Iranian Journal of Fuzzy Systems Vol. 5, No. 2, (2008) pp. 63-70 63

REDEFINED FUZZY SUBALGEBRAS OF BCK/BCI-ALGEBRAS

A. BORUMAND SAEID AND Y. B. JUN

ABSTRACT. Using the notion of anti fuzzy points and its besideness to and non-
quasi- coincidence with a fuzzy set, new concepts in anti fuzzy subalgebras in
BCK/BC1I-algebras are introduced and their properties and relationships are
investigated.

1. Introduction

The concept of fuzzy sets was first initiated by Zadeh [5]. Since then it has
become a vigorous area of research in engineering, medical science, social science,
physics, statistics, graph theory, etc. In this paper, we introduce the concept of an
anti fuzzy subalgebra of BC'K/BCI-algebras by using the notion of anti fuzzy points
and its besideness to and mon-quasi-coincidence with a fuzzy set, and investigate
their inter-relations and related properties.

2. Preliminaries

A fuzzy set A in X of the form

_Jtefo,1) if y=u,
A(I)'{1 if y£a

is called an anti fuzzy point with support = and value ¢ and is denoted by z;. A
fuzzy set A in X is said to be non-unit if there exists € X such that A(x) < 1.

A fuzzy set A in a BCK/BCI-algebra X is called an anti-fuzzy subalgebra of X
if it satisfies

(Va,y € X) (A(z + y) < max{A(z), A(y) })- (1)

3. Redefined Fuzzy Subalgebras

Definition 3.1. An anti-fuzzy point x; is said to beside (resp. be non-quasi
coincident with) a fuzzy set A, denoted by x; < A (resp. x; T A), if A(z) <t (resp.
A(z) +t < 1). We say that < (resp. T) is a beside relation (resp. non-quasi
coincident with relation) between anti-fuzzy points and fuzzy sets.

If 2; < A or ;TA (resp. z; < A and z;TA), we say that z; < VT A (resp.
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Proposition 3.2. Let A be a fuzzy set in a BCK/BCI-algebra X. Then A satisfies
condition (2) if and only if it satisfies the following condition.

(VZE, Yy € X) (Vtth S [07 1)) (wtl » Yts < A = (.’E * y)max{tl,tg} < A) (2)
Proof. Assume that A satisfies condition (2). Let z,y € X and t1,t5 € [0,1) satisfy
Ty, Y, < A. Then A(x) < t; and A(y) < t2. From (2) it follows that
Az xy) < max{A(z), A(y)} < max{t1,t2}.

Hence (13 * y)max{tl,t2} <A

Conversely, suppose that condition (3.2) is valid. Since 7 4(,) <A and y4(y) <A
for all z,y € X, it follows from (3.2) that

(@ * Y)max{A(), A} <A

so that A(z * y) < max{A(z), A(y)}. This completes the proof. O

Note that if A is a fuzzy set in X such that A(z) > 0.5 for all z € X, then the
set {z; | x¢ < AT A} is empty. In what follows, unless otherwise specified, o and

0B will denote any one of <, T, < VY, and < AT and x;aA will mean that z;aA
does not hold.

Definition 3.3. A fuzzy set A in a BCK/BCl-algebra X is called an (a, 3)*-fuzzy
subalgebra of X, where a # < AT | if it satisfies the following implication:
(VI, yE X) (tha lo € [Oa 1)) (IthtA, thOé.A = (l‘ * y)max{tl,tg}/BA)' (3)

Example 3.4. Consider a BCT-algebra X = {0, a, b, ¢} with the following Cayley
table:

*‘Oab c
0/0 a b ¢
ala 0 ¢ b
bl|b ¢ 0 a
cle b a O

Let A be a fuzzy set in X defined by A(0) = 0.4, A(a) = 0.3, and A(b) = A(c) = 0.7.
It is easy to verify that A is a (<, <V T )*-fuzzy subalgebra of X.

Theorem 3.5. In a BCK/BCl-algebra, every (< VY, <V YT )*-fuzzy subalgebra is
a (<, <V T )*-fuzzy subalgebra.

