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SOME INTUITIONISTIC FUZZY CONGRUENCES

K. HUR, S. Y. JANG AND H. W. KANG

ABSTRACT. First, we introduce the concept of intuitionistic fuzzy group con-
gruence and we obtain the characterizations of intuitionistic fuzzy group con-
gruences on an inverse semigroup and a T*-pure semigroup, respectively. Also,
we study some properties of intuitionistic fuzzy group congruence. Next, we
introduce the notion of intuitionistic fuzzy semilattice congruence and we give
the characterization of intuitionistic fuzzy semilattice congruence on a T*-pure
semigroup. Finally, we introduce the concept of intuitionistic fuzzy normal
congruence and we prove that (IFNC(Eg),N,V) is a complete lattice. And
we find the greatest intuitionistic fuzzy normal congruence containing an in-
tuitionistic fuzzy congruence on Eg.

1. Introduction

The concept of a fuzzy set was introduced by Zadeh [28] in 1965. Since then, there
has been a tremendous interest in the subject due to its diverse applications ranging
from engineering and computer science to social behavior studies. In particular,
some researchers [9, 22-24, 26, 27| applied the notion of fuzzy sets to congruences.

As a generalization of fuzzy sets, the concept of intuitionistic fuzzy sets was
introduced by Atanassov [1] in 1983. After that time, several researchers [3, 5-8,
10, 11, 13, 14, 16, 17, 19] applied the notion of intuitionistic fuzzy sets to relation,
algebra, topology and topological group. In particular, Hur and his colleagues
[15, 18] introduce the notion of intuitionistic fuzzy congruences on a lattice and a
semigroup, and investigate some of their properties, respectively.

In this paper, first, we introduce the concept of intuitionistic fuzzy group con-
gruence and we obtain the characterizations of intuitionistic fuzzy group congru-
ences on an inverse semigroup and a T*-pure semigroup, respectively. Next, we
introduce the notion of intuitionistic fuzzy semilattice congruence and we give the
characterization of intuitionistic fuzzy semilattice congruence on a T™-pure semi-
group. Finally, we introduce the concept of intuitionistic fuzzy normal congruence
and we prove that (IFNC(Eg),N, V) is a complete lattice.

2. Preliminaries

In this section, we list some basic concepts and well-known results which are
needed in the later sections.
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For sets X,Y and Z,f = (f1,f2) : X — Y x Z is called a complex mapping if
fi: X =Y and f5: X — Z are mappings.

Throughout this paper, we will denote the unit interval [0,1] as I. And for a
lattice, refer to [4]. For any ordinary relation R on a set X, we will denote the
characteristic function of R as xg.

Definition 2.1. [2, 6] Let X be a nonempty set. A complex mapping A =
(na, va) : X — I x I is called an intuitionistic fuzzy set (in short, IFS) in X
if pa(x) +va(x) < 1 for each & € X, where the mapping ps : X — I and
va : X — I denote the degree of membership (namely pa(x)) and the degree of
nonmembership (namely v4(z)) of each x € X to A, respectively. In particular, 0.
and 1. denote the intuitionistic fuzzy empty set and the intuitionistic fuzzy whole
set in X defined by 0~ (z) = (0,1) and 1.(z) = (1,0) for each z € X, respectively.

We will denote the set of all IFSs in X as IFS(X).

Definition 2.2. [2] Let X be a nonempty set and let A = (ua,v4) and B =
up,vp) be IFSs on X. Then:

YACBIiff ug <pup and vs > vp,

)A Biff AC Band B C A,

) A® = (va, pa),

YANB = (pa App,vaVug),

) AUB = (pua V up,va Avg),

) [JA=(pa, 1= pa), <>A=(1-va,va)

Definition 2.3. [7] Let {A;};cs be an arbitrary family of IFSs in X, where A; =
(pa;,va,) for each i € J. Then:

(1) ﬂAZ = (/\:U‘AMVVA@')’

(2) Udi = (V pa, Ava,).

Definition 2.4. [6] Let X be a set. Then a complex mapping R = (ugr, vg) :
X x X — I x I is called an intuitionistic fuzzy relation (in short, IFR) on X if
wr(z,y) + vr(z,y) <1 for each (z,y) € X x X, ie., ReIFS (X x X).

We will denote the set of all IFRs on a set X as IFR(X).

