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RESIDUAL OF IDEALS OF AN L-RING 
 
 

A. S. PRAJAPATI 
 
 

ABSTRACT. The concept of right (left) quotient (or residual) of an ideal η by an 
ideal ν  of an L-subring µ  of a ring R is introduced. The right (left) quotients are 
shown to be ideals of µ . It is proved that the right quotient ]:[ νη r  of an ideal 
η  by an ideal ν of an L-subring µ  is the largest ideal of µ  such that 

ηννη ⊆]:[ r . Most of the results pertaining to the notion of  quotients                   
(or residual) of an ideal of ordinary rings are extended to L-ideal theory of                   
L-subrings. 

 
 

1. Introduction 
 
     Various operations on fuzzy ideals of a ring have been introduced and discussed 
in the literature, which are carried over easily to L-ideal theory. However, a detailed 
investigation of the concept of quotient (or residual) of L-ideals is still awaited. An 
attempt in this direction has been made in [12], wherein the notion of quotient 
(residual) of L-ideals of a ring R is introduced and some basic results are obtained. 
However, some important results pertaining to the notion of quotients, which are 
useful for the development of the theory of Noetherian rings in the classical setting, 
are not extended to the theory of L-ideals. 
     In order to overcome this shortcoming, we study the L-ideal theory of an               
L-subring µ  of a given ring R. Such type of studies have been initiated in our 
papers [13,14,15]. In papers [13,14], we have defined and discussed the maximal 
ideals of an L-subring. On the other hand, in paper [15], we have introduced the 
notion of prime ideals, semiprime ideals and primary ideals of an L-subring. In what 
follows, we shall consider an L-subring µ  of a given ring R and call the system 

),( RL µ  an L-ring. 
 

2. Preliminaries 
 

     In this section we recall some of the basic definitions and concepts used in the 
sequel. For details we refer to [10,11,12]. 
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     Let X be a non-empty set and L be a lattice. By an L-subset of X, we mean a 
function from X to L. The set of all L-subsets of X is called the L-power set of X 
and is denoted by XL . For XL∈νµ, , if )()( xx µν ≤ , ∀ Xx∈ , we say that ν  is 
contained in µ and write µν ⊆ . Throughout the paper, unless otherwise specified, 
R will denote an ordinary ring and L will denote a lattice. Also, +Z will denote the 
set of positive integers. 
 
Definition 2.1. [12] Let L be a complete lattice and let { } λµ ∈ii  be a family of                

L-subsets of X. Define U
λ

µ
∈i

i  and X

i
i L∈

∈
I
λ

µ  as follows: 

),()( xx ii
i

i µµ
λ

λ
∈

∈

∨=
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
U Rx∈∀  

      )()( xx ii
i

i µµ
λ

λ
∈

∈

∧=
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
I , Rx∈∀ . 

U
λ

µ
∈i

i  and I
λ

µ
∈i

i are respectively called the union and intersection of the family 

{ } λµ ∈ii . 
 

Definition 2.2. (Definition 3.1.6 [12]) Let L be a lattice and R be a ring. Let  
RL∈µ . Then µ  is called an L-subring of R if  

 

(1) )()()( yxyx µµµ ∧≥− , ∀ Ryx ∈, , and   
(2) )()()( yxxy µµµ ∧≥ ,  ∀ Ryx ∈, .  
 

The set of all L-subrings of R is denoted by L(R). It is obvious that if µ  is an                 
L-subring of R, then )0()( µµ ≤x , ∀ Rx∈ . For convenience, we use the 
notation ),( RL µ  for the L-subring µ  of R and call it the L-ring ),( RL µ . 
 

Definition 2.3. (Definition 3.1.7[12]) Let L be a lattice and  RL∈µ . Then µ  is 
called an L-ideal of R if  
 

(1) )()()( yxyx µµµ ∧≥− , ∀ Ryx ∈, ,   and  
(2) )()()( yxxy µµµ ∨≥  , ∀ Ryx ∈, . 
 

We denote the set of all L-ideals of R by LI(R). It is obvious that if R has identity 1 
and )(RLI∈µ , then )1()( µµ ≥x . 
 

