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SOME RESULTS OF INTUITIONISTIC FUZZY WEAK DUAL
HYPER K-IDEALS

L. TORKZADEH, M. ABBASI AND M. M. ZAHEDI

ABSTRACT. In this note we consider the notion of intuitionistic fuzzy (weak)
dual hyper K-ideals and obtain related results. Then we classify this notion
according to level sets. After that we determine the relationships between in-
tuitionistic fuzzy (weak) dual hyper K-ideals and intuitionistic fuzzy (weak)
hyper K-ideals. Finally, we define the notion of the product of two intu-
itionistic fuzzy (weak) dual hyper K-ideals and prove several Decomposition
Theorems.

1. Introduction

Hyperalgebraic structure theory was introduced by F. Marty [7] in 1934. Imai
and Iseki [5] introduced the notion of a BCK-algebra in 1966. Borzooei, Jun,
Hasankhani and Zahedi et.al. [3] applied hyperstructures to BCK-algebras and
introduced the concept of hyper K-algebras which are a generalization of BCK-
algebras. The idea of “intuitionistic fuzzy set” was first introduced by Atanassov [1]
as a generalization of fuzzy sets. In this note, we consider intuitionistic fuzzification
of the notion of (weak) dual hyper K-ideals obtain related results.

2. Preliminaries

Definition 2.1. [3] Let H be a nonempty set and “o” be a hyperoperation on H,
i.e. “o” is a function from H x H to P*(H) = P(H)—{0}. Then (H,0,0) is called
a hyper K-algebra if it contains a constant “0” and satisfies the following axioms:
(HK1) (zoz)o(yoz) <zoy,

(HK2) (zoy)oz=(zoz)oy,
(HK3) z < z,
(HK4) z <y, y<zx=z=y,
(HK5) 0 < z.

for all x,y,z € H, where the relation x < y is defined by 0 € z o y. For every
A,BC H, A< B is defined by 3a € A, 3b € B such that a < b.

Note that if A, B C H, then by A o B we mean the subset U aobof H.
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Theorem 2.2. [3] Let (H,0,0) be a hyper K-algebra. Then for all x,y,z € H and
for all non-empty subsets A, B and C of H the following statements hold:
(Yroy<zeozoz<y, (ii) zo (zoy) <y,
(iii) zoy < =z, (iv)z€zo00,
(v) AcB< A

Definition 2.3. [3] Let (H,0,0) be a hyper K-algebra. If there exists an element
1 € H such that 1 < x for all x € H, then H is called a bounded hyper K -algebra
and 1 is said to be the unit of H. In a bounded hyper K-algebra, we denote 1oz
by Nzx.

Definition 2.4. [10] Let D be a nonempty subset of a hyper K-algebra (H,o,0)
and 1 € D. Then,

(i) D is called a weak dual hyper K-ideal of H, if N(Nx o Ny) C D and y € D
imply that z € D.

(ii) D is called a dual hyper K-ideal of H, if N(NzoNy)(D # 0 and y € D imply
that z € D.

Definition 2.5. [3] Let (H,0,0) be a hyper K-algebra. An element a € H is called
a left(resp. right) scalar if |a o x| = 1(resp. |xoa| =1) for all x € H.

Theorem 2.6. [11] Let (H,0,0) be a bounded hyper K -algebra and NNz = z, for
allz € H. Then:

(i) 1 is a left scalar,

(i) 0 is a right scalar,

(iii) If x <y, then Ny < Nz.

Theorem 2.7. [10] Let (H,o,0) be a bounded hyper K-algebra and let NNz = x,
forallz in H and ) # D C H. Then D is a (weak) dual hyper K -ideal if and only
if ND is a (weak) hyper K-ideal.

Definition 2.8. [3] Let (Hy, 01,07 ) and (Ha, 03, 02) be two hyper K-algebras. Then
a function f : Hy — Hj is called a homomorphism if Vx,y € H, f(z o1 y) =

f(@) oz f(y) and f(01) = 02

Definition 2.9. [13] Let u be a fuzzy set of a nonempty set H and ¢ € [0,1]. Then
the set

Upst) ={x € H| p(z) =t}
(resp. L(p;t) ={z € H| p(x) <t})
is called an upper (resp. lower) level set of p.