Definition 2.5. [6, 10] Let X be a set and let R,Q € IFR(X). Then the compo-
sition of R and @, @ o R, is defined as follows : for any =,y € X,

/J/QOR(xa y) = \/zEX[/’[’R(xa Z) A MQ(Z7 y)]

and

voor(®,y) = N.exlvr(@,2) Vvg(z,9)] -
Definition 2.6. [6, 10] An Intutionistic fuzzy Relation R on a set X is called
an intutionsitic fuzzy equivalence relation (in short, IFER) on X if it satisfies the
following conditions:
(1) it is intutionsitic fuzzy reflexive, i.e.,R(x,x) = (1,0) for each z € X,

(
(1
(2
(3
(4
(5
(6
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(ii) it is intutionsitic fuzzy symmetric, i.e.,R(x,y) = R(y,x) for any z,y € X,
(iil) it is intutionsitic fuzzy transitive, i.e., Ro R C R.

We will denote the set of all IFERs on X as IFE(X).
Let R be an intuitionistic fuzzy equivalence relation on a set X and let a € X.
We define a complex mapping Ra : X — I x I as follows : for each x € X

Ra(z) = R(a,z).

Then clearly Ra € IFS(X). The intuitionistic fuzzy set Ra in X is called an
intuitionistic fuzzy equivalence class of R containing a € X. The set {Ra:a € X}
is called the intuitionistic fuzzy quotient set of X by R and denoted by X/R.
Result 2.A. [19, Theorem 2.15] Let R be an intuitionistic fuzzy equivalence relation
on a set X. Then the followings hold :

(1) Ra = Rb if and only if R(a,b) = (1,0) for any a,b € X.

(2) R(a,b) = (0,1) if and only if RanN Rb = 0. for any a,b € X.

(9) Upex Ra= 1.

(4) There exists the surjection p : X — X/R defined by p(x) = Rx for each
reX.

Definition 2.7. [19] Let X be a set and let R € IFR(X). Then the intuitionistic
fuzzy transitive closure of R, denoted by R, is defined as follows :

R>® = U R", where R" = Ro Ro---0 R(n factors).
neN

Result 2.B. [19, Proposition 3.7] Let X be a set and let R,Q € IFE(X). We define
RV Q as follows : RVQ = (RUQ)™, i.e., RVQ =, cn(RUQ)™. Then RV Q €
IFE(X).

Definition 2.8. [18] An IFR R on a groupoid S is said to be:

(1) intuitionistic fuzzy left compatible if pr(x,y) < wpr(zz,zy) and vi(x,y) >
vr(zzx, zy), for any z,y,z € S,

(2) intuitionistic fuzzy right compatible if pr(z,y) < pr(rz,yz) and vg(z,y) >
vr(zz,yz), for any z,y,z € S,

(3) intuitionistic fuzzy compatible if pr(x,y) Apr(z,t) < pr(zz,yt) and vr(z,y) vV
vr(z,t) > vg(xz,yt), for any z,y,z,t € S.

Definition 2.9. [18] An IFER R on a groupoid S is called an:

(1) intuitionistic fuzzy left congruence (in short, IFLC) if it is intuitionistic fuzzy
left compatible,

(2) intuitionistic fuzzy right congruence (in short, I FRC) if it is intuitionistic fuzzy
right compatible,

(3) intuitionistic fuzzy congruence (in short, IFC') if it is intuitionistic fuzzy com-
patible.
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We will denote the set of all IFCs [resp. IFLCs and IFRCs] on a groupoid S as
IFC(S) [resp. IFLC(S) and IFRC(S)].

Result 2.C. [19, Theorem 2.8] Let R be relation on a groupoid S. Then R € C(S)
if and only if (Xr, XRre) € IFC(S).

Let R be an intuitionistic fuzzy congruence on a semigroup S and let a € S. The
intuitionistic fuzzy set Ra in S is called an intuitionistic fuzzy congruence class of
R containing a € S and we will denote the set of all intuitionistic fuzzy congruence
classes of R as S/R.

Result 2.D. [19, Proposition 2.21 and Theorem 2.22] Let R be an intuitionistic
fuzzy congruence on a semigroup S. We define the binary operation * on S/R as
follows:for any a,b € S,

Ra x Rb = Rab.
Then * is well-defined. Moreover, (S/R,*) is a semigroup.

Result 2.E. [19, Corollary 2.22-1] Let R be an intuitionistic fuzzy congruence on
an inverse semigroup S. Then (S/R,*) is an inverse semigroup.