Definition 2.4. (Definition 3.2.11[12]) Let RL∈ν  and )(RL∈µ  with µν ⊆ . Then 
ν  is called an L-ideal of µ  (or in µ ) if 
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(1) )()()( yxyx ννν ∧≥− ,  ∀ Ryx ∈, , and  
(2) ))()(())()(()( yxyxxy µννµν ∧∨∧≥ , ∀ Ryx ∈,  
 

For convenience, ν  is called an ideal of µ  (or the L-ring ),( RL µ ). If ν  is an ideal 
of the L-ring ),( RL µ , then we write ν µ< . 
 

Definition 2.5. Let L be a lattice and ),( RL µ  be an L-ring. If ν  is an L-subring of 
R with µν ⊆ , then ν  is called a subring of µ  ( or L-ring ),( RL µ ). 
Clearly if ν  is a subring of µ , then +∈∀≥ Znxx n ),()( νν . 
 

Definition 2.6. [12] Let L be a complete lattice and  RL∈νη , . Then we define 
νη + , ην   and νηo  by  

 

       { }zyxRzyzyx +=∈∧∨=+ ;,|)()())(( νηνη  

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

==∈∧∧∨= ∑
=

=

n

i
iiiiii

n

i
xzyniRzyzyx

1
1

,,...,2,1,,|))()(())(( νηην

{ }.,,|)()())(( xyzRzyzyxo =∈∧∨= νηνη  
 
Clearly if η  and ν  are subrings of an L-ring ),( RL µ  with )0()0( νη = , then 

νηη +⊆  and νην +⊆ . 
 

Lemma 2.7. [12] Let L be a complete lattice and RL∈ξνη ,, . Then the following 
assertions hold: 
 

    (1)   ηννη ⊆o ,  
           (2)    νξηξνηξ ooo +⊆+ )( , 

    (3)   νηνξνηξ ooo +⊆+ )( , 
    (4)   )()()( νηνξνηξ ooo II ⊆ , 
    (5)   νξηξνη ⊆⇒⊆  and ξνξη oo ⊆ ,  
    (6)   ( ) )(νξηξην = , 
    (7)   Ryxyxyx ∈∀∧≥+ ,),)(())(())(( ηνηνην .  
 

We recall the following elementary results from [15]. For the sake of completeness, we 
offer their proofs. 
 

Lemma 2.8. [15] Let L be a complete lattice and ),( RL µ  be an L-ring. Let η  be a 
subring of µ  then 

    (1)  ηηηηη ⊆⊆o  

    (2)  ηηη =+  
 

In particular, µµµµµ ⊆⊆o  and µµµ =+ .  
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Proof. The proof is obvious. 
 

Lemma 2.9. (Theorem 3.2.15 [12]) Let ),( RL µ  be an L-ring. Then the intersection of 
two ideals of µ  is an ideal of µ . 
 

Theorem 2.10. [15] Let L be a complete lattice and ),( RL µ  be an L-ring. Let RL∈η  
with µη ⊆ .Then η  is an ideal of µ  if and only if  
 

    (1) )()()( yxyx ηηη ∧≥− ,  Ryx ∈∀ ,  
    (2) ηµη ⊆o  and ηηµ ⊆o . 
 

Proof. Suppose η  is an ideal of µ . Let Rz∈ . Since η  is an ideal of µ , we have  

  

)()()( yxxy µηη ∧≥ , Ryx ∈∀ , . 
 

Thus   
{ }xyzRyxyxz =∈∧∨≥ ,,|)()()( µηη  

                              ))(( zoµη=  
 

Hence ηµη ⊆o . Similarly ηηµ ⊆o .  
Conversely, suppose (1) and (2) hold. Let Ryx ∈, . Then  
 

)()()( xyoxy µηη ≥ { }xyyxRyxyx iiiiii =∈∧∨= ,,|)()( µη  

                                 )()( yx µη ∧≥ . 
 

Similarly, )()()( yxxy ηµη ∧≥ . Thus η  is an ideal of µ . 
 

