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FUZZY SEMI-IDEAL AND GENERALIZED FUZZY QUOTIENT RING 
 
 

Y. BINGXUE 
 
 

ABSTRACT. The concepts of fuzzy semi-ideals of R  with respect to H R≤  and 
generalized fuzzy quotient rings are introduced.  Some properties of fuzzy semi-
ideals are discussed. Finally, several isomorphism theorems for generalized 
fuzzy quotient rings are established. 

 

 
1. Preliminaries 

 

     Since the concept of fuzzy subgroups was introduced by Rosenfeld [6] in 1971, 
the literature of these fuzzy algebraic concepts has been growing very rapidly. Liu [4] 
defined and studied fuzzy subrings as well as fuzzy ideals in rings. Subsequently, 
Mukherjee and Sen [5], and Zhang [7] further various fuzzy characterized ideals in 
rings. Based on the concept of fuzzy ideal, Kumbhojkar and Bapat [3] introduced 
the concept of fuzzy quotient ring and established the correspondence theorems for 
fuzzy ideals. In this paper, we first generalize the concepts of fuzzy ideals and fuzzy 
quotient rings and then establish several isomorphism theorems for generalized 
fuzzy quotient rings. 

     Unless specifically stated, R and 'R  always stand for rings with their null 
elements 0 and 0 '  respectively. By a fuzzy subset of a nonempty set U  we mean a 
mapping fromU  to the closed interval [0, 1]. The set of all fuzzy subsets of U  is 
denoted by )(UF and we define sup 0φ = . 

Definition 1.1. [1] Let RH ≤  and let S  be a nonempty subset of R , if  

,,,, SxhShxSxySyx ∈∈∈∈+ ,,, HhSyx ∈∀∈∀  

then S  is called a semi-ideal of R  with respect to H . Particularly, S  is called a 

semi-ideal of R  if .RH =  

Let A  be a fuzzy subset of R . For all Rr∈ ，we define the fuzzy subset Ar +  

of R  as follows: RxrxAxAr ∈∀−=+ ),())(( . 
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2. Fuzzy Semi-ideal 

Definition 2.1.  Let RH ≤  and let E  be a fuzzy subset of R , if  

),()()( 2121 hEhEhhE ∧≥+ ),()()( 2121 hEhEhhE ∧≥ )()(),()( 11 xExhExExhE ≥≥ ,

Hhh ∈∀ 21, ,  ,Rx∈∀  

 

then E  is called a fuzzy semi-ideal of R  with respect to H . Particularly, E  is called 
a fuzzy semi-ideal of R  if RH = . 

Obviously, if E  is a fuzzy semi-ideal of R  with respect to H , then for Rx∈  
we have that )()0( hEE ≥ . 

A fuzzy ideal of R  is a fuzzy semi-ideal of R with respect to R , but the 
converse is not true in general. For example, let Z denote the set of all integers and 

let   2 2 | , , ,
a b

a b c d
c d

× ⎧ ⎫⎛ ⎞
= ∈⎨ ⎬⎜ ⎟

⎝ ⎠⎩ ⎭
2 2Z Z denote the matrix ring for the ordinary addition 

and multiplication of matrix. Then 0
|

0 0
m

H m
⎧ ⎫⎛ ⎞

= ∈⎨ ⎬⎜ ⎟
⎝ ⎠⎩ ⎭

Z is a subring of 2 2×2 2Z  and 

0 2
| , , 0

0 2
m

I m n n
n

⎧ ⎫⎛ ⎞
= ∈ ≥⎨ ⎬⎜ ⎟

⎝ ⎠⎩ ⎭
Z is a semi-ideal of 2 2×2 2Z  with respect to H . If A  is a 

fuzzy subset of 2 2×2 2Z  such that  

2 2

0 0
1,

0 0

0 0
( ) 0.5, \

0 0

0, \

x

A x x I

x I×

⎧ ⎛ ⎞
=⎪ ⎜ ⎟
⎝ ⎠⎪

⎪ ⎧ ⎫⎛ ⎞⎪= ∈⎨ ⎨ ⎬⎜ ⎟
⎝ ⎠⎩ ⎭⎪

⎪ ∈
⎪
⎪⎩

Z

. 

Then A  is a fuzzy semi-ideal of 2 2×2 2Z  with respect to H . But A  is not a fuzzy 
ideal of 2 2×2 2Z . 
 

Proposition 2.2. Let RH ≤  and let E be a fuzzy subset of R , then E  is a fuzzy 
semi-ideal of R  with respect to H  if and only if Φ=λA  or λA  is a semi-ideal of R  

with respect to H  for all ]1,0[∈λ . 

