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ABOUT THE FUZZY GRADE OF THE DIRECT PRODUCT OF
TWO HYPERGROUPOIDS

I. CRISTEA

ABSTRACT. The aim of this paper is the study of the sequence of join spaces
and fuzzy subsets associated with a hypergroupoid. In this paper we give some
properties of the membership function fig corresponding to the-direct product
of two hypergroupoids and we determine the fuzzy grade of the hypergroupoid
(H x H,®) in a particular case.

1. Introduction

The hyperstructure theory, which is a generalization of the ordinary algebraic
structure theory, has been introduced by F.Marty in 1934 [21] at the 8* Congress
of the Scandinavian Mathematicians. The hyperstructures are now used exten-
sively from both theoretical point of view and their numerous applications; some
of them, especially those from the last decades, are presented by Corsini and Leo-
reanu [11] and they are connected with: geometry, hypergraphs, binary relations,
fuzzy sets and rough sets, automata, codes, cryptography, artificial intelligence and
probabilities.

Real situations are very often not crisp and deterministic and they cannot be
described precisely. The vagueness concerning the description of the semantic mea-
ning of the events, phenomena or statements is called fuzziness. Since the notion of
fuzzy set has been introdueed by L.A. Zadeh in 1965 [25], there have been attempts
to extend useful mathematical notions to this domain, replacing the crisp sets by
the fuzzy sets. The first association between fuzzy sets and algebraic structures
has been done by A. Rosenfeld in 1971 [23], when he applied the concept of fuzzy
set to the theory of groups and studied fuzzy subgroups of a group. Later, many
researchers investigated connections between fuzzy sets and hyperstructures: P.
Corsini, B. Davvaz, V. Leoreanu-Fotea, R. Ameri, M.M. Zahedi, J. Zhan, Y.B.
Yun, Ath. Kehagias and K. Serafimidis, H. Hedayati, M. Bakhshi, R.A. Borzooei,
M. Stefanescu, I. Cristea and many others (see for example [1, 2, 3], [5]-[10], [12]-
[20], [24],.[26]). In this paper we deal with those introduced by P. Corsini in 1994
and 2003 (see [5, 6]), which lead to a sequence of join spaces associated with a
hypergroupoid. Recently, new results about this connection have been obtained
(see [14, 15, 24]); here, we remember some of them: a sufficient condition such that
two consecutive join spaces of the sequence are not isomorphic, that is the sequence
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does not end, has been determined; for any natural number n > 2, there is a
hypergroup such that the length of its associated sequence is equal to n; various
properties of the hypergroups in connection with the reduced hypergroups have
been determined.

Here we analyze similar properties for the direct product of hypergroups and we
give some new results for the theory of the fuzzy subhypergroups.

2. Preliminaries

We recall some basic definitions for the sake of completeness (see [4]).
Let H denote a nonempty set and P*(H) the set of all nonempty subsets of H.

Definition 2.1. A set H endowed with a mapping o : H2. — P*(H), named
hyperoperation, is called a hypergroupoid.

The image of the pair (a,b) € H? is denoted by a o b and it is called the hyper-
product of a and b.
If A and B are nonempty subsets of H, then A o B .= U aob.

a€EA
bEB

Definition 2.2. A semihypergroup is a hypergroupoid (H,o) with the property:
for any (a,b,c) € H?,(aob)oc=ao (boc). A quasihypergroup is a hypergroupoid
(H, o) which satisfies the reproductive law:for any a € H Hoa =ao H = H.

A hypergroup is a semihypergroup which is also a quasihypergroup. A hypergroup
is called a total hypergroup, if, for any (z,y).€ H?, xoy = H.

For each pair (a,b) € H?, we denote:
a/b={z|a € xob} and b\a ={y}a € boy}.

Definition 2.3. A commutative hypergroupoid (H, o) is called a join space if, for
any (a,b,c,d) € H* such that a/bmvc/d # 0 it results aodNboc # .