Theorem 2.11. [15]  Let L be a complete lattice and ),( RL µ  be an L-ring. Let RL∈η  
with µη ⊆ . Then η  is an ideal of µ  if and only if 
 

    (1) )()()( yxyx ηηη ∧≥− , Ryx ∈∀ , , 
    (2) ηηµ ⊆  and ηµη ⊆ . 
 

Proof. Let η  be an ideal of µ . For Rx∈  we may write 

,
1

∑
=

=
n

i
ii zyx  where Rzzzyyy nn ∈....,,,,...,, 2121 . 

 

Since η  is an ideal of µ , we have  

⎟
⎟
⎠

⎞
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⎝

⎛
= ∑

=

n

i
ii zyx

1

)( ηη  

 

                                        )(
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                                        ))()((
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i
zy µη ∧∧≥

=
 

Archive of SID

www.SID.ir



                                                                      Residual of Ideals of an L-ring                                                                   73 

Thus     

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=∈∧∧∨≥ ∑
=

=
xzyRzyzyx

n

i
iiiiii

n

i
1

1
,,|))()(()( µηη  

                            ))(( xηµ= . 
 

Hence ηηµ⊆ .  Similarly, ηµη ⊆ . 
The converse follows from Lemma 2.7 and Theorem 2.10.  
 

Theorem 2.12. [15] Let  L  be a complete lattice and ),( RL µ  be an L-ring. If η  and ν  
are ideals of µ  with )0()0( νη = , then νη +  is an ideal of µ  and νηη +⊆ , νην +⊆ . 
Proof.  Let Ryx ∈, . It is easy to show that  
 

))(())(())(( yxyx νηνηνη +∧+≥−+ . 
 

Since η  is an ideal of µ , we have, by Theorem 2.10, ηηµ ⊆o . Similarly, ννµ ⊆o . 
Now, by Lemma 2.7, we have  

νηνµηµνηµ +⊆+⊆+ ooo )( . 
 

Similarly, νηµνη +⊆+ o)( . Thus, by Theorem 2.10, νη +  is an ideal of µ . 
 

Theorem 2.13. [15] Let  L  be a complete lattice and ),( RL µ  be an L-ring. If η  and ν  
are ideals of µ , then ην is an ideal of µ . 
 

Proof. Obviously, ))(())(( xx ηνην =− , Rx∈∀ . By Lemma 2.7, we have  
 

))(())(())(( yxyx ηνηνην ∧≥+ , Ryx ∈∨ , . 
 

Since ν  is an ideal of µ , by Theorem 2.11, we have ννµ ⊆ . Thus, by Lemma 2.7, we 
have ηννµηµην ⊆= )()( . Similarly, ηνηνµ ⊆)( . Thus, by Theorem 2.11, ην  is an 
ideal of µ . 
 

Lemma 2.14. Let L be a complete lattice and ),( RL µ be an L-ring. Let η  be a subring 

of µ . Let RL∈θν , . Then ηθν ⊆o  if and only if ηνθ ⊆ . 

Proof. Suppose ηθν ⊆o . Let Rx∈ . Let ∑
=

=
n

i
ii zyx

1

, nyyy ,...,, 21 , Rzzz n∈,....,, 21 . 

Then  
( )nnzyzyzyx +++= ....)( 2211ηη  

                                 ( )ii

n

i
zyη

1=
∧≥    (Since η  is a subring of µ ) 

                                       ( )( )ii

n

i
zyoθν

1=
∧≥    (Since ηθν ⊆o ) 

                                       { })()(
1 ii

n

i
zy θν ∧∧≥
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Thus  

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∈=∧∧∨≥ ∑
=

=
Rzyzyxzyx ii

n

i
iiii

n

i
,,|)()()(

1
1

θνη  

                 ( ) )(xθν= , 
 
Hence ηνθ ⊆ . The converse follows from Lemma 2.7 (i). 
 

