Iranian Journal of Fuzzy Systems Vol. 5, No. 3, (2008) pp. 89-94 89

THE DIRECT AND THE INVERSE LIMIT OF
HYPERSTRUCTURES ASSOCIATED WITH FUZZY SETS OF
TYPE 2

V. LEOREANU FOTEA

ABSTRACT. In this paper we study two important concepts, i.e. the direct and
the inverse limit of hyperstructures associated with fuzzy sets of type 2, and
show that the direct and the inverse limit of hyperstructures associated with
fuzzy sets of type 2 are also hyperstructures associated with fuzzy sets of type 2.

1. Introduction

Fuzzy sets of type 2 have been introduced by Zadeh [11], to give a mathematical
formalization of linguistic terms. They are a generalization of fuzzy sets and have
been used as a tool in decision making [11] and neural networks [10].

Fuzzy sets of Type 2 can model uncertainty better than fuzzy sets, by Minimizing
the total effect of all uncertainties.

Hypergroups , introduced by Marty [7] have been extensively studied in the
last few decades. Today they have applications in many fields, including fuzzy
set and rough set theory, automata, cryptography, codes, graphs and hypergraphs,
probability, artificial intelligence, Euclidian and non Euclidean geometries[3].

We first recall some definitions which will be needed in the rest of the paper.

Let H be a nonempty set and P*(H) be the set of all nonempty subsets of H.

A function o : H x H — P*(H) is called a hyperoperation on H and the
hyperstructure (H, o) is called a hypergroupoid.

We say that the hyperstructure (H, o) is a quasihypergroup if, for any x € H, we
have x o H = H o x = H, where, for any nonempty subsets A, B of H, Ao B =

U a o b. A quasihypergroup is called a hypergroup if the associativity law
a€A,beB
holds.

If (Hy,01) and (Ha, 02) are hypergroupoids, then f : Hy — Hy is a morphism
if, V(z,y) € H2, we have f(z01y) € f(x) o f(y).

A fuzzy set of type 2 on a universal set X is a function F': X — [0,1]7, where
J is a nonempty subset of [0, 1].
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For any z € X, denote F(x) by F,. We have F,, : J — [0, 1].

A connection between fuzzy sets of type 2 and hyperstructures has been estab-
lished by Corsini [2], as follows:

If F: X — [0,1]7 is a fuzzy set of type 2, then we define the following hyper-
operation on J:

(*) V(u,v)eJ?, uov={weJ | IrcX : Fp(u) A Fp(v) < Fp(w) < Fp(u) V Fy(v)}.

Then (J,0) is a quasihypergroup called the quasihypergroup associated with the
fuzzy set of type 2, F.

Direct limits of some particular classes of multialgebras have been discussed in
[8]. Direct limits and inverse limits are particular cases of the categorical concepts
of colimit and limit (see [1]). In the general case of universal hyperalgebras, the
colimit and the limit are described and characterized in [4].

In this paper, we establish that the direct limit and the inverse limit of quasihy-
pergroups associated with fuzzy sets of type 2 are also quasihypergroups associated
with fuzzy sets of type 2 and we find such fuzzy sets of type 2.

2. Direct Limit of Quasihypergroups Associated with Fuzzy Sets of
Type 2

The notion of a direct limit of a direct family of semihypergroups was introduced
by Romeo [9].

The construction of a direct limit of hypergroupoidsis as follows.

Let {(J;, 0;) }ier be a direct family of hypergroupoids and let {p;x : J; — Ji }i<k
be the corresponding family of hypergroupoid morphisms. In order to obtain its
direct limit, we consider J = U J; and the following equivalence relation on J:

il

u ~ v if and only if the foll(e)wing implication holds:

(u,v) € Jy x Jy =3 €I, £>i, £>k,such that v;(u) = @re(v).

For i < j, denote ;;(u;) by u; and let .J be the set of equivalence classes.

We define the following hyperoperation on .J:

V(ﬂ,’f}) €j2, Uuev = {ﬁ) | diel, Ju; eundd;, v, € vNJ;, Jw; € wNJ; such
that w; € u; 0;v;}.

Then (J, o) is the direct limit of the direct family {(.J;, o;) }ier of hypergroupoids.
Notice that the cardinality of .J is at most ¢, since J is a subset of [0,1].