Let RH ≤  and let E  be a fuzzy semi-ideal of R  with respect to H , then E  is 
called the kernel of E , where  RrrErErE ∈∀−∧= ),()()( . 

 

Proposition 2.3. Let RH ≤  and let E be a fuzzy semi-ideal of R  with respect to H , 

then E  is a fuzzy ideal of R  with respect to H . 
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Proposition 2.4. Let E  and D  be fuzzy semi-ideals of R , then EDDEDE ,, +I  
are also fuzzy semi-ideals of R , and ,DEDE II = ,DEDE +⊇+ DEED ⊇ . 
 

Proposition 2.5. Let RH ≤  and let E be a fuzzy semi-ideal of R  with respect to H , 
then for all Hhh ∈21, , EhEh +⊇+ 21  holds in H if and only if  
 

)0()( 12 EhhE =− . 
 

Proof.  Sufficiency: If )0()( 12 EhhE =−  holds, then for all Hh∈ , we have  
 

1 1 2 2 1 2 2 1( )( ) ( ) ( ) ( ) ( )h E h E h h E h h h h E h h E h h+ = − = − + − ≥ − ∧ −  

2 2 2( ) (0) ( ) ( )( )E h h E E h h h E h= − ∧ = − = + . 
 

So EhEh +⊇+ 21  holds in H . 
 

Necessity: If EhEh +⊇+ 21  holds in H , then 
),0())(())(()( 222112 EhEhhEhhhE =+≥+=−  

Hence )0()( 12 EhhE =− .                                                                                               
 

Corollary 2.6. Let RH ≤  and let E be a fuzzy semi-ideal of R  with respect to H , 
then for all Hhh ∈21 , , EhEh +=+ 21  holds in H if and only if        

)0()()( 2112 EhhEhhE =−=− . 
 

3. Isomorphisms of Generalized Fuzzy Quotient Rings 

Proposition 3.1. Let RH ≤  and let E be a fuzzy semi-ideal of R  with respect to H , 
then for all Hxxhh ∈2121 ,,, ,  
 

⎩
⎨
⎧

+=+
++=++

⇒
⎩
⎨
⎧

+=+
+=+

ExxEhh
ExxEhh

ExEh
ExEh

2121

2121

22

11 )()(  holds in H . 

 
Proof. For all Hh∈ we have  
 

),0()()( 1111 EhxExhE =−=− ),0()()( 2222 EhxExhE =−=−  
So， )0()()()( 22112121 ExhExhExxhhE =−∧−≥−−+ ， 

1 2 1 2 1 1 2 1 2 2

1 1 2 2

( ) (( ) ( ))
( ) ( ) (0)

E h h x x E h x h x h x
E h x E h x E

− = − + −
≥ − ∧ − =

， 

 

i.e. )0()( 2121 ExxhhE =−−+ ， )0()( 2121 ExxhhE =− . 
 

Similarly, )0()( 2121 EhhxxE =−−+ , )0()( 2121 EhhxxE =− . 
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Hence ExxEhh ++=++ )()( 2121 , ExxEhh +=+ 2121 .                                          
 

Proposition 3.2 below, follows from the above Proposition 3.1.  
 

Proposition 3.2. Let RH ≤  and let E be a fuzzy semi-ideal of R  with respect to H , 
then  ),,( o+E

H  forms a ring, where }|{ HhEhE
H ∈+= , 

,)()()( 2121 EhhEhEh ++=+++ HhhEhhEhEh ∈∀+=++ 212121 ,)()( o . 
The  ring ),,( o+E

H  in Proposition 3.2 is called a generalized fuzzy quotient ring 

of H  with respect to E . 
 

Proposition 3.3. Let RH ≤  and let E  be a fuzzy semi-ideal of R  with respect to H , 
then   

E
H

HE
H ≅

I0
, where )}0()(|{0 ErERrE =∈= . 

Proof. Let : , ( ) ,Hf H f h h E h HE→ = + ∀ ∈ ，then f  is an epimorphism and  

ker { | } { | ( ) ( ) (0)}f h H h E E h H E h E h E= ∈ + = = ∈ = − =  
0 0{ | }h H h E E H= ∈ ∈ = I . 

 

From the homomorphism fundamental theorem we have 
E

H
HE

H ≅
I0

.           
 