Definition 2.15. [12] A Complete Heyting algebra L  is a complete lattice such that 
for all A ⊆ L and for all b ∈ L, 
 

b.  })A  a a { (  } {  and  b  }) A  a a { (   } { ∨∈∨=∈∨∧∧∈∨=∈∧∨ AabaAaba  
 

Most of the  proofs of our results are based on the completeness of the given  
lattice and the definition of Heyting algebra. This fact is specifically mentioned 
whenever it is used. 
 

3. Quotient of Ideals 
 

Definition 3.1.  Let L be a complete lattice and ),( RL µ  be an L-ring. Let η  and ν  
be ideals of µ . The right quotient (residual) of η  by ν , denoted by ]:[ νη r , is 
defined by  

{ }ηνξµξξνη ⊆= o |]:[ andr <U . 
 

The left quotient ofη  by ν , denoted by ]:[ νη l , is define by  
 

{ }ηξνµξξνη ⊆= oand<U |]:[ l . 
 

If R is commutative, then ]:[]:[ l νηνη =r . In this case it is called the quotient of η  
by ν  and denoted by ]:[ νη . 
 

Theorem 3.2. Let L  be a complete Heyting algebra and ),( RL µ  be an L-ring. Let 
νη,  be ideals of µ . Then ]:[ νη r  and ]:[ l νη  are ideals of µ . Also µνηη ⊆⊆ ]:[ r  

and µνηη ⊆⊆ ]:[ l . 
 

Proof.  Let Ryx ∈, . Clearly, [ ] [ ] )(:)(: xx rr νηνη =− .  
Now write { }ηνξµξξ ⊆= oandA <| .  Suppose A∈′ξξ , . Then ξ  and ξ ′  are 
ideals of µ  such that ηνξ ⊆o  and ηνξ ⊆′o . By Theorem 2.12, ξξ ′+  is an ideal of 
µ . Hence, by Lemma 2.7 and Lemma 2.8, it follows that  

 

( ) ηηηνξνξνξξ =+⊆′+⊆′+ ooo . 
 

Thus A∈′+ξξ .  
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Now,  

[ ]( ) [ ] ⎥⎦
⎤

⎢⎣
⎡ ′∨∧⎥⎦

⎤
⎢⎣
⎡ ∨=∧

∈′∈
)()()(:: yxyx

AArr ξξνηνη
ξξ

 
 

which, since L is complete Heyting algebra, 
 

    { }Ayx ∈′′∧∨= ξξξξ ,|)()(  
    ( ){ }Ayx ∈′+′+∨≤ ξξξξ ,|)(  
    [ ]( )yxr +≤ νη :     (Since A∈′+ξξ ) 
                                               

Now,  )()](:[ xyxy
A

r ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

∈
U
ξ

ξνη   

                        )( xy
A
ξ

ξ ∈
∨=  

                  [ ])()( yx
A

µξ
ξ

∧∨≥
∈

  

            )()( yx
A

µξ
ξ

∧⎟
⎠
⎞⎜

⎝
⎛ ∨=

∈
  (Since L is complete Heyting algebra) 

            )()(]:[ yxr µνη ∧=  
 

Similarly, )()](:[)](:[ xyxy rr µνηνη ∧≥ . Thus ]:[ νη r  is an ideal of µ . Clearly, 
µνη ⊆]:[ r . Since η  is an ideal of µ , we have, by Theorem 2.10, ηµη ⊆o . Thus, 

by Lemma 2.7, we have ηµηνη ⊆⊆ oo . Hence A∈η  and therefore ]:[ νηη r⊆ . 
Similarly, ]:[ l νη  is an ideal of µ  and µνηη ⊆⊆ ]:[ l . 
 

Theorem 3.3.  Let L be a complete Heyting algebra. Let ),( RL µ  be an L-ring and η , 
ν  be ideals of µ .  Then 
 

    (1)  ]:[ νη r  is the largest ideal of µ  with the property that ηννη ⊆]:[ r .  
    (2) ]:[ νη l  is the largest ideal of µ  with the property that ηνην ⊆]:[ l . 
 