Definition 2.10. Let p and v be fuzzy sets of X and Y, respectively. Then the
fuzzy sets p x v and p® v of X x Y, which are called the product and anti-product
of pu and v, respectively, are defined by

(1 x v)(z,y) = min{u(z),v(y)}

(n@v)(z,y) =max{u(z),v(y)}
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Definition 2.11. [1] An intuitionistic fuzzy set (briefly, IFS) A on a nonempty set
X is an object having the form

A= {(z, pa(r),ya(2))|lr € X}

where the function ps : X — [0,1] and v4 : X — [0,1] denote the degree of
membership and the degree of nonmembership, respectively, and

0 < pa(x) +ya(z) <1

for all € X. An intuitionistic fuzzy set A = {(z, pa(z),va(z))|z € X} on X can
be identified with an ordered pair (p1a,v4) in IX x IX. For the sake of simplicity,
we shall use the symbol A = (ua,7v4) for the IFS A= {(x,pa(z),va(x))|x € X}.

Definition 2.12. [12] Let f : X — Y be a function. An intuitionistic fuzzy
set A = (ua,va) of X is said to be f-invariant, if f(x) = f(y) implies that
pa(x) = paly) and va(z) = yaly) for all z,y € H.

Definition 2.13. [12] Let f : X — Y be a function and A be an intuitionistic
fuzzy set of X. Then the intuitionistic fuzzy set f(A) = (f(ua), f(va)) of Y is
defined by:

sup  palx) i fTNy) #£0
f(pa)(y) = § =€/ @)

0 otherwise

inf x i 1 0
Fra)®) { vy 110) ) #

0 otherwise

Definition 2.14. Let f: X — Y be a function and B be a fuzzy set of Y. Then
the fuzzy set f~1(B) of X is defined by:

F7U(B) (@) = B(f(x)).
Definition 2.15. An IF'S A = (ua,va) of H is said to satisfy the sup-inf property
if for any subset T of H there exist zg,yo € T such that pa(zg) = sup pa(z) and
zeT
= inf .
Ya(yo) = inf va(y)

Definition 2.16. [12] Let A = (ua,v4) be an intuitionistic fuzzy set of (H,o,0).
Then,
(i) A is called an intuitionistic fuzzy week hyper K-ideal of H if

#a(0) 2 pa(w) 2 min( inf pa(a), pa(y))

and

74(0) < va(z) < maX(bSEUE 74(b),74(y))

for all z,y € H.
(ii) A is called an intuitionistic fuzzy hyper K-ideal of H if

pa(0) > pa(z) > min(asetigy pala), pa(y))
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and
v4(0) < ya(z) < max(bggy va(b),va(y))

for all x,y € H.

Theorem 2.17. [12] Let A = (pua,va) be an IFS of (H,0,0) which satisfy the
sup-inf property. Then A is an intuitionistic fuzzy hyper K-ideal if and only if for
all s,t € [0,1] the nonempty level sets U(ua;t) and L(ya;s) are hyper K-ideals of
H.

Theorem 2.18. [12] Let A = (pa,va) be an IFS of (H,0,0). Then A is an
intuitionistic fuzzy weak hyper K-ideal if and only if for all s,t € [0, 1] the nonempty
level sets U(ua;t) and L(ya;s) are weak hyper K-ideals of H.

Definition 2.19. [12] Let A = (ua,7v4) be an intuitionistic fuzzy set of (H,o,0).
Then,
(i) A satisfies the additive condition, whenever for all x,y € H, x < y implies that

pa(x) = paly) and va(z) < ya(y).
(ii) A satisfies the anti-additive condition if x < y implies that pa(z) < pa(y) and

va(z) > va(y).
3. Intuitionistic Fuzzy (Weak) Dual Hyper K-ideals
In what follows let H denote a bounded hyper K-algebra.

Definition 3.1. An IF'S A = (ua,va) of H is called an intuitionistic fuzzy weak
dual hyper K-ideal of H if it satisfies the following conditions:

pa(l) > pa(z) > min(aeN(ij{}gway) pala), pa(y))

and

v4(1) <ya(z) <max(  sup  va(b),v4(y))
beEN(NzoNy)

for all x,y € H.
Example 3.2. Let H = {0,1,2} be a hyper K-algebra with the following table.

o | 0 1 2
0 [{0}y {0,1,2} {0,1,2}
L{1y {0} {2}

2 | {2} {0,1,2} {0,1,2}

Define the IF'S A = (pua,v4) on H as follows:

1a(2) = 0.2, pa(0) = pa(l) = 0.5, y4(2) = 0.6, 7a(0) = v4(1) = 0.3
Then A = (pa,7v4) is an intuitionistic fuzzy weak dual hyper K-ideal.

