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ON ANTI FUZZY IDEALS IN NEAR-RINGS

K. H. KIM, Y. B. JUN AND Y. H. YON

ABSTRACT. In this paper, we apply the Biswas’ idea of anti fuzzy subgroups to
ideals of near-rings. We introduce the notion of anti fuzzy ideals of near-rings,
and investigate some related properties.

1. Introduction

W. Liu [14] has studied fuzzy ideals of a ring, and many researchers [5, 10, 12,
17] are engaged in extending the concepts. S. Abou-Zaid [1] introduced the notion
of a fuzzy subnear-ring, and studied fuzzy ideals of a near-ring, and many followers
[6, 7, 8, 10, 11] discussed further properties of fuzzy ideals in near-rings. In [2],
R. Biswas introduced the concept of anti fuzzy subgroups of groups, and K. H.
Kim and Y. B. Jun studied the notion of anti fuzzy R-subgroups of near-ring in
[9]. In this paper, we introduce the notion of anti fuzzy ideals of near-rings, and
investigate some related properties.

2. Preliminaries

A near-ring ([16]) is a non-empty set R with two binary operations “4” and “.”
satisfying the following axioms:

(i) (R,+) is a group,
(ii) (R,-) is a semigroup,

(iii) z- (y+2)=z-y+ax-z forall z,y,z € R.

Precisely speaking, it is a left near-ring because it satisfies the left distributive
law. We will use the word “near-ring” instead of “left near-ring”. We denote x - y
by zy. If (R,+,-) is a near-ring, then an ideal ([1]) of R is a subset I of R such
that

(i) (I,4) is a normal subgroup of (R, +),
(i) RI C I,
(i) (r+i)s—rsel, foralli el and r,s € R.

Let R and S be two near-rings. A map f: R — S is a homomorphism of near-rings
if flz+y)=f(z)+ f(y) and f(zy) = f(x)f(y) for all 2,y € R.
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A fuzzy set p in a set R is a function p : R — [0, 1]. Denote by Im(u) the image
set of p. For ¢ € [0,1], the set

pi ={x € Rlu(z) >t} (resp. ui = {z € Rlp(x) < t})

is called a upper (resp. lower) t-level cut of pu. Clearly, u= U us = R for t € [0, 1],
and if ¢; < tg, then ,utél C ui and ui C ,utzl. If p is a fuzzy set in R, then the
complement of p, denoted by €, is the fuzzy set in R given by pu¢(z) = 1 — p(z)
for all z € R ([3], [17], [18]).

Let R be a near-ring. A fuzzy subnear-ring of R is a fuzzy set pu of R such that

(F1) w(z —y) > min{u(z), u(y)},
(F2) p(ry) > min{u(z), p(y)},

for all z,y € R. And a fuzzy ideal of R is a fuzzy subnear-ring p of R such that

(F3) p(y +x —y) = p(x),

(F4) p(zy) = p(y),

(F5) p((x+ 2)y —zy) = p(2),
for all ,y,z € R ([10]). Note that p is a fuzzy left ideal of R if it satisfies (F1),
(F2), (F3) and (F4), and p is a fuzzy right ideal of R if it satisfies (F1), (F2), (F3)
and (F5). Let R be a near-ring and p a fuzzy subset of R. Then the upper ¢-level
cut p of yu is a subnear-ring (resp. ideal) of R for all t € [0, (0)] if and only if p
is a fuzzy subnear-ring (resp. ideal) of R ([1, p145, Theorem 4.2]).

3. Anti Fuzzy Ideals

Definition 3.1. Let R be a near-ring. A fuzzy set p of R is called an anti fuzzy
subnear-ring of R if for all x,y € R,

(AF1) p(z —y) < max{u(z), u(y)},
(AF2) p(zy) < max{u(x),n(y)}.

Definition 3.2. Let R be a near-ring. An anti fuzzy subnear-ring p of R is called
an anti fuzzy ideal of R if for all z,y,z € R,

(AF3) p(y +x—y) < p(z),
(AF4) p(xy) < ply),
(AF5) p((x + 2)y — xy) < p(z).

Note that p is an anti fuzzy left ideal of R if it satisfies (AF1), (AF2), (AF3) and
(AF4), and p is an anti fuzzy right ideal of R if it satisfies (AF1), (AF2), (AF3)
and (AF5).