Proof. Let A be a (<V T,<V T)*fuzzy subalgebra of a BCK/BCI-algebra X.
Let z,y € X and t1,t2 € [0,1) satisfy z;, < A and vy, < A. Then z;, < VY A and
Y, <VY A, implying that ( *y)max{t, t,3 < VT A Hence Ais a (<, <V 7T )*fuzzy
subalgebra of X. O

The converse of Theorem 3.5 is not true in general. For example, the (<, <VY )*-
fuzzy subalgebra A of X in Example 3.4 is not a (<V T, <V T )*-fuzzy subalgebra
of X since ap.5 < VY A and co.2 < VY A, but (a * ¢)maxf0.5,0.2} = bos<V T A

Obviously, any (<, <)*-fuzzy subalgebra is a (<, < V T )*-fuzzy subalgebra, but
the converse is not necessarily true. For example, the (<, <V Y )*-fuzzy subalgebra
A of X in Example 3.4 is not a (<, <)*-fuzzy subalgebra of X since ag.3s < .4 and
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.34 <A, but (a% a)max(0.34,0.38) = 00.38<A. Also, a (<, <V T )*-fuzzy subalgebra
A of X may not be a (T, <V T )*-fuzzy subalgebra. For example, the (<, <<V Y )*-
fuzzy subalgebra A of X in Example 3.4 is not a (T, <V T )*-fuzzy subalgebra of
X since ap.6TA and bo.1 T A, but (@ *b)mazfo.6,013 = co.6<V T A

Theorem 3.6. Let A be a fuzzy set in a BCK/BCl-algebra X. Then the left
diagram shows the relationship between (o, 3)*-fuzzy subalgebras of X, where «, 3
are one of < and Y. Also we have the right diagram.

(a,a V B)* («VT,<VT)*
/N /N
(o, B)* (a, @)* («VTYT,T) («V T, <)
NS NS
(a,a A B)* (<VY,<AT)*
Proof. The proof is easy. (Il

Proposition 3.7. Let A be a non-unit fuzzy set in a BCK/BCl-algebra X. If A
is an (a, 8)*-fuzzy subalgebra of X, then A(0) < 1.

Proof. Assume that A(0) = 1. Since A is non-unit, there exists z € X such that
Alz) =t <1l.Ifa=<ora=<VY,then z;aA, but (£%2)maxes} = 0¢FA., which
is a contradiction. If a = T, then zoa.A because A(xz) +0=1t+0=1¢ < 1. On the
other hand, (= * &) max{0,0} = 003A, which is a contradiction. Hence A(0) < 1. O

For a fuzzy set A in a BCK/BCl-algebra X, we denote
X ={reX|Alx) <1}.

Theorem 3.8. Let A be a non-unit fuzzy set in a BCK/BCl-algebra X. If A is an
(a, B)*-fuzzy subalgebra of X where («, () is one of the following:

° (€,9), o(<T), o(Y,<), (T,7),
then the set X* is a subalgebra of X.

Proof. (i) Assume that A is a (<, <)*-fuzzy subalgebra of X. Let z,y € X*. Then
A(r) < 1 and A(y) < 1. Assume that A(z * y) = 1. Note that z4.,) < .A and
YAy <A. But, since A(z*y) =1 > max{A(z), A(y)}, we get (*y){a(2),4y)} <A-
This is a contradiction, and so A(z * y) < 1 which shows that x * y € X*. Hence
X* is a subalgebra of X.

(ii) Assume that A is a (<, T)*-fuzzy subalgebra of X. Let =,y € X*. Then
A(z) <1 and A(y) < 1. If A(z xy) =1, then

Al + y) + max{A(x), A(y)} > 1.

Hence (2% Y)max{A(z),A(y)} LA, which is a contradiction since z 4(,) <A and y.4(,) <
A. Thus A(z xy) < 1, and so z * y € X*. Therefore X* is a subalgebra of X.