Definition 3.3. An IFS A = (ua,ya) of H is called an intuitionistic fuzzy dual
hyper K-ideal of H if it satisfies the following conditions:

pa(l) > pa(z) >min( sup  pa(a), pa(y))
a€EN(NzoNy)
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and

7a(1) < ya(z) < max( 74(),74(y))

inf
beN(NzoNy)
for all x,y € H.

Example 3.4. The following table shows a hyper K-algebra structure on H =
{0,1,2,3}.

o 0 1 2 3

0 {0y {oy {0} {0}

L{1y {oy {3} {12}
2 | {2} {0} {0} {2}
3
v

{3+ {0} {1,2,3} {0,3}
Define the IF'S A = (pua,v4) on H as follows:
1a(0) = pa(3) =02, pa(l) = pa(2) = 0.5, 74(0) = 7a(3) = 0.6, va(1) = va(2) = 0.4
Then A is an intuitionistic fuzzy dual hyper K-ideal.

Theorem 3.5. Fvery intuitionistic fuzzy dual hyper K-ideal is an intuitionistic
fuzzy weak dual hyper K -ideal.

Proof. Let A = (pa,7v4) be an intuitionistic fuzzy dual hyper K-ideal. Then for
allz,y e H

pa(l) > pa(r) >min( - sup  pa(a), pa(y))

a€N(NzoNy)
and
1) < r) < max inf b), .
7a(1) < 7ya(z) < (beN(NmNy)m( ), 74 (y))
Since su a) > inf a) and inf b) < su b),
aGN(NEONy) nala) 2 a€N(NzoNy) uala) beN(NzoNy) 7alb) < beN(NaI:)oNy) 740)
hence

1) > > mi inf
pa(l) > pa(z) > mm(ae LI pala), pa(y))

and

ya(1) <ya(z) <max(  sup  ya(b),va(y))
beEN(NzoNy)

for all z,y € H. It follows that A = (ua,v4) is an intuitionistic fuzzy weak dual
hyper K-ideal. ]

Example 3.2 shows that the converse of the above theorem is not true in general.

Theorem 3.6. Let A = (ua,va) be an IFS of H which satisfies the sup-inf
property. Then A is an intuitionistic fuzzy dual hyper K-ideal if and only if for all
s,t € [0,1] the nonempty level sets U(ua;t) and L(ya;s) are dual hyper K-ideals
of H.
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Proof. Let A = (pa,v4) be an intuitionistic fuzzy dual hyper K-ideal and U (p4;t) #
0 # L(ya;s). By Definition 3.3, it is clear that 1 € U(ua;t)(\L(va;s). Let
N(Nz o Ny)(\U(ua;t) # 0 and y € U(pa;t). Then pa(y) > t and there exists
r € N(Nz o Ny) such that p4(r) > ¢. Thus

pa(z) >min( sup  pala),pa(y)) > min(pa(r), pa(y)) >t
a€N(NzoNy)

and so x € U(pa;t). Now let N(Nx o Ny) () L(ya;s) # 0 and y € L(ya;s). Then
by a similar argument we can get that € L(vya;s).

Conversely, let for all s,¢ € [0,1] the nonempty level sets U(ua;t) and L(vy4;s) be
dual hyper K-ideals. Let x,y € H, pa(x) =t and y4(y) = s. Since z € U(pa;t)
and y € L(y4; $), hence by hypothesis we get that 1 € U(pa;t) (E(ya;s). It follows
that pa(1) > pa(x) and y4(1) < va(y). Nowlet k =min(  sup  pala),pa(y))

a€N(NzoNy)
and h = max(  inf va(b),v4(y)). Since A = (ua,va) satisfies the sup-inf
beEN(NzoNy)

property, there exist zg,yo € N(Nx o Ny) such that

pa(zo) = sup  pa(a) >min( sup  pa(a),pa(y)) =k

a€EN(NzoNy) a€EN(NzoNy)

and

74(v0) bEN(IJ{/'lacoNy) 7a(b) < maX(bEN(IJ{/’l;coNy) 74(0),7a(v))