Proof. Write { }ηνξµξξ ⊆= oandA   | < . Then U
A

r
∈

=
ξ

ξνη ]:[ . Let Rx∈  and 

∑
=

=
m

i
ii wux

1

. Now  

)()()()()( iiiiii wuwuowu νξνξη ∧≥≥ ,  A∈∀ξ  
Thus 
              [ ])()()( iiAii wuwu νξη

ξ
∧∨≥

∈
 

       ))( iiA
wu (∧⎥⎦

⎤
⎢⎣
⎡ ∨=

∈
νξ

ξ
   (Since L is a complete Heyting algebra)  

       )()(]:[ iir wu ννη ∧=  
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Hence 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
= ∑

=

m

i
ii wux

1

)( ηη  

                                              )(
1 ii

m

i
wuη

=
∧≥  

                                     [ ]{ })()(:
1 iir

m

i
wuv νη ∧∧≥
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Consequently  

[ ]
⎭
⎬
⎫

⎩
⎨
⎧

∑=∧∧∨≥
==

m

i
iiiir

m

i
wuxwux

11
|)()(:)( ννηη  

       ( ) )(]:[ xr ννη=  
Hence ηννη ⊆]:[ r . 
 

Suppose λ  is an ideal of µ  such that ηλν ⊆ . By Lemma 2.7, ηλννλ ⊆⊆o . Thus 
A∈λ  and hence ]:[ νηλ r⊆ . 

 

Theorem 3.4. Let L be a complete lattice and ),( RL µ be an L-ring. Let νη,  and θ  be 
ideals of µ . Then the following assertions hold. 
 

    (1)  If νη ⊆ , then ]:[]:[ θνθη rr ⊆  and ]:[]:[ ηθνθ rr ⊆ , 
    (2) If νη ⊆  then µην =]:[ r ,  
    (3) µηη =]:[ r ,  
    (4) If )0()0( νη = , then ]:[]:[ νηηνη += rr . 
 

Proof.  
 

(1)  Let νη ⊆ .Write { }ηθξµξξ ⊆= o  | andA < and { }νθξµξξ ⊆= o  | andB < . 
Let A∈ξ . Then µξ <  and νηθξ ⊆⊆o . Thus B∈ξ and hence BA⊆ . Therefore 

]:[]:[ θνξξθη
ξξ

r
BA

r =⊆=
∈∈
UU . 

Similarly we can show that [ ] [ ]ηθνθ rr :: ⊆ . 
 

(2)  Let νη ⊆ . Write { }νηξµξξ ⊆= oandA <| . Now µµ <  and since µη < , we 
have νηηµ ⊆⊆o . Thus A∈µ  and hence  

µηνξµ
ξ

⊆=⊆
∈

]:[ r
A
U . 

Therefore µην =]:[ r .  
 

(3) Obvious.  
 

(4) Since )0()0( νη = , by Theorem 2.12, νη +  is an ideal of µ  and νην +⊆ .  
By (1), ]:[]:[ νηνηη rr ⊆+ .  
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Write { }ηνξµξξ ⊆= o | andA <  and { }ηνηξµξ ⊆+= )(andB o  < . Let A∈ξ .  
Then µξ <  and ηνξ ⊆o . Since µη < , ηηµηξ ⊆⊆ oo . Therefore, by Lemma 2.7 
and Lemma 2.8 , we have   

ηηηνξηξνηξ =+⊆+⊆+ ooo )( . 
Hence B∈ξ . It follows that 

]:[]:[ νηηξξνη
ξξ

+=⊆=
∈∈

r
BA

r UU . 

Consequently 
]:[]:[ νηνηη rr =+ . 

 

Similar results hold for left quotients.  
 

Corollary 3.5. Let L be a complete Heyting algebra and ),( RL µ  be an L-ring. Let η  
and ν  be ideals of µ  Then  
 

    (1)  [ ] µηνη =rr :]:[ , 
    (2)  µηνη =]:[ r , 
    (3)  [ ] µνηη =:]:[ rr , 
    (4)  ( )[ ] µνηη =Ir: , 
    (5)  ( )[ ] µηννη =r:I .  
   

Proof.  
 

(1) Since ]:[ νηη r⊆ , by Theorem 3.4 (2), we have [ ] µηνη =rr :]:[ . 
 