The notion of join:space has been introduced and studied for the first time
by W.Prenowitz. Later, together with J.Jantosciak, he has reconstructed, from the
algebraic point of (view, several branches of geometry: the projective, the descriptive
and the spherical geometry (see [22]).

Definition 2.4. Let p be an equivalence relation on a hypergroupoid (H,o). We
say that pis regular to the right if apb implies that, for any u € H, for any x € aou,
there exists y € b o u such that xpy and for any y§ € b o u, there exists T € aou
such that zpy. Similarly, the regularity to the left can be defined. We say that p is
reqular ifit.is regular to the right and to the left.

3. Some Properties of the Fuzzy Subset [i5, Associated with the Direct
Product (H; x Hy,®)

First we remember the construction of the sequence of join spaces and member-
ship functions associated with a hypergroupoid. P. Corsini, I. Cristea, M. Stefa-
nescu have determined several properties of the sequence in general and also for
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particular hypergroups: i.p.s. hypergroups, complete hypergroups, 1-hypergroups
([7, 8, 9], [12, 13]). In this section we give some properties of the fuzzy subsets
Iie and fi; X fiz in relation with the direct product of hypergroupoids. More speci-
fically, we establish, in Theorem 3.6, a relation between the corresponding mem-
bership functions associated with two distinct hypergroupoids and the membership
function associated with their direct product.

For any hypergroupoid (H, o), Corsini [6] defined a fuzzy subset i of H in the
following way.

Definition 3.1. For any (z,y) € H? and any u € H, we consider:

i) =qw™ Y W

(o T oY

where Q(u) = {(a,b) € H? | u € ao b}, q(u) = |Q(u)| and, for.any (x,y) € H?, the
set x o y is finite.

In other words, fi(u) is the average value of the reciprocals of the cardinalities
of z oy for all z o y containing w.

Theorem 3.2. With the hypergroupoid H endowed with the fuzzy subset i, we
associate the join space ({H, o), with.'H = H, as it follows (see [5]): for any
(z,y) € H?,

zory ={z € H | ) Nity) < i(z) < alx) vV [i(y)}-

Using the same procedure as in (1), from ' H we obtain a membership function *[i
and the associated join space *H -and so on. A sequence of fuzzy subsets and join
spaces (("H,o0,)," i), >1 4s determined in this way. We denote i =, °H = H.

The procedure is iterative: every hyperproduct ”o;” is defined on the set H, which
is denoted by “H | at the step ¢, to indicate the current number of iteration. From
(*H, 0;), we obtain-as in (1) the membership function *1.

This construction is important for at least two reasons: it provides examples of
hypergroup structures on a given set and it gives the possibility of studying fuzzy
sets in an algebraic approach. On the other hand, the construction could start
either from a fuzzy subset or from a hypergroup structure on a non-empty set H.
The construction could be repeated, getting a sequence of hypergroups and fuzzy
subsets on H. If two consecutive hypergroups are isomorphic, then the construction
stops.

The length of this sequence has been called by Corsini and Cristea [7] the (strong)
fuzzy grade of the hypergroupoid H. More precisely, they gave the following defi-
nition:
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Definition 3.3. A hypergroupoid H has the fuzzy grade m, m € N*, and we write
f-g.(H) = m if, for any i, 0 < i < m, the join spaces ‘H and “*' H associated with
H are not isomorphic and for any s, s > m, *H is isomorphic with ™H. We say
that the hypergroupoid H has the strong fuzzy grade m and we write s.f.g.(H) =m
if f.9.(H) =m and for all s,s >m, "H ="H.

For the sake of illustration we consider the following examples.