, we have zg € U(pa;k) and yo € L(ya;h). Since g € U(ua;k)(\N(Nz o
Ny) and yo € L(va;h) (Y N(Nz o Ny), then N(Nz o Ny)(\U(ua; k) # @ and
N(Nz o Ny)(\L(ya;h) # 0. Also pa(y) > k and va(y) < h imply that y €
U(pa; k) () L(va; k). Thus, by hypothesis, we get that € U(ua; k) () L(va;h). So
for all z,y € H

pa(@) = k=min(  sup  pala), pa(y))
a€EN(NzoNy)

and

ya(z) <h = maX(beN(izlvlioNy) v(b),v(y))

for all z,y € H. Therefore A = (ua,v4) is an intuitionistic fuzzy dual hyper
K-ideal. ]

Theorem 3.7. Let A = (pua,va) be an IFS of H. Then A is an intuitionistic
fuzzy weak dual hyper K-ideal if and only if for all s,t € [0,1] the nonempty level
sets U(pa;t) and L(ya;s) are weak dual hyper K -ideals of H.

Proof. The proof is similar to the proof of Theorem 3.6. O

Theorem 3.8. Let NNx =z for allx € H and A = (ua,v4) be an intuitionistic
fuzzy dual hyper K-ideal. Then A satisfies the anti-additive condition.
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Proof. Let x < y. Then Ny < Nz, by Theorem 2.6 and so 0 € Ny o Nz. Thus
sup  pa(a) > pa(l) and inf v4(b) < ~v4(1). Hence, by hypothesis,

aEN(NyoNx) beN(NyoNz)
we get that
pa(y) Zmin( sup  pa(a), pa(z)) = min(pa(1), pa(z)) = pa(z)
a€N(NyoNz)
and
< i < = .
Ya(y) < max(bemﬂ%ow Ya(b),7a(x)) < max(va(1),va(x)) = va(z) 0

The following example shows that the above theorem is not true for intuitionistic
fuzzy weak dual hyper K-ideals.

Example 3.9. In Example 3.2, A = (ua,7v4) is an intuitionistic fuzzy weak dual
hyper K-ideal, NNz = x for all x € H and 0 < 2 while 0.5 = p4(0) £ pa(2) =0.2
and 0.3 =v4(0) ? va(2) = 0.6.

Theorem 3.10. If A = (ua,v4) is an intuitionistic fuzzy (weak) dual hyper K-
ideal, then the set

Hy ={z € Hlpa(z) = pa(l) , yalz)=~ya(1)}
is a (weak) dual hyper K-ideal.
Proof. Obviously 1 € Ha. Let N(Nzo Ny)(\Ha #0 and y € Ha. Then pua(y) =

1a(1), va(y) = v4(1) and there exists s € N(Nz o Ny) such that pa(s) = pa(l)
and y4(s) = ya(1). So, by hypothesis, we have

pa(l) > pra(z) > min( eN(S]blpoN )MA(‘I)»MA(Z/)) = min(pa(s), pa(y)) = pa(l)

and

ya(l) <7ya(z) < maX(ng(iﬁioNy) Ya(b),7a(y)) < max(ya(s),va(y)) = va(l).

Therefore pa(z) = pa(l) and va(z) = va(1) ie., x € Ha. O

Theorem 3.11. Let 1 € lox for allx € H and A = (ua,v4) be an intuitionistic
fuzzy dual hyper K-ideal. Then Hqy = H.

Proof. By hypothesis we get that

paC1) 2 peale) 2 min _ swp  pa(a)spal) = minea(1): (1)) = pa()

and

14(1) € 7a@) Smax(_inf - 5a(b).74(1) € max(ra(1).74(1) = a()

for all x € H. Therefore pa(z) = pa(l) and ya(z) = ya(1), for all x € H, i.e.
Hys=H. O
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Theorem 3.12. Let NNz = x for all x € H. Then A = (ua,v4) is an in-
tuitionistic fuzzy weak dual hyper K-ideal if and only if AN = (uf¥,~Y) is an
intuitionistic fuzzy weak hyper K -ideal, where for allx € H, p¥ (z) = pa(Nz) and
7i (2) = ya(Nz).

Proof. Since NNz = x, for all x € H, hence, by Theorem 2.6 (i), AN = (u,7Y)
is an intuitionistic fuzzy set.

Let A = (114,74) be an intuitionistic fuzzy weak dual hyper K-ideal and U (uf;t) #
0 # L(vY;s) for s,t € [0,1]. Now we prove that NU(ua;t) = U(p¥;t) and
NL(pa;s) = L(plY;s). Let z € NU(pa;t). Then 3h € U(pa;t) such that x € 1oh.
So pia(h) >tand 1oz C 1o (loh) = h. Thus ufy(x) = pa(Nzx) > t. Therefore
w € U(ust) ie, NU(past) C U(u)st).