(2) By Theorem 2.13 , ην  is an ideal of µ . Since η  is an ideal of µ , by Lemma 2.7  
and Lemma 2.11, we have 

ηηµην ⊆⊆ . 
 

Therefore, by Theorem 3.4 (2), we have µηνη =]:[ r . 
 

(3) By Theorem 3.4 (3), [ ] µηη =r: . Since ]:[ ηηµν r=⊆ , by Theorem 3.4 (2), we 
have [ ] µµηη =:]:[ rr . 
(4) Since νη I  is an ideal of µ  and ηνη ⊆I , by Theorem 3.4(2), we have 

( )[ ] µνηη =Ir: . 
(5) νη I  and ην  are ideals of µ . Since ηην ⊆  and νην ⊆ , we have 

νηην I⊆ .Therefore, by Theorem 3.4 (2), we have ( )[ ] µηννη =r:I . 
 

Corollary 3.6. Let L be a complete Heyting algebra and ),( RL µ  be L-ring. Let η  and 
ν  be ideals of µ , with )0()0( νη = . Then 
 

    (1)  ( )[ ] µηνη =+ r: ,  
    (2)  ( ) ( )[ ] µνηνη =+ Ir: , 
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    (3)  ( )[ ] µηννη =+ r: . 
 

Proof.  
 

(1) By Theorem 2.12, νη +  is an ideal of µ  and νηη +⊆ . Thus by Theorem               
3.4 (2), we have ( )[ ] µηνη =+ r: . 
(2) Since ( ) ( )νηνη +⊆I , by Theorem 3.4 (2), we have ( ) ( )[ ] µνηνη =+ Ir: . 
(3) Since νηηην +⊆⊆ , by Theorem 3.4 (2), we have ( )[ ] µηννη =+ r: . 
 

Theorem 3.7. Let L be a complete Heyting algebra. Let mηηη ,...,, 21 , ν  and θ  be 
ideals of µ , Then  

(1) II
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Write { }1o  | ηνξµξξ ⊆= andA < , { }2 | ηνξµαξ ⊆= oandB < ,and  
{ }21o| ηηνξµξξ I< ⊆= andC . Let Rx∈ . Now  
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∈∈′
)()( xx

AB
ξξ

ξξ
   (Since L is a complete Heyting algebra) 

               ( )
⎭
⎬
⎫

⎩
⎨
⎧ ′∧∨∨=

∈∈′
)()( xx

AB
ξξ

ξξ
    (Since L is a complete Heyting algebra) 

               { }BAxx ∈′∈′∧∨= ξξξξ ,|)()( . 
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Let A∈ξ  and B∈′ξ . Then ξ  and ξ ′  are ideals of µ . Also 1ηνξ ⊆o  and 
2ηνξ ⊆′o . Now, by Lemma 2.9, ξξ ′I  is an ideal of µ  and by Lemma 2.7, we have  

 

21)()()( ηηνξνξνξξ III ⊆′⊆′ ooo . 
 

Thus C∈′ξξ I . Hence  
ξνηη

ξ C
r

∈
= UI ]:[ 21 { }BA ∈′∈′⊇ ξξξξ ,|IU . 

Therefore 
)](:[ 21 xr νηη I { }BAx ∈′∈′∨≥ ξξξξ ,|)()( I  

                                      { }BAxx ∈′∈′∧∨= ξξξξ ,|)()(   
                                      ( ) )(]:[]:[ 2 xrri νηνη I=  
 

Hence  
]:[]:[]:[ 2121 νηηνηνη rrr II ⊆ . 

Consequently  
]:[]:[]:[ 2121 νηνηνηη rrr II = . 