3. Intuitionistic Fuzzy Group Congruences

A congruence R on an inverse semigroup S (or indeed on any semigroup) is called
a group congruence [12] if S/R is a group.

Definition 3.1. An intuitionistic fuzzy congruence R on a semigroup S is called
an intuitionistic fuzzy group congruence (in short, IFGC) if (S/R, ) is a group.

We will denote the set of all IFGCs on S as IFGC(S).

It is clear that if S is an inverse semigroup, then S/R is an inverse semigroup by
Result 1.E. Since a group is an inverse semigroup having only one idempotent , R
is an IFGC if and only if Re= Ry for any e, f € Eg, where Eg denotes the set of
all idempotents of a semigroup S.

Result 3.A. [12, Theorem V.3.1] If S is an inverse semigroup with semilattice of
idempotents Eg, then the relation

0 ={(a,b) € S xS:ea=eb for somee € Eg}

is the least group congruence on S.

The following is the immediate result of Result 3.A and Result 2.C.

Proposition 3.2. Let S be an inverse semigroup. Then (xs,Xsc) € IFGC(S).
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Theorem 3.3. Let S be an inverse semigroup and let R be an intuitionistic fuzzy
congruence on S. Then R € IFGC(S) if and only if 6 € R™*((1,0)).

Proof. (=) Suppose R € IFGC(S) and let (a,b) € H. Then there exists an e € Eg
such that ea = eb. By the hypothesis, (S/R, %) is a group. Then, we have

Ra = Re * Ra = Rea = Reb = Re x Rb = Rb.

By Result 2.A(1), R(a,b) = (1,0). Thus (a,b) € R~*((1,0)). Hence 6 C R~*((1,0)).

(<) Suppose § C R71((1,0)). Let e, f € Eg. Since S is an inverse semigroup,
Es is commutative (See [12, Theorem V.1.2]). Then efe € Eg and (efe)e=(efe)f.
Thus (e, f) € 6. Since § C R7((1,0)), (e, f) € R71((1,0)), i.e, R = Rs. So S/R
is a group. Hence R € IFGC(S). This completes the proof. O

Proposition 3.4. Let S be a regular semigroup and let R € IFC(S). If Ra is
an idempotent element of S/R, then there exists an idempotent e € S such that
Re = Ra.

Proof. Suppose Ra is an idempotent element of S/R. Then Ra * Ra = Ra®? = Ra.
By Result 2.A(1), R(a?,a) = (1,0). Since S is regular and a® € 3, there exists an
x € S such that a® = a?za? and = = za’z. Let e = axa. Then e? = (azxa)(aza) =
(axa?)za = axa = e. Thus e is an idempotent element of S. So,

pr(e,a®) = pr(aza,a®za®) > pr(a,a®) A pr(za, ra?)
> pnle,0®) A (@, ) A palo, @)
= 1 (Since pr(z,z) =1)
and
vr(e,a®) = vglaza,a*za®) < vg(a,a?)V vg(ra,va®)

< vr(a, a2) Vvg(z,x) V rg(a, a2) =0.

Thus R(e,a?) = (1,0). On the other hand,

prle,a) = \[lur(e,2) Apr(z,a)] 2 prle,a®) A pr(a® a) = 1

z€S
and
vr(e,a®) < /\ [vr(e,2) V vr(z,a)] < vr(e,a®) Vvg(a®, a) = 0.
z€S
So R(e,a) = (1,0). Hence Re = Ra. This completes the proof. O

Let S be a semigroup. A nonempty subset A of S is called a subsemigroup of
S if A2 C A, and is called a bi-ideal of S if ASA C A. A bi-ideal A of S is said
to be T-pure if AN xSy = xAy for any x,y € S. S is said to be T*-pure if every
bi-ideal of S is T-pure. It is well-known[20, Theorem 2.3] that S is T*-pure if and
only if 2 is a semilattice of groups. Thus note that the set Eg of idempotents of
a T*-pure semigroup S is nonempty.

Result 3.B. [21, Theorem 2.6] The set Eg of all idempotents of a T*-pure semi-
group S is a semilattice.
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Proposition 3.5. Let R be an IFC on a T*-pure semigroup S and let a € S. If
Ra is an idempotent of S/R, then there exists e € Eg such that Ra = Re.