Now let @ € U(ulY;t). Then pa(Nz) = ply (r) >t . Hence by Theorem 2.6 there
exists h € H such that No = h. Thus pa(h) > t and so h € U(ua;t). Since
Nh = NNz = x, hence z = Nh C NU(ua;t). Therefore U(ulY;t) C NU(pa;t).
Similarly we prove that NL(ua;s) = L(u¥;s). Since U(plY;t) and L(vY;s) are
nonempty, so are U(ua;t) and L(ya;s) are nonempty too. Thus by Theorem
3.7 U(pa;t) and L(ya;s) are weak dual hyper K-ideals and so, by Theorem 2.7,
NU(ua;t) and NL(ya;s) are weak hyper K-ideals. Hence U(uY;t) and L(vY;s)
are also weak hyper K-ideals. Therefore, by Theorem 2.18, AN = (u&,~v%) is an
intuitionistic fuzzy weak hyper K-ideal. The proof of the converse is similar to
above if we invoke Theorems 2.7, 3.7 and 2.18. O

Theorem 3.13. Let NNz = z for all x € H and suppose A = (p1a,7v4) satisfies
the sup-inf property. Then A is an intuitionistic fuzzy dual hyper K-ideal if and
only if AN = (ufN,vY) is an intuitionistic fuzzy hyper K-ideal.

Proof. The proof is similar to the proof of Theorem 3.12. O

Theorem 3.14. Let NNz = = for all x € H. Then A = (ua,va) satisfies the
additive condition if and only if AN = (uY,vY) satisfies the anti-additive condition.

Proof. Let A satisfy the additive condition and x < y. Then by Theorem 2.6
Ny < Nz and so pa(Nz) < pa(Ny) and ya4(Nx) > v4(Ny). Thus @ () < pl (y)
and 7Y (z) > ¥4 (y). Therefore AN = (uf, 1) satisfies the anti-additive condition.
The proof of the converse is similar. O

4. Decomposition of Intuitionistic Fuzzy (Weak) Dual Hyper K-ideals

Definition 4.1. Let A be a fuzzy set of H and A(1) > A(z) for all € H. Then
(i) A is called a fuzzy dual hyper K -ideal, if

A(z) zmin( sup  A(a), A(y)),
a€N(NzoNy)

(ii) A is called a fuzzy weak dual hyper K-ideal, if

Alw) > min,_inf - A(E), A(y).
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Theorem 4.2. Let D be a nonempty subset of H. Then

(i) D is a dual hyper K-ideal if and only if xp is a fuzzy dual hyper K -ideal.

(i) D is a (weak) dual hyper K -ideal if and only if xp is a fuzzy (weak) dual hyper
K-ideal.

Proof. The proof is easy. ([

Theorem 4.3. Fvery (weak) dual hyper K-ideal of a bounded hyper K -algebra H
is a level set of a fuzzy (weak) dual hyper K -ideal.

Proof. Let D be a dual hyper K-ideal of H and A be a fuzzy set on H defined by

o ifeeD

Alz) = { 0 otherwise
where o € [0,1]. It is clear that U(A,a) = D. Now we show that A is a
fuzzy dual hyper K-ideal. If N(Nz o Ny)(\D = 0 or y ¢ D, then A(z) >
min(  sup  A(a),A(y)) = 0. If N(Nxo Ny)\D # () and y € D, then by

a€N(NzoNy)
hypothesis we have z € D. Thus o = A(z) = min(  sup A(a), Aly)) = a.
a€EN(NzoNy)
Therefore A is a fuzzy dual hyper K-ideal. O

Theorem 4.4. An IFS A= (ua,va) is an intuitionistic fuzzy (weak) dual hyper
K-ideal if and only if the fuzzy sets pa and ¥4 = 1—~4 are fuzzy (weak) dual hyper
K -ideals.