(iii) Assume that A is a (T, <)*-fuzzy subalgebra of X. Let x,y € X*. Then
A(x) <1 and A(y) < 1. Thus 7oTA and yoTA. If A(z *y) = 1, then A(z *xy) =
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1 > 0 = max{0,0}. Therefore (2 * ¥)maxfo0,0y <A, which is a contradiction. Hence
Alxxy) <1,and so z xy € X*.

(iv) Assume that A is a (T, Y)*-fuzzy subalgebra of X. Let x,y € X*. Then
A(z) <1 and A(y) < 1. If A(z *y) = 1, then A(z x y) + max{0,0} = 1 and so
(Z * Y)max{o,0} TA. This is impossible, hence A(z * y) < 1, i.e., x x y € X*. This
completes the proof. O

Corollary 3.9. Let A be a non-unit fuzzy set in a BCK/BCl-algebra X. If A is
an (a, B)*-fuzzy subalgebra of X where (¢, ) is one of the following:

o (<, <AT), o (<, <VT),
o (Y, <AT), o (T, <VT),
o (<VT, <VT), o (<VT, <AT),

then the set X* is a subalgebra of X.
Proof. By Theorem 3.6, it is enough to prove the corollary for the cases:
(i) (<, <VvTY) and (i) (T,<V7T).

(i) Let z,y € X*. Then A(z) < 1 and A(y) < 1, and so A(z) = t; and A(y) = t2
for some t,t5 € [0,1). It follows that z;, < A and y;, <A so that (2 *Y)maxft; t2} <
VY A, ie, (% Y)maxfts,ta) <A O (T % Y)maxity,ta} VA I (2 % Y)maes 1) < A,
then A(z * y) < max{ty,t2} <1 and thus z *xy € X*. If (2 * ) max{t, 1,3 TA, then
Az xy) < Az *y) + max{t;,t2} < 1. Hence zxy € X*.

For the case (ii), let z,y € X*. Then A(x) < 1 and A(y) < 1, which imply
that oY A and yoYTA. Since A is a (T, < V T )*-fuzzy subalgebra, (z * y)g =
(T * Y)maxfo,0y < VYA, ie, (zxy)o < Aor (xx*y)TA If (z*y) <A, then
Az xy) =0 < 1. If (x xy)o YA, then A(z xy) = A(x xy) + 0 < 1. Therefore
x xy € X*. This completes the proof. (I

Theorem 3.10. Let A be a non-unit fuzzy set in a BCK/BClI-algebra X. Then
every (T, Y)*-fuzzy subalgebra of X is constant on X*.

Proof. Let A be a non-unit (T, Y)*-fuzzy subalgebra of X. Assume that A is not
constant on X*. Then there exists y € X* such that ¢, = A(y) # A(0) = to. Then
either t, > ¢ or t, < to. If ¢, < to, then A(y) + (1 —tp) =t, +1 —to < 1 and so
Y1—1, TA. Since

Alyxy)+ (1 —to) =A0)+1—tg=to+1—tg =1,

we have (y * y)max{l—to,l—to}TAv which is a contradiction. If ¢, > to., we choose
t1,t2 € [0,1) such that t; < 1—t, <ty <1—ty. Then A(0)+ 1ty =to+ 1tz <1 and
A(y) +t1 =ty +t1 < 1. Thus 0, TA and y;, TA. Now since

A(y % 0) + max{ti,to} = A(y) +ta =t, +t2 > 1,

we get (y * O)max{tl,tz}TA, which is also a contradiction. Therefore A is a constant
on X*. U
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Theorem 3.11. Let A be a fuzzy set in a BCK/BCl-algebra X. Then A is a non-
unit (T, T)*-fuzzy subalgebra of X if and only if there exists a subalgebra S of X
such that
[ te0,1) ifxzels,
Alz) = { 1 otherwise (4)
Proof. Let A be a non-unit (T, T)*-fuzzy subalgebra of X. Then by Proposition
3.7 and Theorems 3.10 and 3.8 we get that A(x) < 1 for all x € X and X* is a
subalgebra of X, and
| A(0) if zeX*,
Alz) = { 1 otherwise
Conversely, let S be a subalgebra of X which satisfies (3.11). Assume that z;T.A
and y,TA for some s, € [0,1). Then A(z) +s < 1 and A(y) +r < 1, and
so A(z) # 1 and A(y) # 1. Thus z,y € S and so x xy € S. It follows that
A(z * y) + max{s,r} = t + max{s,7} < 1 so that (z * ¥)max(s,-} TA. Therefore A
is a non-unit (T, T)*-fuzzy subalgebra of X. O