Example 3.3. Let R = {a,b,c,d} be a set with two binary operations as follows:

—|—‘abcd . ab cd
a ab cd a a a a a
b b adc b a a a a
c cdba c a a a a
d dc abd d aab b



On Anti Fuzzy Ideals in Near-rings 73
Then (R, +, ) is a near-ring. We define a fuzzy subset u : R — [0,1] by u(c) =
p(d) > pu(b) > p(a). Then p is an anti fuzzy right (resp. left) ideal of R.

Every anti fuzzy right (resp. left) ideal of a near-ring R is an anti fuzzy subnear-
ring of R, but the converse is not true as shown in the following example.

Example 3.4. Let R = {a,b,c,d} be a set with two binary operations as follows:

—|—‘abcd -‘abcd
a abcd a a a a a
b b adc b abcd
c cdba c a a a a
d dc abd d a a a a

Then (R, +,-) is a near-ring. We define a fuzzy subset p: R — [0,1] by u(c) =
pu(d) > p(b) > p(a). Then p is an anti fuzzy subnear-ring of R. But p is not an
anti fuzzy right ideal of R, since p((a + b)c — ac) = u(c) > p(d).

Proposition 3.5. If 1 is an anti fuzzy subnear-ring of a near-ring R, then p(0) <
w(x) for all x € R.
Proof. Tt follows immediately from [AF1]. O
Proposition 3.6. Let R be a near-ring. Then a fuzzy set p is an anti fuzzy
subnear-ring in R if and only if u€ is a fuzzy subnear-ring in R.
Proof. Let u be an anti fuzzy subnear-ring in R. Then we have that for each
z,y € R,

pilr—y) = 1-plx-y)
1 —max{pu(z), u(y)}
= min{l — pu(z),1 - p(y)}
min{p®(x), u°(y)},

Y

and
pé(zy) = 1—p(zy)
> 1—max{u(z),u(y)}
= min{l — p(z), 1 - p(y)}
= min{u®(z), p(y)}-
Hence ¢ is a fuzzy subnear-ring in R. The converse is proved similarly. d

Proposition 3.7. Let R be a near-ring and p a fuzzy set in R. Then u is an anti
fuzzy ideal in R if and only if u€ is a fuzzy ideal in R.

Proof. Let u be an anti fuzzy ideal in R. Then p° is a fuzzy subnear-ring in R, and
we have that for all z,y,z € R,

py+r—y)=1—-ply+z—y) >1—-pu)=p (),
p(ry) =1 — p(zy) > 1 — p(y) = u(y),
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and
p((@+2)y —ay) =1 —pl(@ + 2)y —zy) 21— p(z) = p(2).
Hence € is a fuzzy ideal in R. The converse is proved similarly. O

Let 11 be a fuzzy set of a set R. Then p = (u€)=_, for all t € [0, 1].

Theorem 3.8. Let i be a fuzzy set in a near-ring R. Then u is an anti fuzzy ideal
of R if and only if the lower t-level cut utg is an ideal of R for each t € [u(0),1].

Proof. (=) Let u be an anti fuzzy ideal of R and ¢ € [p(0),1]. Then p€ is a fuzzy
ideal of R, hence = = (u°)%_, is an ideal of R from [1, Theorem 4.2].

(<) Let 5 be an ideal of R for all t € [1(0),1] and s € [0,1— u(0)] = [0, u<(0)].
Then 1 — s € [(0),1] and ()2 = u5 , is an ideal of R. Hence (u€)Z is an ideal
of R for all s € [0,uc(0)], and u° is a fuzzy ideal of R, whence p is an anti fuzzy
ideal of R. O

Proposition 3.9. Let p be an anti fuzzy subnear-ring R and t1,t2 € [0,1] with
t1 < ta. Then two lower level cuts ,utg1 and ,utgz are equal if and only if there is no
x € R such that t; < p(z) < ta.

Proof. From the definition of lower level cuts, it follows that = = p=([1(0),])
for t € [0,1]. Let ¢1,t3 € [0,1] be such that ¢; < 2. Then

pr =gy & p (p0), t]) = 0 ([10),t2]) & p((t, te]) = 0.
O

Proposition 3.10. If I is an ideal of a near-ring R, then for each t € [0,1], there
exists an anti fuzzy ideal p of R such that utg =1.