Proof. Assume that A is an intuitionistic fuzzy dual hyper K-ideal. Obviously
pa is a fuzzy dual hyper K-ideal. By hypothesis we have v4(1) < ya(z) <
max(  inf va(b),v4(y)) for all x,y € H. Thus,

beN(NzoNy)
— >1— >1-— i
1—=va(1) 21 —7a(z) 2 1 maX(beN(llggoNy)m(b),m(y))
Ja(l) >2ya(z) > l4+min(  sup = —ya(b), —va(y))
beN(NzoNy)
= min(  sup 1 —74(b),1—va(y))
beN(NzoNy)
= min(  sup  7a(b),ya(y))
beN(NzoNy)

Therefore 74 is a fuzzy dual hyper K-ideal.
Conversely, let 14 and 44 be fuzzy dual hyper K-ideals. Then for all z,y € H,

pa(l) = pa(z) 2 min( - sup  pa(a), pa(y))
a€EN(NzoNy)

and

V(1) 2 ya(z) 2 min( sup  Fa(b),7a(y))-
bEN(NzoNy)
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Thus,

I—v4(1) >1—7a(x) > min(  sup  1—~ya(b),1—7a(y))
beN(NzoNy)

= 1- inf b
ma’X(bEN(lJ{/'lony) IYA( )7,}/A(y))

So 74(1) < ya(x) < max(  inf v4(b),v4(y)) for all z,y € H. Therefore
beN(NzoNy)

A= (pa,74) is an intuitionistic fuzzy dual hyper K-ideal. O

Theorem 4.5. Let A = (ua,va) be an IFS of H. Then A is an intuitionistic
fuzzy (weak) dual hyper K-ideal if and only if A, = (pa,fia) and Ay = (a,74)
are intuitionistic fuzzy (weak) dual hyper K-ideals, where ¥4 = 1 —v4 and [ig is
the same as y4.

Proof. The proof follows from Theorem 4.4. O

Theorem 4.6. Let (Hy,01,01) and (Hs,09,03) be bounded hyper K-algebras, and
let 1, 01 1y, = 01, 1y, 09 1y, = 02, and p and v be fuzzy sets of Hi and Ha,
respectively. If u(1g,) = v(ly,), u(1) > p(z) and v(1) > v(y), V(x,y) € Hy X Ha,
then u X v is a fuzzy (weak) dual hyper K-ideal of H1 x Hy if and only if u and v
are fuzzy (weak) dual hyper K-ideals of Hy and Has, respectively.

Proof. Let p and v be fuzzy dual hyper K-ideals of H; and Hj, respectively. Then
for all (x,y) € Hy x Hy:

(1 x V) (La,, Lay) = min{p(La, ), v(La, )} = min{p (@), v(y)} = (n x v)(2,y).

Let (z1,11), (2,y2) € H1 x Hy. Then

min( sup (1 x v)(a,b), (p x v)(x2,y2))
(a,b)eN (N (z1,y1)oN(z2,y2))
= min( sup min{p(a), v(b)}, min{p(z2), v(y2)})

a€Ny(Nyz101 Niwg)
bENg(Nayjo2Nay2)

Smin(min{ s pla)ple)hminl  swp v(b)v(m)
aENl(lelollez) b6N2(N2y102N2y2)

< min(u(z1),v(y1)) = (1 x v)(21,91).
Therefore p X v is a fuzzy dual hyper K-ideal.

Conversely, let 1 x v be a fuzzy dual hyper K-ideal of Hy x Hy and (z,y) € Hy X Hs.
Then, by hypothesis, we get that u(1) > u(x) and v(1) > v(y). Let z,y € Hy. By
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hypothesis and since v(1) = u(1), then

p(x) = min(u(e), p(1) = min(u(a),v(1) = p x vz, 1)

min( sup (nxv)(a,b), (1 x v)(y,1))
(a,b)EN(N(z,1)oN(y,1))

min( sup  min{u(a),v(b)}, n(y))
a€Np(Nyzo1Nyy)
bENg(NylogNol)

= min( sup min{u(a), v(1)}, u(y))

a€Nj(Njzoy Nyy)

\%

= min(  sup  p(a), u(y))
a€N((NjzoyNyy)
Therefore p is a fuzzy dual hyper K-ideal. Similarly we can prove that v is also a
fuzzy dual hyper K-ideal. |

Theorem 4.7. Let (Hy,01,01) and (Ha,02,02) be bounded hyper K -algebras, 1, 01
1g, = 01, 1y, oo 1y, = 02 and suppose that A = (pa,va) and B = (up,vyB) are
two intuitionistic fuzzy sets of Hy and Hay, respectively. If ua(ly,) = ps(lm,),
Ya(lm) = v8(1w,), pa(le,) = pa(@), pe(le,) = 1e(y), va(lm,) < valz) and
v8(1m,) < vB(y) for all (z,y) € Hy X Ha, then AXB = (ua X up, yA®YB) is an in-
tuitionistic fuzzy (weak) dual hyper K-ideal if and only if A and B are intuitionistic
fuzzy (weak) dual hyper K-ideals, where (1 @ v)(z,y) = max{u(z),v(y)}.