Theorem 3.12. Let S be a subalgebra of a BCK/BCI-algebra X and let A be a
fuzzy set in X such that

(i) (Vo€ X\ 5) (A(z) =1),

(ii) (Vxz € S) (A(z) <0.5).
Then A is a (T, < V T )*-fuzzy subalgebra of X.

Proof. Let z,y € X and t1,t2 € [0,1) be such that z;, YA and y,, T A,; i.e. A(x)+
t1 <land A(y)+te < 1. Ifxxy ¢ S, thenz € X\ Sorye X\, ie., A(x)=1or
A(y) = 1. It follows that ¢; < 0 or t2 < 0. This is a contradiction, and so z *xy € S.
Hence A(z *y) < 0.5. If max{ti,t2} < 0.5, then A(x * y) + max{t;,t2} < 1 and
thus ( * ¥)max{t, .} LA If max{t;,t2} > 0.5, then A(x *y) < 0.5 < max{t;,ta}
and 5o (2 * Y)max{t, .t} < A. Therefore (o * y)max(t, 1,3 < VYT A. This completes the
proof. (I

Theorem 3.13. Let A be a (Y, <V T )*-fuzzy subalgebra of a BCK/BCI-algebra
X such that A is not constant on X*. Then A(x) < 0.5 for all x € X*.

Proof. Assume that A(z) > 0.5 for all x € X. Since A is not constant on X*, there
exists © € X* such that t, = A(x) # A(0) = to. Then either ty > t, or tg < ¢,. For
the first case, choose § < 0.5 such that t, +J < 1 < tg + 4. It follows that xsT A,

Az *z) = A(0) = to > 6 = max{d, d},
Az * ) + max{d,6} = A0)+ o=ty + 5> 1

so that (2 * T)max{ss}< V T A., which is a contradiction. For the second case, we
can choose § < 0.5 such that t, +§ > 1 > tg + 6. Then 05T A and z¢ YA, but
(% 0)max{0,6} = Ts<V T A since A(z *0) = A(x) > 0.5 > § = max{0,0} and
A(z % 0) + max{0,6} = A(z) + § = t, +J > 1. This again leads to a contradiction.
Therefore A(x) < 0.5 for some z € X. We now show that A(0) < 0.5. Assume
that A(0) = tp > 0.5. Since there exists € X such that A(z) = ¢, < 0.5, we have
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to > t,. Choose t; < tg such that t,+t; <1 < to+t1. Then A(x)+t; =t +t1 <1,
and so x4, TA. Now we get
A(z * ) + max{ti,t1} = A(0) +t1 =to +t1 > 1,
A(l’ * ZL’) = A(O) =g >1 = max{tl,tl}.

Hence (2 * @) max{t,,4,3< V T A, a contradiction. Therefore A(0) < 0.5. Finally
suppose that t, = A(z) > 0.5 for some z € X*. Let ¢t be such that 0 < ¢ < 0.5
and t; > 0.5+ t. Therefore A(z) +0 < 1 and A(0) 4+ (0.5 — t) < 1 implying that
x0T A and 095 YA. However, since A(x x0) = A(z) > 0.5 — t = max{0,0.5 — ¢}
and A(z * 0) + max{0,0.5 —t} = A(z) + 05—t > 0.5+¢+ 0.5 —¢t =1, we have
(7 * 0)max{0,0.5—4}< V T A. This is also a contradiction. Hence A(x) < 0.5 for all
e X*. (]

We give a characterization of a (<€, < V Y )*-fuzzy subalgebra.