Now, we introduce the notion of 2 f.s.morphism:

Definition 2.1. Let F; : X — [0,1]7t and F», : X — [0,1]72 (where
J1 C [0,1] D J2) be fuzzy sets of type 2 on X. The map f : J; — Jo is called a
2 f.s.morphism if ¥(u,v) € JE, Vz € X, we have

Fra(u) < Fra(v) <= Fou(f(0)) < Fau(f(v))-

Using this notion, we can define the concept of a direct family of fuzzy sets of type
2, that we shall use in the following theorems.
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Theorem 2.2. Let {F; | i € I} be a directed family of fuzzy sets of type 2 on
X, F: X — [0,1)%, where Vi € I, J; C [0,1] and {fi : Ji — Jx}i<k the
corresponding family of 2 f.s.morphisms. If {(J;,0;) }icr 1s the associated family of
hypergroupoids, defined by (x), then {(J;,0;)}icr s a direct family.

Theorem 2.3. Let {F; | i € I} be a direct family of fuzzy sets of type 2 and
{fi + Ji — Jx }i<k be the corresponding family of 2 f.s.morphisms. If {(J;, ;) }ier
is the associated family of quasihypergroups, then (J,e) is a quasihypergroup asso-
ciated with a fuzzy set of type 2, F. Such a fuzzy set of type 2 is F : X — [0,1]7
and satisfies the following conditions:

Y(u,v) € 7 and vz € X, we have F,(u) < F(v) if and only if Jig € 1,
H’U,io cun Jim 3’[)7;0 coun Jio such that Fioz(uio) < Finz(vio).

Proof. First we verify that the following implication holds: [Jig € I, Ju;, € aNJ;,,
Ju;, € 9NJ;, such that Fj . (ui,) < Fige(viy)] = [VE € I, Vuy, € aNJy, Yui, € 0NJg,
we have Fi,(ur) < Fjz(vg)]. Note that

o If w;,,uj € unJj,, then there exists k € I, k > i, such that fi x(u;,) =
fiok(uj,), that means uj, = uj,. Suppose Fj;(ui,) < Fiz(uj ), whence we
get Fra(fior (i) < Fra(figr(uj,)), which contradicts ug = uj,. Hence, for
any g, u;, € N Ji,, we have Fi,(ui,) = Fipr(u)-

e We now show that Vk € I, Fy(ur) < Fgo(vr). If ig < k, then from
Figz(tiy) < Figu(viy), we get Fiu(fiok (Wiy)) < Fra(fiok(viy)), that is Fi (u)
Fy.(vg). Suppose that there exists k € I, such that Fy,(ug) > Fre(vg)-
Set t € I, t > ip, t > k. We get Fip(frr(ug)) > Fio(fre(vg)), that is,
Fip(ut) > Fig(v). On the other hand, from Fj ,(us) < Fiya(viy), we get
Fip(ur) < Fyp(ve), a contradiction.

“”

Finally, if the hyperoperation “o” associated with F, is defined as follows:

V(@,0) € T, ot ={w]| 3w e H: Fo(t) NFu(t) < Fu(®) < Faula) V Fo(D)},
d

then the hypergroupoids (J, o) and (J, ) coincide.
Indeed, if we suppose F, < F,(v), then @ € @ o ¥ means that 3z € H,

(i, k) € 12, Ju; € N J;, Jw; € wN J;, Jwg € wN Jy, Ivg € 0N Jg, such that:

) a
u)

Fiz(u;) < Fip(w;) and Frg(wi) < Frg(vk),

whence there exists t € I, ¢ > i, t > k, for which Fy,(u;) < Fpp(wy) < Frp(vt),

which implies that w; € u; oy v;. Hence V(u,v) € 72, we have 1o = ue . J is
supposed to be a subset of [0, 1], but since it has the same cardinality as a subset
7' of [0,1], it is clear we can set F;(ﬂ') = F,(u) and so, the hyperoperation is

independent of the nature of the elements of J. O

Example 2.4. We can choose F in many ways. Two examples follow:

1) Set ig € I and for any u € J, set u;, € wNJy,. For any z € X, define
F-L(’a) :Fiow(uio)'
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2) If I is a finite subset of I and |I’| is the cardinal of I’ then Vz € X, define
Fo(u) =Y Fin(u;)/|I'|, where u; € @ J;,.
iel’

3. Inverse Limit of Quasihypergroups Associated with Fuzzy Sets of
Type 2

First, we recall the construction of an inverse family of hypergroupoids ([3],
[6]). Let {(Ji,0:)}icr be an inverse family of hypergroupoids and denote the cor
responding family of hypergroupoid morphisms by {¢ix : J; — Ji }i>k-

In order to obtain the inverse limit of the above family, we consider the direct

product
(J = H Ji, @)
icl

and the subset J of J , defined as follows:
J={u€ J|Yji(u;) =u;, Vi <j}.
If J # (), then we define the following hyperoperation on J:
V(@,0) e J?, u0v=u00nJ.