Example 3.4. Consider the hypergroupoid H = {a,b,c,d} with the following
hyperoperation:

) | a b c d

a a {a,b} {a,b,c} H

b| {a,b} b {b,c} {bse,d}
¢ [{a,b,c} {b,c} ¢ {end}
d H {b,e,d} {e,d} d

then
fila) = fild) = 19/42,  Ji(b) = fife)=29/66

and so we have

o] a b c d

a | {a,d} H H {a,d}

b H {bc} {bc} H

¢ H {bc} {bje} H

d | {a,d} " H H {a,d}

then
fir(a) =p1(b) = fia (c) = fir(d) = 4/12,
and so we obtain

02|a b ¢ d
a |H H H H
b |H H H H
c |H H H H
d |H H H H

Thus, any associated join space *H, s > 3 is identical with 2H and we conclude
that s.f.g.(H).= 2,

Example 3.5. Consider H = {a,b,c,d} endowed with the fuzzy subset p defined
asvit. follows:

p(a) =0.23, w(b) =045, p(c) = p(d) =0.78
then the associated join space (H, o) is represented by the table

o | a b c d
a a {a,b} H H
b | {a,b} b {b,c,d} {b,c,d}
c
d

H {b,c,d} {e,d} {e,d}
H {b,c,d} {e,d} {e,d}
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Then we calculate

fia) = 3/7, p(b) =13/33, ji(c) = fi(d) = 13/36

and it follows that the join space (* H,o0;) = (H,o); thus the sequence associated
with H contains only one join space, so s.f.g.(H) = 1.

Let (H;,01) and (H2,o05) be two hypergroupoids and, for any i € {1,2}, let i;
be their associated membership function defined as in (1).
On the direct product H; x Hy we define the hyperproduct

(a1,a2) @ (b1,b2) = {(=,y) | * € a1 01 b1,y € as o2 ba}

and we associate, as in (1), with the new hypergroupoid (Hj X H,,®) the corre-
sponding fuzzy subset, denoted by jig : H; x Hs — [0,1].

Here we give a relation, useful in the third section, between the membership func-
tions /71, /72 and ﬁ@.

Theorem 3.6. If j11, 1o and jig are the membership functions associated like in
(1) with Hy, Hy and Hy x Hy respectively, then, for any (x,y) € Hy X Hs, the
following relation holds:

fi (€, y) = ) - 12(y)-

Proof. Using the notations from (1), we write

m = ) orany and :—A2(y)
() = Gy o TSR ) = )

For an arbitrary pair (z,y) € H; x Hy we find:

, for any y € Hs.

ai,az), (b1, b2)) | (z,y) € (a1,a2) ® (b1,b2)}] =

ai,az), (b1,b2)) | © € a1 01 b1,y € az oz bo}| = (2)
ai,br) |z € arorbi} || {(az,b2) |y € azor bo}| =

) - 42(y).

q(z,9) =N
=
{

= q

—~ o~ o~
—~~

~—~

Then we obtain:

(a1, a2) ® (b1, b2)| = [{(2,y) | 2 € a1 01 b1,y € az 02 by} =
:|{a:€H1|a:€a101b1}|-|{y€H2|y€a202b2}|:

= |a1 o1 b1| . |G2 02 b2|
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and therefore

Alryy) = 3 . =

(z,y)€(a1,a2)®(b1,b2) |(a1’a2) ® (bl’ b2)|

_ ) < 11 >_
|(1101b1| |(1202b2|

(z,y)€EHy X Ha
r€a101by
yEaz02ba (3)

- Y Y e e -
|a1 o1 b1| |G2 02 b2|

r€a101b1  YyEaz02b2

1 1
B (Z |a101b1|> Z |a202b2| B

r€aio1br y€Eaz09ba

= Ai(z) - A2(y).

By consequence, fig (¢, y) = jit () - fia (y)- =

Definition 3.7. (see [17])

(i) Let p and X be two fuzzy subsets of a nonempty set X. We say that p is
contained in A (and we write p CA) if, for any z € X, u(z) < A(=).

(if) Let p and X be two fuzzy subsets of two nonempty sets X and Y respec-
tively. We define on X x Y the fuzzy subset p x A by

(1 x N)(z,y) = p(@)A Ay),V(z,y) € X x Y.

(iii) Let p and A be two fuzzy subsets of a nonempty sets X. A fuzzy relation
Rof X x X (i.e. R:X xX = [0,1]) is said to be a fuzzy relation from A
topuif R C A x p.

Corollary 3.8. Ifqu, 1o and gy are the membership functions associated like in
(1) with Hy, Hy and Hy x Hy respectively, then we find fig C i1 X Jia.