Proof. Let t € [0,1] and define a fuzzy set u: R — [0,1] by

(2) t if zel,
xTr) =
a 1 if 2 ¢ 1,

for each 2 € R. Then pS = I for any s € [t,1) = [(0),1), and uF = R, whence
ps is an ideal of R for all s € [11(0),1]. Hence p is an anti fuzzy ideal of R from
Theorem 3.8, and s = I. O

For a family of fuzzy sets {u; | ¢ € A} in a near-ring R, the union \/ p; of
i€EA
{pi | i € A} is defined by
(\/ pi)(x) = sup{ui ()i € A},

1PN
for each z € R.
Proposition 3.11. If {u;|i € A} is a family of anti fuzzy ideals of a near-ring R,

then so is \/ ;.
€A
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Proof. Let {p; | i € A} be a family of anti fuzzy ideals of R and x,y € R. Then we
have that

(\V )@ —y) = sup{ui(z—y)licA}
i€A

< sup{max{p;(z), ui(y)}i € A}

= max{sup{u;(z)|i € A}, sup{ui(y)|i € A}}
= max{(\/ p) (), (\/ 1))},

i€A SN

(V i) (xy) = sup{ui(xy)|i € A}

i€EA

< sup{max{p;(z), pi(y)}i € A}
)

= max{sup{p;(z)|i € A}, sup{pi(y)|i € A}}
= max{(\/ p) (@), (\/ m)(®)}-
i€ i€A

Hence \/ p; is an anti fuzzy subnear-ring of R.
AN
For any x,y, z € R, we have that

(\ i)y +2—y)

iEA

sup{pi(y +x —y)li € A}

IN

sup{pi(z)]i € A}

1EA
(\/ mi)(wy) = sup{pi(zy)li € A}
1EA
< sup{ui(y)li € A}

i€A
and
(V w)((@+ 2)y — zy)) sup{;((z + 2)y — zy)|i € A}
i€A
< sup{p(2)]i € A}
S\
i€A
Hence \/ p; is an anti fuzzy ideal of R. O

€A

Theorem 3.12. If i is an anti fuzzy ideal of a near-ring R, then p(x) = inf{t €
0,1] | z € u} for each z € R.



76 K. H. Kim, Y. B. Jun and Y. H .Yon

Proof. For each = € R, let T, = {t € [0,1] | # € u=} and & = inf T,,. Then for any
t € Ty, p(r) < t, whence pu(x) is a lower bound of T,, hence u(z) < infT, = «.
And let 5 = p(z). Then = € u§ and § € Ty, hence o = inf T, < 8 = p(x). O

Definition 3.13. Let R and S be two near-rings and f a function of R into S.

(1) If v is a fuzzy set in S, then the preimage of v under f is the fuzzy set in
R defined by

for each = € R.
(2) If p is a fuzzy set of R, then the image of p under f is the fuzzy set in S
defined by

z€f~1(y)
0, otherwise,

sup p(x), if f7l(y) #0
f(w)(y) =

for each y € S.

Theorem 3.14. Let f: R — S be an onto homomorphism of near-rings.
(1) If v is a fuzzy subnear-ring of S, then f~1(v) is a fuzzy subnear-ring of R.
(2) If u is a fuzzy subnear-ring of R, then f(u) is a fuzzy subnear-ring of S.
Proof. (1) Let x1, 22 € R. Then we have that

ST W) (@1 — x2) = v(f (1) — f(22))
> min{v(f(x1)),v(f(x2))}
=min{f ' (v)(z1), f T (v)(22)},
and
W) (miaa) = v(f(z1) f(22))
> min{v(f(z1)),v(f(z2))}
=min{f ' (v)(21), f T (¥)(22)}.

Hence f~(v) is a fuzzy subnear-ring of R.
(2) Let y1,y2 € S. Then we have

{zlzef Ty —y2)} 2{z1 —22 |21 € f(y1) and 25 € 1 (y2)},
and hence
F(w)(yr —y2) = sup{u(e) [ = € [~ (y1 —y2)}
> sup{p(zr — xg) | 21 € f7H(y1) and x5 € [ (y2)}
> sup{min{p(21), u(x2)} | 21 € f~(y1) and x5 € £~ (y2)}
= min{sup{pu(z1) | z1 € [~ (1)}, sup{p(e2) | z2 € F7'(y2)}}
= min{ f(u)(y1), f (1) (v2)},
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and since {z | x € f~1(y1y2)} D {112 | 1 € f~ (y1) and 22 € F1(y2)},
F()(ry2) = sup{p(z) |z € f~ (112)}
> sup{p(z122) | 1 € f7 (y1) and 23 € f~ ' (ya)}
> sup{min{pu(z1), p(x2)} | 21 € 7 (y1) and z2 € f7' (y2)}
= min{sup{p(z1) | z1 € f~ (1)}, sup{p(z2) | 22 € F~ (y2)}}
= min{f(1)(y1), f (1) (y2)}-

Hence f(u) is a fuzzy subnear-ring of S.