 

(2) By Theorem 2.12, 21 ηη +  is an ideal of µ  such that 211 ηηη +⊆  and 
212 ηηη +⊆ . Thus,  by Theorem 3.4 (1), we have 

]:[]:[ 121 ηνηην rr ⊆+  and ]:[]:[ 221 ηνηην rr ⊆+  
Hence ]:[]:[]:[ 2121 ηνηνηην rrr I⊆+ . 
Write { }νηξµξξ ⊆= 1o | andA < , { }νηξµξξ ⊆= 2and | oB <  and 

{ }ν)ηo(ηand  µξ|ξC ⊆+= 21ξ< . 
Let  Rx∈ . Then ( ) )()(]:[ 21 xx

Cr ξηην
ξ∈
∨=+ . Now, 

 

( ) )](:[)](:[)(]:[]:[ 2121 xxx rrrr ηνηνηνην ∧=I  
 

Which, since L is a complete Heyting algebra, 
 

{ }BAxxxx
BA

∈′∈′∧∨=⎟
⎠
⎞

⎜
⎝
⎛ ′∨∧⎟

⎠
⎞

⎜
⎝
⎛ ∨=

∈∈
ξξξξξξ

ξξ
,|)()()()(  

 

Let A∈ξ , B∈′ξ . Then ξ  and ξ ′  are ideals of µ . Also νηξ ⊆1o . νηξ ⊆′ 1o . Now. 
by Lemma 2.9, ξξ ′I  is an ideal of µ . Also, 
 

2121 )()()()( ηξξηξξηηξξ ooo ′+′⊆+′ III         (by Lemma 2.7) 
                                νννηξηξ =+⊆′+⊆ 21 oo  
                                ννν =+⊆ . 

Thus C∈′ξξ I and hence  

[ ] { }UU I BA
C

r ∈′∈′⊇=+
∈

ξξξξληην
λ

,|)(: 21 . 
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Therefore 

[ ] { }BAxxxr ∈′∈′∧∨≥+ ξξξξηην ,|)()()(: 21  

                                     [ ] [ ]( ) )(:: 21 xrr ηνην I=  
Thus 

]:[]:[]:[ 2121 ηνηνηην rrr I=+ . 
 
Theorem 3.8. Let L be a complete Heyting algebra and ),( RL µ  be an L-ring. Let νη,  
and θ   be ideals of µ . Then 
 

(1) [ ] [ ]νθηνθη rrr :]:[: =  

(2) [ ] [ ][ ]θνηνθη lll ::: = . 

Proof. By Theorem 2.13, νθ  is an ideal of µ . 
Write [ ]{ }θηνξµξξ roandA :| ⊆= < and ( ){ }ηνθξµξξ ⊆= oandB <| . Then 
 
  

[ ] { }Arr ∈= ξξνθη |:]:[ U  and [ ]Br ∈= ξξνθη |]:[ U . 
 

To show that [ ]νθηνθη rrr :]:[]:[ = , it is sufficient  to show A = B. 
Let A∈ξ . Then µξ <  and ]:[ θηνξ ro ⊆ . By Lemma 2.14, we have ]:[ θηξν r⊆ . 
By  Theorem 3.3, ηθθη ⊆]:[ r . Thus by Theorem 2.7, we have 
 

( ) ( ) ηθθηθξννθξ ⊆⊆= ]:[ r . 
 

Hence, by Lemma 2.14, we have ( ) ηνθξ ⊆o . Therefore B∈ξ . Thus BA ⊆ . 
Conversely, suppose that B∈ξ . Then µξ <  and ( ) ηνθξ ⊆o . By Lemma 2.14, we 
have ( ) ηνθξ ⊆ . Hence, by Lemma 2.7, it follows that ηνθξθξν ⊆= )()( . Since ξ  
and ν  are ideals of µ , by Lemma 2.13, ξν is an ideal of µ . That is, ξν  is an ideal 
of µ  and ( ) ηθξν ⊆ . By Theorem 3.3, ]:[ θη r  is the largest ideal of µ  such that 

ηθθη ⊆]:[ r . Therefore ]:[ θηξν r⊆ . Hence, by Lemma 2.14, we have 
]:[ θηνξ ro ⊆ and thus A∈ξ . Therefore, AB ⊆  and consequently BA = . 

 

Theorem 3.9. Let L be a complete Heyting algebra and ),( RL µ  be an L-ring. Let νη,  
and θ   be ideals of µ . Then 
 

(1) ]:[]:[ νθηθνη rr ⊆   
(2) ]:[]:[ ll θνθηνη ⊆ . 
 