Proof. Let A and B be intuitionistic fuzzy dual hyper K-ideals. Then, by The-
orem4.4, we have pa, pup, ¥4 and 4p are fuzzy dual hyper K-ideals . On the
other hand, it is easy to check that Y4 ® v8 = 44 X ¥p. Hence, by Theorem
4.6, ua X up and v4 ® yg are fuzzy dual hyper K-ideal. So, by Theorem 4.4,
A X B=(ua X up,v4 ®vp) is an intuitionistic fuzzy dual hyper K-ideal.

The proof of the converse is similar. O

Theorem 4.8. Let (Hy,01,01) and (Ha,o09,03) be two bounded hyper K -algebras,
NiNix =, NaNoy =y and yogy = {02}, for all (x,y) € Hy x Ha. If  is a fuzzy
dual hyper K-ideal of Hy X Hs, then there are fuzzy dual hyper K-ideals 1 and s
of Hy and Hy, respectively, for which p = py X ps.

Proof. Define pi(x) = p(z, 1g,) and pe(y) = p(lg,,y), ¥(x,y) € Hy x Hy. Then,
by a proof similar to that of Theorem 4.6, we can see that p; and us are fuzzy
dual hyper K-ideal. Now we show that p = 1 X pe. By Theorem 3.8, p satisfies
the fuzzy anti-additive condition. Hence (z,y) < (z,1) and (z,y) < (1,y) imply
that p(z,y) < p(z,1) = pa(z) and p(z,y) < p(l,y) = p2(y). Thus p(z,y) <
min{py (x), p2(y)} = p1 X pa(z,y), for all (x,y) € Hy X Hs.

Let (z,y) € Hy x Hy. Then:

w(z,y) > min( sup w(a,b), u(1,y))
(a.b)EN(N(z,y)oN (1))
= min( sup (a,b), p(1,y)) = min(u(z, 1), u(1,y))

a€Nj(Njzoy Njl)==x
bENg(Nayog Nay)=1

= min{u(z), p2(y)} = p1 X pa(z,y)
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Therefore p = py X po,V(x,y) € Hy X H. O

Theorem 4.9. Let (Hy,01,01) and (Ha,02,02) be two bounded hyper K -algebras,
NiNiz =z, NoNoy = y and y oo y = {02} for all (z,y) € Hy x Hy and suppose
that p is a fuzzy weak dual hyper K-ideal of Hy x Ha. If u satisfies the anti-additive
condition, then there exist fuzzy weak dual hyper K -ideals p1 and ps of Hy and Ha,
respectively, in which p = 1 X pa.

Proof. The proof is similar to the proof of Theorem 4.8. O

Theorem 4.10. (Decomposition Theorem 1) Let (Hy,01,01) and (Ha,02,02) be
two bounded hyper K-algebras and NyNix = x, NaNoy = y and y oo y = {02} for
all (x,y) € Hi x Hy. If A= (pa,va) is an intuitionistic fuzzy dual hyper K -ideal of
Hy x Hs, then there exist intuitionistic fuzzy dual hyper K-ideals A1 = (pa,,va,)
and As = (a,,v4,) of Hi and Ha, respectively, in which AX B = (i, X fta,, YA, ®
7A2>'

Proof. The proof follows from Theorems 4.8 and 4.4. O

Theorem 4.11. (Decomposition Theorem 2) Let (Hy,01,01) and (Ha,02,02) be
two bounded hyper K-algebras, NyN1xz = x, NaNay = y and y og y = {02} for
all (z,y) € Hy x Hy. Suppose A = (ua,va) is an intuitionistic fuzzy weak dual
hyper K -ideal. If A satisfies the anti-additive condition of Hy X Hs, then there exist
intuitionistic fuzzy weak dual hyper K-ideals A1 = (1a,,v4,) and Az = (tia,,YA,)
of Hy and Ha, respectively, for which A X B = (ia, X fhay, YA, @ VA,)

Proof. The proof follows from Theorems 4.9 and 4.4. (]

Theorem 4.12. Let (H,0,0) and (H/7 o/,O/) be two bounded hyper K -algebras and
let f:H— H' be an onto homomorphism. Then :

(i) f(1)=1,

(i) N(f(z)) = f(Nz).

Proof. Tt is clear that f(1) < 1. Now since f is onto, then there exists € H such
that f(z) = 1. Thus 0 = f(0) € f(zol) = f(x)o f(1) =10 f(1), ie. 1 < f(1).
Therefore f(1) = 1.