 

Proposition 3.4. Let ': RRf →  be an epimorphism and let D be a fuzzy semi-ideal 
of 'R , then )(1 Df −  is a fuzzy semi-ideal of R and 

D
R

Df
R '

)(1 ≅−
. 

Proof. For all Ryx ∈, , we have 
 

).)(())(())(())((
))()(())(())((

11

1

yDfxDfyfDxfD
yfxfDyxfDyxDf

−−

−

∧=∧≥

+=+=+  

 
Similarly, ))(())(())(( 111 yDfxDfxyDf −−− ∨≥ . 
 
Hence )(1 Df − is a fuzzy semi-ideal of R . 
 

Let  DrfDfrgD
R

Df
Rg +=+→ −

− )())((,'
)(: 1

1 , then 

)0)(())(())(()()( 1
12

1
21

11
2

1
1 DfrrDfrrDfDfrDfr −−−−− =−=−⇔+=+  

1 2 2 1( ( ) ( )) ( ( ) ( )) (0 ')D f r f r D f r f r D⇔ − = − =  
     1 2( ) ( )f r D f r D⇔ + = +  

 
Also, 1 1 1

1 2 1 2 1 2(( ( )) ( ( ))) ( ( )) ( )g r f D r f D g r r f D f r r D− − −+ + + = + + = + +  
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1 2 1 2( ) ( ) ( ( ) ) ( ( ) )f r f r D f r D f r D= + + = + + +  
1 1

1 2( ( )) ( ( ))g r f D g r f D− −= + + +  
 

So we have that g  is an isomorphism. Hence
D

R
Df

R '
)(1 ≅−

.                              
 

Proposition 3.5. Let E  and D  be fuzzy semi-ideals of R such that D E⊇ and 

(0) (0)D E= , then E
D0  is an ideal of E

R  and  
00 D

R
E

D
E

R
≅ , where 

)}0()()(|{0 DrDrDRrD =−=∈= . 
 

Proof. Let 
0

:
D

R
E

Rf →  be such that 0)( DrErf +=+ . Then we have  

1 2 1 2 2 1( ) ( ) (0)r E r E E r r E r r E+ = + ⇒ − = − =  

1 2 2 1( ) ( ) (0) (0)D r r D r r E D⇒ − = − ≥ =              

0201021 DrDrDrr +=+⇒∈−⇒ . 
 

This shows that f  is a mapping. Furthermore, we can prove that f  is an 

epimorphism and E
DDrErDDrErf 0000 }|{}|{ker =∈+==++= . Hence  

00 D
R

E
D

E
R

≅ .                                                                                                    

 

Proposition 3.6. Let E  and D  be fuzzy semi-ideals of R such that )0()0( ED = , 

then DE
D

E
ED

I
000 )( ≅+ , where 

)}0()()(|{0 DrDrDRrD =−=∈= , )}0()()(|{0 ErErERrE =−=∈= . 
 

Proof. It is clear that E  and DE I  are fuzzy semi-ideals of R  with respect to 
00 ED +  and 0D , respectively. Let  

 

:f DE
D

E
ED

I
000 )( →+ ， 00 ,,)( EyDxDExEyxf ∈∀∈∀+=++ I ， 

If EyxEyx ++=++ 11  ( here 0101 ,,, EyyDxx ∈∈ ), then 
 )0()()( 1111 EyxyxEyxyxE =−−+=−−+ . 

 
Hence, 1 1 1 1 1( ) ( ) (0) ( )E x x E x x y y y y E E y y− = − + − + − ≥ ∧ − 1( ) (0)E y y E= − = . 

 

Also, )0()( 1 DxxD =− . That is, )0)(())(( 1 DExxDE II =− . 
 

Similarly, )0)(())(( 1 DExxDE II =− . So DExDEx II +=+ 1 . 
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This means that f  is a mapping and further f is onto. 
Conversely, if DExDEx II +=+ 1  (here 01 , Dxx ∈ ), then 
 

)0()()()())(( 1111 ExxExxDxxExxDE =−=−∧−=−I . 
 

So for all 01 , Eyy ∈ , we have 
)0()()()( 1111 EyyExxEyxyxE =−∧−≥−−+ . 

 
Similarly, )0()( 11 EyxyxE ≥−−+ .  i.e.  
 

=−−+ )( 11 yxyxE )0()( 11 EyxyxE =−−+ . 
 

Hence, EyxEyx ++=++ 11 , which means that f  is one-to-one. 
It may also be verified that f  keeps addition and multiplication operations, and so 

f  is an isomorphism. Hence  DE
D

E
ED

I
000 )( ≅+ .                                         
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