Proof. Suppose Ra is an idempotent of S/R. Then
Ra = Ra * Ra = Ra * Ra * Ra * Ra = Ra*.
Since aSa is a bi-ideal of S and S is T™*-pure,

a* € aSa = aSaNaSa = a®>Sa® = a*Sa*.
Thus a* is a regular element of S. Let 2 be an inverse in S of a*. Then a* = a*za*
and z = za’z. Let e = a?za®. Then

e? = (a®za®)(a’za®) = a*(za'z)ad® = a*za® = e.

Thus e € Eg. So
Re = Rad*xd?
= Ra®x Rx * Ra® = (Ra)? * Rz * (Ra)?
= (Ra)* * Rz * (Ra)* = Ra® * Rz * Ra*
= Ra*za* = Ra* = Ra.
This complete the proof. O
Let R be a congruence on a semigroup S. Then it is clear that R* = (xr, XRe)

is an IFC on S and S/R* is a semigroup by Result 2.D. Moreover, we can easily
prove that S/R and S/R* are isomorphic. Hence, we have the following result.

Proposition 3.6. Let S be a T*-pure semigroup. Then (xs,Xse) € IFGC(S).

Proposition 3.7. Let S be a T*-pure semigroup. If R € IFC(S) such that (x5, Xxs<) C
R, then R € IFGC(S).

Proof. 1t is clear that (S/R,«) is a semigroup by Result 2.D. Let e, f € Eg. Then
clearly (e, f) € 6. Thus

HR\E, )ng(e,f):1andyR(Qf)ngc(e,f):O.
So R(e, f) =(1,0). By Result 2.A(1), Re = Rf. Let e € Eg and let a € S.
Then e(ea) (ee)a = ea. Thus (ea,a) € §. So

pr(ea,a) > xs(ea,e) =1 and vg(ea,a) < xse(ea,e) = 0.
Thus R(ea,a) = (1,0). By Result 2.A(1), Rea = Ra. So Re * Ra = Ra. Hence R,
is an identity of S/R. Since aSa is a bi-ideal of S and S is T*-pure,
a® € aSa = aSana®Sa® = a®Sa’.
Then there exists an € S such that a® = a®za®. Since za® € Eg and Re is an
idempotent of S/R, by Proposition 3.5, Rra® = Re. Thus
Rza® ¥+ Ra = Rxa® = Re.

So Rza? is an inverse of R, in S/R. Hence S/R is a group. Therefore R € IFGC(S).
This completes the proof. (I
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Theorem 3.8. Let R be an IFC on a T*-pure semigroup S. Then the following
are equivalent:

(1) R e IFGC(S),

(2) If (a,b) € §, then Ra = Rb.

Proof. (1) = (2) : Suppose R is an IFGC on S. Let a,b € S such that (a,b) € 4.

Then, by Result 3.A, there exists an e € Eg such that ea = eb. Since R is an IFGC
on S, Re is an identity of S/R. Then

Ra = Re * Ra = Rea = Reb = Re x Rb = Rb.

Hence Ra = Rb.

(2) = (1) : Suppose the condition (2) holds. Let a,b € S. Suppose there exists
an e € Eg such that ea = eb. Then (a,b) € §. Thus xs(a,b) = 1 and xse(a,b) = 0.
Moreover, by the hypothess, R, = Rp. Then, by Result 2.A(1), R(a,b) = (1,0).
Thus (xs, Xsc) = R. Suppose there exists no e € Eg such that ea = eb. Then
(a,b) ¢ 6. Thus xs(a,b) = 0and xs<(a,b) = 1. So xs(a,b) < pgr(a,b) and yse(a,b) >
vr(a,b). Hence, in all, (xs, Xsc) C R. Therefore, by Proposition 3.7, R € IFGC(S).
This completes the proof. (Il

4. Intuitionistic fuzzy semilattice congruences

A congruence R on a semigroup S is called a semilattice congruence if S/R is a
semilattice. An IFC R on a semigroup S is called an intuitionistic fuzzy semilattice
congruence (in short, IF'SC) if S/R is a semilattice.

We will denote the set of all IFSCs of S as IFSC(S).

Result 4.A. [23, Lemma 9] Let S be a T*-pure semigroup and let a,b € S.
Then

aSb = a?>Sb? and abSab = baSha.
Result 4.B. [23, Theorem 10] Let S be a T*-pure semigroup and let &* be the
binary relation on S defined by

§* ={(a,b) € Sx S :a® € bSb and b € aSa}.