Then (j, O) is the inverse limit of the inverse family {(J;, 0;) };es of hypergroupoids.

The assumption J # () is necessary. In [5], Gritzer presents an example of an
inverse family of nonempty sets, whose inverse limit is empty and he also proves
that the inverse limit of a family of nonempty finite sets is always nonempty.

Another situation when the inverse limit of a family of nonempty sets {J; }ics is
nonempty is when

I has a maximum element.

In what follows, we consider (I, <) a partially ordered set, such that J £ 0.
Then we obtain the following theorem, which is the dual of Theorem 2.2:

Theorem 3.1. If {F; | i € I} is an inverse family of fuzzy sets of type 2 with the
corresponding family {fix : J; — Jx}i>k of 2 f.s morphisms, then the associated
family of hypergroupoids {(J;,0;)}icr s also an inverse family.
Theorem 3.2. Let {F; | i € I} be an inverse family of fuzzy sets of type 2, with
the corresponding family {fir : Ji — Jr}isk of 2 f.s morphisms. If {(J;, 0;) bier
is the associated family of quasihypergroups and J # 0, and J has the cardinality
at most ¢, then (J,0) is a quasihypergroup associated with a fuzzy set of type 2,
F: X —0,1]7, that satisfies the following condition:
for all (a,v) € jQ, @ = (G;)icr, V= (0;)ier, and all x € X, we have
Fo (@) < Fyp(0) if and only if Jig € T such that F; (i) < Figz(i)-
Proof. Step 1. We show that the following implication holds:
[Hio € I such that Fiow(aio) < Fiow(ﬁio)] —
- [VJ S I, we have ij(ﬂj) < ij(’[)J)]
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Indeed, if j < g, then f;,; is a 2 f.s. morphism so, from Fj ,(@;,) < Fiye(0i,) it
follows that Flja(fiy;(tiy)) < Fja(fioj(0ig)), e Fja(t;) < Fja ().

Suppose that there exists p € I, such that Fp;(d,) > Fpi(vp). Since I is a
directed partially ordered set, it follows that 3t € I, t > ig, t > p.

If Ftw(ﬂt) < th(ﬁt)v then pr(ftp(at)) < Fpa:(ftp(ﬁt))v Le. pr(ﬂp) < pr(@p)v
which contradicts the original assumption.

If Fip(t) > Fio(0d), then Fio(frio(@e)) > Figa(fiio(91)), ie. Figulti,) >
Fiox(0;y), in contradiction with the hypothesis.
Therefore, Vj € I, we have Fj; () < Fjz(0;).
Step 2. If we consider the hyperoperation “o” associated with F', defined as follows:
V(@,9) € J2, ot = {w]| 3z € H such that
F.(0) A Fp(0) < Fp(w) < Fy(a) V F(0)}
then the hypergroupoids (.J,0) and (J,0) coincide.
Indeed, if we suppose F () < F(0) then Vj € I, Fj,(4;) < Fjz(0;). Hence

ot = {w|3xeH, Fy(i) < Fy(d) < Fp(d)} =
= A{w|3FweH, Vjel, Fju(t;) < Fjo(0;) < Fju(05)} =

step 1

= {0|Fel, & €iod)=u60nJ=a0,

It follows that (j,O)cmd (j, O) coincide. J is supposed to be a subset of [0, 1],
but, since J has the same cardinality with a subset J' of [0,1], it is clear we can
set F! (@) = F,(@) and so, the hyperoperation is independent of the nature of the
elements of .J. O

Example 3.3. There are many ways to choose F'. For instance, for all z € X, we
may consider
1. Vi € J, Fy(i)) = Fi o (i, ) for some iq € 1.
F.(a) = Z F;(u;)/|I'| where I’ is a finite subset of I and |I’| is
iel’
the cardinal of I’.

2. Yu € J,

Remark 3.4. The above results also hold if we consider an arbitrary real interval
instead of [0, 1].
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