Theorem 3.15. Let f: R — S be an onto homomorphism of near-rings.
(1) If v is a fuzzy ideal in S, then f=1(v) is a fuzzy ideal in R.
(2) If u is a fuzzy ideal in R, then f(u) is a fuzzy ideal in S.

Proof. (1) Let v be a fuzzy ideal in S. Then f~!(v) is a fuzzy subnear-ring of R
from Theorem 3.14, and we have that for any x1,x3, 23 € R,

S W) (a1 + 22 — 1) = v(f (1) + f22) — f(21))
> v(f(r2))

and
f_l(l/)((l‘l + 1‘2)333 — x1x3)

Hence f~1(v) is a fuzzy ideal in R.
(2) Let p be a fuzzy ideal in R. Then f(u) is a fuzzy subnear-ring of S from
Theorem 3.14, and we have that for any 1, y2,ys € S,

F() (w1 +y2 —y1) = sup{p(@)|z € F7 (1 +y2 —y1)}

> sup{p(z1 +x9 — 1)1 € f7H (1), 2 € £ (y2)}
> sup{p(za)|z € 71 (y2)}
= f(1)(y2),

F()(yry2) = sup{p(x)|z € f~ (y1y2)}
> sup{p(z122)|z1 € f7 (y1), 22 € F (12)}
> sup{p(xa)|z2 € f7 (y2)}
= f(1)(y2),
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and

F) (1 + y2)ys — y1y3)
= sup{u(x)|z € f~ ((y1 + y2)ys — y1y3)}
> sup{p((z1 + x9)xs — wras)|er € [ (y1), w2 € [ (y2), 3 € [ (y3)}
> sup{p(za)|z2 € 71 (y2)}

= (1) (y2)-

Hence f(u) is a fuzzy ideal in S. |

Definition 3.16. Let R and S be two near-rings and f a function of R into S. If
wis a fuzzy set in R, then the anti image of u under f is the fuzzy set f_(u) in S
defined by

inf x), if f1 U]
) {f o @) T ) #

1, otherwise,
for each y € S.

Theorem 3.17. Let f: R — S be an onto homomorphism of near-rings. Then we
have that

(1) if v is a fuzzy set in S, then f=1(
(2) if pis a fuzzy set in R, then f(uc

ve) = (7' (v))°,
) = (f-(w)® and f(u) = (f(n))°.

Proof. (1) Let v is a fuzzy set in S. Then for each z € R,

‘)

F7H o))

Il

<
g}
—~
~
—~
&

Hence f~1(v°) = (/71 (v))".
(2) Let p is a fuzzy set in R. Then for each = € R,

f(u)(y) = sup p(z)
zef~1(y)

= sup (1 — p(x))
z€f~1(y)

= 1— inf T
e y)u()

1
f()(y)
= (ff(u))c(y),
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and

fAu)y) = nf - pc(x)

1= f(u)(y)
(f (1) (y)-

Hence f(u°) = (f-(u))° and f_(u%) = (f(1))°)- O

Theorem 3.18. Let f: R — S be an onto homomorphism of near-rings. Then we
have that

(1) ifv is an anti fuzzy subnear-ring of S, then f=1(v) is an anti fuzzy subnear-
ring in R,

(2) if p is an anti fuzzy subnear-ring of R, then f_(u) is an anti fuzzy subnear-
ring of S.

Proof. (1) Let v is an anti fuzzy subnear-ring in S. Then v¢ is a fuzzy subnear-ring
in S from Proposition 3.6, and f~!(v°) is a fuzzy subnear-ring in R from Theorem
3.14. Hence (f~1(v))¢ is a fuzzy subnear-ring in R, and f~!(v) is an anti fuzzy
subnear-ring in R.

(2) Let p be an anti fuzzy subnear-ring in R. Then u¢ is a fuzzy subnear-ring in
R, and f(u°)is a fuzzy subnear-ring in S by Theorem 3.14. Since f(p®) = (f-(w))¢,
(f-(w))c is also a fuzzy subnear-ring in S, and f_(u) is an anti fuzzy subnear-ring
in S. (]

Theorem 3.19. Let f: R — S be an onto homomorphism of near-rings. Then we
have that

(1) if v is an anti fuzzy ideal of S, then f~1(v) is an anti fuzzy ideal in R,
(2) if wis an anti fuzzy ideal of R, then f_(u) is an anti fuzzy ideal of S.

Proof. The proof of theorem is straightforward, and so is omitted. O
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