Then 6* is the least semilattice congruence on S.
The following is easily seen.
Proposition 4.1. Let S be a T*-pure Semigroup. Then (xs+, Xs+c) € IFSC(S).

Proposition 4.2. Let S be a T*-pure semigroup. If R € IFC(S) such that (xs+, xs+c) C
R, then R € IFSC(S).

Proof. Tt is clear that (S/R, %) is a semigroup. Let a,b € S. Then a® € a?Sa? and (a?)® =
ab € aSa. Thus (a,a?) € §*. So

pr(a,a?) > x5+ (a,a?) = 1 and vg(a,a?) < xs-<(a,a?) = 0.

Thus R(a,a?) = (1,0). By Result 2.A(1), R, = Ry2. Then R, = R, = R, * R,.
Since (ab, ba) € &*,

pr(ab,ba) > s+ (ab,ba) = 1 and vgr(ab,ba) < ys+<(ab,ba) = 0.
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Then R(ab,ba) = (1,0). By Result 1.A(1), Rab = Rba. Then Ra * Rb = Rb * Ra.
So S/R is a semilattice. Hence R € IFSC(S). O

Theorem 4.3. Let R be an IFC on a T*-pure semigroup S. Then the following
are equivalent:

(1) R € IFSC(S),

(2) (a,b) € 6* implies Ra = RD.

Proof. (1) = (2) : Suppose R is an IFSC on S. Let a,b € S such that (a,b) € 6*.
Then a® € bSb and b® € aSa. Thus there exist z,y € S such that a® = bxb and
b3 = aya. Since R is an IFSC on S,

Ra = (Ra)®= Ra® = Rbxb = Rb* Rxb = (Rb)* x Rxb
Rb % Rbab = Rb* Ra® = Rb * (Ra)® = Rb* Ra

= (Rb)® ¥ Ra = RV® * Ra = Raya * Ra = Ray * (Ra)*
= Ray* Ra = Raya = Rb® = (Rb)® = Rb.

(2) = (1) : Suppose the condition (2) holds. Let a,b € S. Then clearly (a,a?) €
5* and (ab,ba) € 6*. By the hypothesis,

Ra = Ra® and Rab = Rba.

Thus Ra = Ra * Ra and Ra *x Rb = Rb* Ra. So S/R is a semilattice. Hence R €
IFSC(S). This completes the proof. O

5. Intuitionistic fuzzy normal congruences

Let S be an inverse semigroup. It is clear that if 2 € S and e € Eg, then zz~!,

1z and 7 tex € Fg.

Definition 5.1. Let S be an inverse semigroup. Then an intuitionistic fuzzy con-
gruence R on Fg is called an intuitionistic fuzzy normal congruence ( in short,

IFNCQC) if for any e, f € Eg and for each s € S,
/’LR(S_lesa S_lfs) > ,U/R(ea f)

and
vr(s™tes,s71fs) < vrle, f).

We will denote the set of all IFNCs on Eg as IFNC(Eg). Then it is clear that if
P,Q € IFNC(Es), then PN Q € IFNC(Es).

Definition 5.2. Let R be an IFC on an inverse semigroup S.
(1) The intuitionistic fuzzy kernel IFK(R) of R is an IFS in S defined as follows:
for each z € S,
pirK(R)(T) = \/ pr(z,e)
eeFEg
and
virk(r)(T) = /\ vir(z,e).

eeFEg
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(2) The intuitionistic fuzzy trace IFT(R) of R is an intuitionistic fuzzy relation on
Es defined as follows: for any e, f € Eg,

IFT(K)(e, f) = R(e, f).
It is clear that IFT(R) € IFNC(Ejs).

Proposition 5.3. Let S be an inverse semigroup. If P and @ are two IFNCs on
Eg, then PV Q € [FNC(Es)

Proof. Since PV Q = {J,,cy(PUQ)™ by Result 2.B, we first show that the following
holds:
ppugyn (s~tes, s fs) > pepugyn (e, f)
and (%)
vipugyr (s~ tes, s fs) < vpugyn (e, f)
for each n € N, any e, f € Eg and each s € S.
Suppose n = 1. Then

ppuo(s™tes, s fs) = pup(sTles,sT fs)V ug(stes, s fs)
pr(e, f)V ugle f) = npuq(e, f)

v

and

vp(s~les, s fs) Vig(stes, s fs)
< wple, f) Avgle, f) =vpugle, f).