(ii) by (i) we have

N(f(x)) =1o f(z) = f(1)o f(x) = f(1ox) = f(Nz)
O
Theorem 4.13. Let (Hy,01,01) and (Ha,02,09) be two bounded hyper K -algebras
and f : Hy — Hy be an onto homomorphism . Then A = (pua,ya) is an intuitionis-

tic fuzzy (weak) dual hyper K -ideal of Ho if and only if f=1(A) = (f =1 (ua), f1(v4))
is an intuitionistic fuzzy (weak) dual hyper K-ideal of H;.

Proof. Let A = (ia,7v4) be an intuitionistic fuzzy dual hyper K-ideal. Then by
hypothesis we have pa(y) < pa(l) and y4(1) < ya(y) for all y € Hy. Hence



Some Results of Intuitionistic Fuzzy Weak Dual Hyper K-Ideals 7

fHpa) (@) = pa(f(@)) < pa(f(1) = f7H(na)(1) and f7H(y)(1) = 7a(f(1)) <
va(f(z)) = f~Y(ya)(x) for all x € Hy. Let 2,y € H;. Then,

min( sup T pa)@) o T pa)(y)
a€Ni(Nizo1 N1y)

= min( sup pa(f(a)), pa(f(y)))
a€N;(Nizo1 N1y)

= min( sup pa(b), palf(y)))
bEN2 (N2 f(z)o2N2f(y))

< pa(f(x) = fH(palz)

Similarly we can prove that
o) Smax(_ ot a0, 0u)0)

for all z,y € Hy. Therefore, f~1(A) = (f~1(pa), f~1(y4)) is an intuitionistic fuzzy
dual hyper K-ideal.

Conversely, let f=1(A) = (f~1(ua), f1(y4)) be an intuitionistic fuzzy dual
hyper K-ideal. Since f is onto, it is easy to check that pa(x) < pa(1l) and ya(z) >

v4(1) for all z € Hy. Let x,y € Hs. Then there exists 2,y € Hj such that

f(z') =2z and f(y') = y. Now by hypothesis we have:

min( sup pa(b), pay)) = min( sup pa(b), palf(y)))
bE N2 (N2z02 Nay) bef(N1(Niz' 0oy N1y'))

’

= min( sup pa(f(r)), pa(f(y)))
r€N1(N1z 01 N1y")

/

= min( sup S pa)(r), £ (pa) ()

T€N1(N1£C/01le/)

< fTHpa) (@) = palf(z) = pa(z)
Similarly, v4(z) < max( inf v4(b),v4(y)) for all z,y € Hy. Therefore
bEN2(Naxoa Nay)
A = (pa,v4) is an intuitionistic fuzzy dual hyper K-ideal of Ho. (]

Theorem 4.14. Let f : Hy — Hy be an onto homomorphism of two bounded hyper
K-algebras. If A = (ua,va) is an f-invariant and an intuitionistic fuzzy (weak)
dual hyper K-ideal of Hy, then f(A) = (f(ua), f(va)) is an intuitionistic fuzzy
(weak) dual hyper K-ideal of Ha.

Proof. By hypothesis and Theorem 4.12 we have f(14)(1) = pa(l) and f(ya(1)) =

7va(1) and so f(pa)(y) < f(ra)(1) and f(y4)(1) < f(ya)(y) for all y € Ho.
Let z,y € Hy. Then f(x ) = and f(y ) = y. Now by hypothesis we get that; (1)

min( sup f(pa)(a), f(ra)(y)) = min( sup J(pa)(a), f(ra)(y))
a€ Nz (Naxoz Nay) a€f(N1(Niz' o1 N1y'))

Consider the following sets

Ty = {f(pa)(@)] a€ f(Ny(Niz o1 N1y )}, Tz = {pa(r)| r€ Ni(Niz' o1 Nyy)}.
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Since A is an f-invariant, we can see that 77 = T5. Also by hypothesis we get that

fpa)y)= sup pa(t)= sup  pa(t) =pa(y). Thus (1) is equal to

tef~1(y) tef 1 (f (')

min( suppa(r),paly) < pale) = flua)(@).

rENl(Nla:/olle/)
Similarly
< inf b),
Foa)w) smax( - inf o Fa)(0), f(74)(9)
for all z,y € H. Therefore f(A) = (f(pa), f(y4)) is an intuitionistic fuzzy dual
hyper K-ideal. O
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