so x € U(pa;t). Therefore U(pa;t) is a hyper BCK-ideal of H. Now let z,y €
H be such that x oy <« L(ya;s) and y € L(ya;s). Then x oy <« L(vya;s) implies
that for every b € x oy there is by € L(y4;s) such that b < by, so y4(b) < va(bg)

by (k1). It follows that v4(b) < va(by) < s for all b € z oy so that sup y4(b) < s.
bexoy

Then

va(z) < max{bsup va(b), va(y)} < s,
cxoy
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which implies that € L(va;s). Consequently, L(v4;s) is a hyper BC K-ideal of
H.

Conversely, suppose that for each ¢,s € [0,1] the nonempty level sets U(ua;t)
and L(va;s) are hyper BCK-ideals of H. Let 2,y € H be such that z < y,
pa(y) =t and y4(y) = s. Then y € U(pa;t) N L(ya;s), and so © < U(pa;t) and
x < L(va;s). It follows from Lemma 3.15 that « € U(ua;t) and € L(ya; ) so
that pa(z) >t = pa(y) and ya(z) < s = ya(y). Now for any z,y € H let t =

min{ énfyuA(c), ua(y)} and s = max{dsup va(d), va(y)}. Then y € U(pa;t) N
cExO czoy

L(va;s), and for each a,b € x oy we have

pa(a) = inf pa(c) = min{ inf pa(c), paly)} =t
cexoy cexoy

and

7a(b) < sup ya(d) < max{ sup Fa(d);¥a(y)} = s.
dexoy dexoy
Hence a € U(pa;t) and b € L(va;s), which implies'that x oy C U(ua;t) and
xoy C L(vya;s). Using (p8), we get oy < U(ua;t) and x oy < L(ya;s).
Combining y € U(pa;t) N L(va;s) and U(past) and L(va;s) being hyper BCK-
ideals of H, we conclude that € U(ua;t) N L(v4; ), and so

pa(z) >t= min{cgf)y pa(c), pa(y)}

and

yA(PNS s = maX{dséUP Ya(d), va(y)}-

This completes_ the proof. ([l

Lemma 3.18:/ An IFS A = (a,v4) is an intuitionistic fuzzy hyper BCK -ideal of
H if and only'if the fuzzy sets pa and 4 are fuzzy hyper BCK -ideals of H.

Proof. Assume that A = (pa,74) is an intuitionistic fuzzy hyper BC K-ideal of H.
Obviously pa4 is a fuzzy hyper BCK-ideal of H. Let x,y € H. If x < y, then

va(®) <va(y), and so Ya(z) =1 —va(x) > 1 —ya(y) = Ya(y). Now

Falr) =1 —vya(z) >1— maX{bzup Ya(b), va(y)}

= min{binf (1 —=~4(b)), 1 —~va(y)}

cxoy
— min{bggym(b),m(y)}-

Hence 74 is a fuzzy hyper BC K-ideal of H. Conversely, assume that ps and 44
are fuzzy hyper BCK-ideals of H. Let z,y € H. If x < y, then 1 — y4(z) =
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Ya(x) > Ja(y) =1 —va(y), and so ya(z) < va(y). Moreover,
1 —ya(x) =Fa(z) > min{cggy’_m(c)7 Ya(y)}
= min{ inf (1-754(c)), 1= 7a(y)}

= min{l — sup va(c), I —va(y)}
cexoy

1 — max{ sup va(c), va(¥)},
cexoy

and so v4(z) < max{ sup ya(c), va(y)}. Therefore A = (pa,ya) is an intuitionis-
ccxoy

tic fuzzy hyper BC'K-ideal of H. U

The following two theorems are immediately from Lemma. 3.18 and Theorem
3.17, respectively.

Theorem 3.19. Let A = (pa,v4) be an IFS in H. Then
intuitionistic fuzzy hyper BC K -ideal of H if and only if OA :=
(Fa,7v4) are intuitionistic fuzzy hyper BCK -ideals of H.

Theorem 3.20. For any subset I of H, let A(I) = (1ar),var)) be an IFS in H
defined by

A = (pna,va) is an
(a,fa) and QA :=

()_ ty if xzel, ()_ s1 ifzel,

RAD\E) =9 ¢, otherwise, TADIT) =7 5, otherwise,

for all x € H, where t1,ts,51,85 € [0,1] with t1 > ta, 851 < $2, t; + 8 < 1 for
i =1,2. Then I is a hyper BCK-ideal of H if and only if A(I) = (pa(r),va)) 5
an intuitionistic fuzzy hyper BC K=ideal of H.

Theorem 3.21. If A= (pa,qa) is an intuitionistic fuzzy hyper BCK -ideal of H,
then the set

L:={veH [ pa(x)=pa(0) and ya(z) =ya(0)}
is a hyper BC K=ideal of H .

Proof. Obviously 0 € I. Let z,y € H be such that x oy < I and y € I. Then
pa(x) = ua(0), va(z) = v4(0), and for each a € x oy there exists z € I such
that a < z.Thus pa(a) = pa(z) = pa(0) and va(a) < va(2) = 7a(0) by (k1). It
follows:from (k2) and (k3) that

pa(z) 2 min{ inf pa(a), pa(y)}t = pna(0)

and
ya(z) < max{ sup ya(a), va(y)} =va(0)

acxoy

so that pa(x) = pa(0) and y4(x) = v4(0). Hence « € I, which shows that I is a
hyper BC' K-ideal of H. (]

The following example shows that arbitrary union of hyper BC K-ideals may not
be a hyper BC K-ideal.
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Example 3.22. Let H = NU{0}U{a}, where a(# 0) ¢ N. Define a hyperoperation