Theorem 3.14. Let A be a fuzzy set in a BCK/BCI-algebra X. Then A is a
(<, <V Y )*-fuzzy subalgebra of X if and only if it satisfies the following inequality:

(1) (Vo,y € X) (A(z *xy) < max{A(z), A(y),0.5}).

Proof. Assume that A is (<, <V T )*-fuzzy subalgebra of X. Let x,y € X be such
that max{A(z), A(y)} > 0.5. Then A(zxy) < max{A(z), A(y)}. If not, then A(z x
y) <t < max{A(x),A(y)} for some t € (0.5,1). It follows that z; <.A and y; < A,.
However, (#Y)max{t,s} = (v*y)¢< V T A which is a contradiction. Hence A(x*y) <
max{A(z), A(y)} whenever max{A(z), A(y)} > 0.5. If max{A(z), A(y)} < 0.5,
then z95 < A and yo.5 < A implying that (z * y)o.s = (T * ¥)max{0.5,05} < VY A
Now, if A(x*y) > 0.5, then A(x*y)+0.5 > 0.540.5 = 1, a contradiction. Therefore
A(z *y) <0.5. Hence A(z * y) < max{A(x), A(y),0.5} for all z,y € X.

Conversely assume that A satisfies (1). Let z,y € X and t1,t2 € [0,1) be
such that z;, < A and y, < A. Then A(z) < t; and A(y) < t¢2. Suppose that
A(z * y) > max{ty, ta}. If max{A(z), A(y)} > 0.5 then

Az *y) < max{A(z), A(y), 0.5} = max{A(z), A(y)} < max{t1,t2}.
This is a contradiction, and so max{A(x), A(y)} < 0.5. It follows that
Az *y) + max{t1,ta} < 2A(z *xy) < 2max{A(z), A(y),0.5} <1

so that (z * Y)max{t,,t.} LA Hence (2 * ¥)max{t, 1.3 < VY A, and consequently A is
a (<, <V T )*-fuzzy subalgebra of X. a

Theorem 3.15. For any subset S of a BCK/BCl-algebra X, let ys denote the
characteristic function of S. Then the function x§ : X — [0, 1] defined by x%(z) =
1—xs(z) for all x € X is a (<, < V T )*-fuzzy subalgebra of X if and only if S is
a subalgebra of X.

Proof. Assume that x§ is a (<, <V T )*-fuzzy subalgebra of X and let z,y € S.
Then x&(x) = 1 — xs(z) = 0 and x5(y) = 1 — xs(y) = 0. Hence zy < x§ and
Yo < X§,- It follows that (z * y)o = (% * ¥)maxfo,0 < VY x§. Thus xg(z +xy) <0
or x¢(zxy)+0< 1. If xg(x*xy) <O, then 1 — xs(x*xy) =0, ie, xs(x*xy) =1.
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Hence z xy € S. If x%(x *y) +0 < 1, then xg(z *y) > 0. Thus xs(r*y) =1, and
so x *y € S. Therefore S is a subalgebra of X.

Conversely, suppose that S is a subalgebra of X. Let z,y € X. If z,y € S, then
xxy € .S, and thus

X§(w x y) = max{x5(z), x5(y)} <max{xs(z),x5(y),0.5}.

If any one of z and y does not belong to S, then x§(z) = 1 or x§(y) = 1. Hence
X&(z*y) < max{x%(x), x5(y)} < max{x%(z),x%(y),0.5}. Hence by Theorem 3.14,
X% is a (<, < V T )*-fuzzy subalgebra of X. O

Theorem 3.16. A fuzzy set A in a BCK/BCl-algebra X is a (<, < V T )*-fuzzy
subalgebra of X if and only if the set

L(At):={z e X | A(z) <t}, t€[0.5,1)
is a subalgebra of X.

Proof. Assume that A is a (<, <V Y )*-fuzzy subalgebra of X and let z,y € L(A;t).
Then A(x) <t and A(y) <t, and so z; < A and y; < A. It follows from Theorem
3.14 that
Az *y) < max{A(x), A(y),0.5} < max{t,0.5} =t

so that z xy € L(A;¢). Hence L(A;t) is a subalgebra of X.