VPUQ(Silesv s~ fs)

So (x) holds for n = 1.
Suppose (*) holds for n = k(> 1). Then

fpugy+ (s les, sTHS) = pupugyro(pug) (T es, s fs)
= \/ [1pug) (s~'es,g) Aupugly,s™' fs)]
geEs
> \/ [,u(PUQ)k (s tes, s hs) A uqu(sflhs, s71fs)]
gE€Es
> \/ lpugy(eh) Appug(h, f)]
geEs
= Lpuo)ko(pu) (€ f) = pipugyr+ (e, f)
and
V(puQ)t+t (s7tes,s71fs) = I/(PUQ)kO(PUQ)(Si]'eS, s71fs)
S /\ [V(PuQ)k(sile&g) \/VPUQ(gvsilfs)]
g€Es
< /\ [U(PUQ)k(s_les, s71hs) Vvpug(s ths, s fs)]
geEs
< N pugr(eh) Vrpug(h, f)]
geEs

= vpu)kopua) (e f) = vipugyr+i(e, f)-
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So (*) holds for n = k + 1. Hence (x) holds for each n € N. Therefore PV @ €
IFNC(Eg). O

The following is the immediate result of Definition 5.1 and Proposition 5.3.

Theorem 5.4. Let S be an inverse semigroup. Then (IFNC(Eg),N,V) is a com-
plete lattice.

Proposition 5.5. Let S be an inverse semigroup and let R € IFC(Es). We define
a complex mapping Q = (pg,vq) : Es x Eg — I x I as follows : for any e, f € Eg,

nole. f) = N\ nr(a™'ea,a” fa) and vo(e, f) = \/ va(a 'ea,a™" fa)
acS a€S
Then @ is the greatest IFNC on Eg such that Q C R.
Proof. From the definition of @, it is clear that @ € IFR(Eg). Moreover, @ is

intuitionistic fuzzy reflexive and intuitionistic fuzzy symmetric. Let a € S and let
e, f,g € Eg. Since R is intuitionistic fuzzy transitive,

pr(a” ea,a”t fa) > pr(a™ ea,a” ga) A pr(a™ ga,a™" fa)
and
vr(a tea,a ' fa) < vp(a tea,a tga) Vvr(alga,at fa).
Then
pale,f) > N lun(a~lea, aga) A palatga, a= fa)
a€csS
= (/\ pr(atea, a tga)) A (/\ pr(a " ga, a=fa))
acs a€sS
= pqle f) A pely, f)
and
VQ(G, f) S \/ [VR(aileaa ailga) \ VR(ailgaa ailfa)]
a€S
= (\/ valatea, a"tga) v (\/ vala~lga, a L a))
a€esS a€S
= vole f) Vgly, f)
Thus
pole. f) =\ [(uqle, 9) Aoy, £)] = ngogle, f)
geEs
and

vo(e, /) < N [(vale, 9) Vo, )] = voeale, f).

g€Es
So Qo C Q. Hence Q € IFE(Ey).
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Now let a € S and let e, f € Eg. Then

po(atea, a' fa) =\ pr(d~'(a tea)b, b~ (a7 fa)b)
bes

= A\ url(ab )e(ab)). (ab~)f(ab))

besS
> pugle f)

vo(a tea, a=tfa) = \/ vr(b™ (a tea)b, b~ (a"! fa)b)
bes

= \/ vr((ab~Y)e(ab), (ab~)f(ab))

bes
< VQ(eaf)'

Let e, f,g € Eg. Then

nolge, 9f) = noleg, f9) = no(g 'eg, g~ f9) > uqle, f)
and
vq(ge, gf) = voleg, fg) = vo(g ey, 97" fg) <vgle, f).

Thus @ is intuitionistic fuzzy left and right compatible. So @ € IFNC(Ey).
Now let e, f € Eg. Then

rr(e, f) = prle,ef) Aur(ef, ) = pole, f)
and

vr(e, f) S vr(eef) Vr(ef, f) <vgle f).
So @ C R. Let P € IFNC(Fg) such that P C R. Then

uple, f) < /\ pwp(a~tea,a™! fa) (Since P € IFNC(Es))
a€s

< MQ(evf)

and
vp(e, f) > \/ vp(atea,a” ' fa) > vgle, f).
acs

Thus P C Q. Therefore @ is the greatest IFNC onFEg such that @ C R. This
completes the proof. O
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