[1PNk]

o” on H as follows:

{0,2} if z<y,orz#a,y=a,

{z} if x>y,
zoy: =< {a} if x=a,y=0,
N if r=a,y€N,

NuU{0} if z=y=aq,
for all z,y € H. Then (H,o) is a hyper BC' K-algebra. Now, we prove that for each
ke N, N, ={0,1,2,--- ,k} is a hyper BCK-ideal of H. Let.@;y'€ H be such that
zoy < Ni and y € N. Assume that « ¢ Ny. Then either z= cor x € N, x > k+1.
Ifz € Nand > k+1, then {2} = zoy < Ny, since y < k. Hence there is 0 <i < k
such that z < i, and so 0 € zoi. It follows from 2 > i that xoi = {2} so that x = 0,
which is a contradiction. Now let x = a. If y = 0, then {a} = a 00 =zo0y <« Nj.
Hence there is 0 < i < k such that a < 7 and so 0-.€ «a oi. If ¢ = 0, then
0 € aoi = {a} which is a contradiction. If i # 0,then 0 € «wo¢ = N, which is
a contradiction. If 0 < y < k, then N = aqoy = x 0oy & Ni. Since £+ 1 € N,
there exists 0 < ¢ < k such that ¥k +1 « ¢ and thus 0 € (k+1)oi = {k+ 1}
which is a contradiction. Therefore Ny, is a hyper BC' K-ideal of H. Consequently,
{Nj | k € N} is a collection of hyper BCK-=ideals of H. We note that |J N; = Ny

keN
is not a hyper BC'K-ideal of H.

Lemma 3.23. Let for all z,y € H,|roy| < oo and {I, | p € A C [0,1]} be a
collection of hyper BCK -ideals(of H such that s > t if and only if I, C I; for all
s,t € A If g €[0,1], then | 1, isialso a hyper BCK -ideal of H.

PEA,p2g
Proof. Obviously, 0 € . J Iy Let z,y € H be such that zoy < | I,
PEA,p>q PEA,p>q
ye U Ipand zoy={as,as,...,a,}. Then y € I, for some r € A with r > g,
pEN,p>q
and for every a; € oy there exists b; € |J I, and so b; € I;, for some ¢; € A

PEA,p>q
with ¢; > ¢, such that a; < b;. Let t = min{¢; : 1 <4 < n}. Then, for all 1 <i < n,
Iy, C I and'so xoy < I; with t > ¢g. Without loss of generality we may assume that

r>t,s0 I, C I,. It follows from (I2) that z € I, C |J I,. Hence |J I, is
peA,p>q peA,p>q

a hyper BCK-ideal of H. O

Theorem 3.24. Let for all z,y € H,|zoy| < oo and {I; | t € A C [0,3]} be a

collection of hyper BCK -ideals of H such that H = |J I, and s > t if and only if
teA
I, C I; for all s,t € A. Then an IFS A = (ua,va) in H defined by

pa(z) :=sup{t € A|x € L}, va(z) :=inf{t e A |z € I}
for all x € H is an intuitionistic fuzzy hyper BCK -ideal of H.

Proof. According to Theorem 3.17, it is sufficient to show that nonempty level sets
U(pa;t) and L(ya;s) are hyper BCK-ideals of H for every s,t € [0,1]. In order to
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prove that U(ua;t) (# 0) is a hyper BC'K-ideal of H, we consider into the following
two cases:

(i)t =sup{ge A|g<t}, (ii)t #sup{g € A|q<t}.

Case (i) implies that

reU(uast) & ze€lVg<t & z € ﬂlq,
q<t

so that U(ua;t) = () I, which is a hyper BC'K-ideal of H. In case (ii), we claim
q<t
that U(pa;t) = U Iy. If ¢ € | I, then € I, for some ¢ > ¢. It follows that
g2t g2t

pa(x) > g > t, so that x € U(ua;t). This shows that |J Iy C U(pa;t). Now
q=t

assume that ¢ |J I,. Then = & I, for all ¢ > t& Since t # sup{q € A | ¢ < t},
q=>t

there exists € > 0 such that (t —e,t) N A = (). Hence@ ¢ I, for all ¢ > t — ¢, which
means that if « € I, then ¢ <t —e. Thus pa(z) <t —e<t, and so z € U(ua;t).
Therefore U(ua;t) C U I, and thus U(upa;t) = |J I, which is a hyper BC'K-ideal

q=>t >t
of H, by Lemma 3.23. Next we prove that L(ya4;s) is a hyper BCK-ideal of H.
We consider the following two cases:

(i) s=inf{r e A s<r}, (iv)s #inf{r e A s <r}
For case (iii) we have

x € L(ya;s) & zelVs<r & zx € mI’“’

s<r
and hence L(y4;$) =« I which is a hyper BC'K-ideal of H. For case (iv), there
exists € > 0 such tha;?;,s +e)NA = 0. We will show that L(vya;s) = U L. If
x € U I, then z €I, for some r < s. It follows that v4(z) < r < sszsg that
x € SI?(TWA;S). Hence L>j I, C L(va;s). Conversely if z ¢ L>J I, then = ¢ I,

forrall » < s, which implies that = ¢ I. for all r < s+ ¢, i.e., if z € I, then

r>s+e. Thus ya(x) > s+e > s, ie, x & L(ya;s). Therefore L(va;s) € U L.
s>r

and consequently L(va;s) = |J I which is a hyper BCK-ideal of H, by Lemma
s>r
3.23. This completes the proof. ([l

Open Problem 3.25. Does the Lemma 3.23 (and so Theorem 3.24), hold if we
omit the condition “ |z oy| < oo, for all z,y € H” in this lemma?
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