Proof.  By Theorem 2.13, ηθ  and νθ  are ideals of µ . 
 Write { }ηνξµξξ ⊆= oandA <|  and ( ){ }ηθνθξµξξ ⊆= oandB <| . Then 
 

[ ] { }Ar ∈= ξξνη |: U  and { }Br ∈= ξξνθηθ |]:[ U . 
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Suppose A∈ξ . Then µξ <  and ηνξ ⊆o . Therefore, by Lemma 2.14, ηξν ⊆ and 
hence, by Lemma 2.7, we have  
 

( ) ( ) ηθθνξνθξ ⊆= . 
 

Finally, by Lemma 2.14, ( ) ηθνθξ ⊆o . So B∈ξ and hence BA⊆ . Therefore  
 

{ } { } ]:[||]:[ νθηθξξξνη rr BξA =∈⊆∈= UU . 
 
 

REFERENCES 
 
[1]  N. Ajmal and A. S. Prajapati, Prime radical and primary decomposition of ideals in an            

L-subring, Communicated. 
[2]  N. Ajmal and S. Kumar, Lattice of subalgebras in the category of fuzzy groups, The 

Journal of Fuzzy Mathematics , 10 (2) (2002), 359-369.  
[3] G. Birkhoff, Lattice theory, American Mathematical Soceity, Providence, Rhode Island 

1967. 
[4] D. M. Burton, A first course in rings and ideals, Addison-Wesley, Reading, 

Massachusetts, 1970. 
[5]  D. S. Malik and J. N. Mordeson, Fuzzy prime ideals of rings, FSS, 37 (1990), 93-98. 

 [6] D. S. Malik and J. N. Mordeson, Fuzzy maximal, radical, and primary ideals of a ring, 
Inform. Sci., 53 (1991), 237-250.  

 [7] D. S. Malik and J. N. Mordeson, Fuzzy primary representations of fuzzy ideals, Inform. 
Sci., 55 (1991), 151-165. 

[8] D. S. Malik and J. N. Mordeson, Radicals of fuzzy ideals, Inform. Sci., 65 (1992), 239-
252. 

 [9] D. S. Malik, J. N. Mordeson and P. S. Nair, Fuzzy normal subgroups in fuzzy subgroups,   
J. Korean Math. Soc., 29 (1992), 1-8. 

   [10] D. S. Malik, and J. N. Mordeson, R-primary representation of L-ideals, Inform, Sci., 88 
(1996), 227-246. 

  [11] J. N. Mordeson, L-subspaces and L-subfield, Centre for Research in Fuzzy Mathematics 
and Computer Science, Creighton  University, USA. 1996. 

   [12] J. N. Mordeson and D. S. Malik, Fuzzy commutative algebra, World Scientific Publishing 
Co. USA. 1998. 

  [13] A. S. Prajapati and N. Ajmal, Maximal ideals of L-subring, The Journal of Fuzzy 
Mathematics (preprint). 

   [14] A. S. Prajapati and N. Ajmal, Maximal ideals of L-subring II, The Journal of Fuzzy 
Mathematics (preprint). 

   [15] A. S. Prajapati and N. Ajmal, Prime ideal, Semiprime ideal and Primary ideal of an            
L-subring, Communicated. 

  [16] G. Szasz, Introduction to lattice theory, Academic Press, New York and London, 1963. 
[17] Y. Yandong, J. N. Mordeson and S.-C. Cheng,  Elements of L-algebra, Lecture notes in  

Fuzzy Mathematics and Computer Science 1, Center for Research in Fuzzy Mathematics 
and Computer Science, Creighton University, USA. 1994.  

 

Archive of SID

www.SID.ir



82                                                                               A. S. Prajapati 

 
       ANAND SWAROOP PRAJAPATI, ATMA RAM SANATAN DHARMA COLLEGE, UNIVERSITY OF DELHI,   
DHAULA KUAN, NEW DELHI – 110021, INDIA 

         E-mail address: prajapati_anand@yahoo.co.in 
 

Archive of SID

www.SID.ir