Conversely let A be a fuzzy set in X such that the set L(A;t) :== {z € X |
A(z) <t} is a subalgebra of X for all ¢ € [0.5,1). If there exist z,y € X such that
A(z *y) > max{A(x), A(y), 0.5}, then we can take ¢ € (0,1) such that

max{A(z), A(y),0.5} <t < A(z *y).

Thus z,y € L(A;t) and t > 0.5, and so = xy € L(A;t), i.e., A(z*xy) <t. Thisis a
contradiction and therefore A(z * y) < max{A(x), A(y),0.5} for all z,y € X. Now
it follows from Theorem 3.14, that A is a (<, <V T )*-fuzzy subalgebra of X. [

For any fuzzy set Ain X and t € [0,1), we denote
.At = {l‘ eX | a:tT.A} and [.A}t = {Z‘ eX | Ty < \/T.A}
Obviously [A]s = L(A;t) U A;.

Theorem 3.17. A fuzzy set A in a BCK/BCl-algebra X is a (<, <V T )*-fuzzy
subalgebra of X if and only if [A]; is a subalgebra of X for all ¢t € [0, 1).

Proof. Let Abe a (<, <V Y )*-fuzzy subalgebra of X and let z,y € [A]; for ¢ € [0,1).
Then z; < VY A and y, < VY A; that is, A(z) <t or Ax) +¢t <1, and A(y) <t
or A(y) +t < 1. Since A(x * y) < max{A(x),A(y),0.5}, by Theorem 3.14 we have
A(z * y) < max{t,0.5}. If not, then z;< VY A or yy<V T A, a contradiction. If
t > 0.5, then A(z *y) < max{t,0.5} =t and so x xy € L(A;¢) C [A];. If t < 0.5,
then A(x * y) < max{¢,0.5} = 0.5 and thus A(z *y) +t < 0.5+ 0.5 = 1. Hence
(x xy):TA, and so z xy € Ay C [A];. Therefore [A]; is a subalgebra of X.
Conversely, let A be a fuzzy set in X and ¢ € [0,1) be such that [A]; is a
subalgebra of X. If possible, let max{A(x), A(y),0.5} <t < A(zx *y) for some t €
(0.5,1). Then z,y € L(A;t) C [A]s, which implies that zxy € [A];. Hence A(zxy) <
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t or A(z*y)+t < 1, a contradiction. Therefore A(z*y) < max{A(x),A(y),0.5} for
all z,y € X. It follows from Theorem 3.14, that A is a (<, <V T )*-fuzzy subalgebra
of X. O

Theorem 3.18. Let {A; | i € A} be a family of (<, <V T )*-fuzzy subalgebras of
a BCK/BCl-algebra X. Then A := (] A; is a (<, < V T )*-fuzzy subalgebra of X.

ieA
Proof. By Theorem 3.14 we have A;(z * y) < max{A(z), A(y), 0.5}, and so
Alzxy) = inf Az +y)

< inf max{A(z), A(y), 0.5}
= InaX{iléI/f; A;i(x), Zlg/f\ A;(y),0.5}
= max{A(z), A(y),0.5}.
It follows that A is a (<€, < V T )*-fuzzy subalgebra of X. O

Theorem 3.19. Let {A; | i € A} be a family of (<, <)*-fuzzy subalgebras of a
BCK/BCl-algebra X. Then A := |J A; is a (<, <)*-fuzzy subalgebra of X.

iEA
Proof. Let z; < A and y, < A, where t,r € [0,1). Then A(z) < t and A(y) < r.
Thus for all 7 € A, we have A;(z) <t and A;(y) <r and so A;(z * y) < max{t,r}.
Therefore A(z * y) < max{t,r}, which implies that (z * ¥)max(e,r} <A O

The following is an open problem: Is the union of two (<, <V Y )*-fuzzy subal-
gebras of a BCK/BCl-algebra X a (<,<V YT )*-fuzzy subalgebra of X?
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