Proof. For any (z1,z2) € X1 x Xy we obtain
e (T1s®z) = ju (21) - fa(z2) < 1 (21) A fin(z2) = (1 X f2) (21, 72).

Now, the following result is obvious

Corollary 3.9. If (Hy,01) = (H2,03) and we denote them by (H,o), then the fuzzy
relation g of H X H is a fuzzy relation on 1 = lia denoted by [i.

Definition 3.10. (see [16]) Let (H, o) be a hypergroup and let p be a fuzzy subset
of H. Then p is called a fuzzy subhypergroup of H if the following axioms hold:
(i) min{u(@), w(y)} < inf {u(a)}, for all z,y € H;
acxoy
(ii) for all z,a € H, there exists y € H such that:
z € aoy and min{u(a), p(z)} < p(y);
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(iii) for all z,a € H, there exists z € H such that:
x € zoa and min{u(a), u(z)} < p(z).

Proposition 3.11. Let H be a non-empty set and pu a fuzzy subset of H. Then pu
is a fuzzy subhypergroup of (H,o), where, for any z,y € H,

zoy=yox={z€H|p@)Auy) < puz) <pl@) vyl (4)
Proof. The proof is the same as that of Proposition 2 [16]. O

Note. For this hyperproduct, we consider, from now on,that o € z oy if and only

if u(z) < p(e) < ply) (that is, we suppose p(z) < p(y)yif p(y) < p(z), we write
a € yox if and only if p(y) < p(a) < p(x)).

Proposition 3.12. Let (H,o) be a hypergroupoid and (("H,o,),[ir),>1 be the se-
quence of join spaces and fuzzy subsets associated with H. Then [t is a fuzzy sub-
hypergroup of the join space (*H, o1). Moreover, for any i > 1, i; is a fuzzy
subhypergroup of the join space (T1H, o4 1).

Proof. The proof is straightforward, by considering Proposition 3.11. O

Proposition 3.13. ([17], Lemma 3.10) Let (Hy,01) and (Ha,02) be two hyper-
groups. If p is a fuzzy subhypergroup of Hy and us is a fuzzy subhypergroup of Hs,
then w1 X po is a fuzzy subhypergroup of the hypergroup (Hy X Ha, ®).

Example 3.14. Set H, = {ayb,c} and py : Hi — [0,1], p1(a) = 0.3, p1(b) =
0.5, u1(¢) = 0.7. Then, by Proposition 3.11, uy is a fuzzy subhypergroup of the
hypergroup (Hy, 01), where the hyperoperation ”o;” is defined as in Theorem 3.2,
i.e. H; has the table

o1 | a b c
a a {a,b} H
b | {a,b} b {b,c}
¢ H {bc} ¢

Similarly set Ho = {z,y} and ps : H» — [0,1], pa(z) = 0.7, ua(y) = 0.8. Then,
by Proposition 3.11, s is a fuzzy subhypegroup of the hypergroup (Hs,o05) which
has the table

02 | T Y
T r  {zy}
y | {z,y}
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Then the direct product (H; x Hs, ®) is represented by the commutative table

® (a,z2)  (a,y) (b,7) (b,y) ((c, x)) (c,y)
(a,z) (a,2) (a,2), (a,y) S
R e 0 B (0 I 0 N B G S s
(a,z),(a,y) (a,9y), (b, y)
(aay) (avy) (b, iL'), (b, y) (avy)v (ba y) H(l X §J2 ( ((;7 ?(J) )
b, x b,x),(b,y
(b, ) (b, ) (b,z),(b,y) ( ((;7 f) | (c.z). (c.y)
b,x),(b,y
(b, y) (b, y) cx)(cy) (¥
(¢, 1) (e;) (¢,2), (c,y)
(¢, ) ¢ Y)

Then it results

w1 X po(a,z) =0.3A0.7=0.3;
1 X pis(a,y) = 0.3 A 0.8 = 0.3;
w1 X po(b,z) =0.5AN0.7=0.5;
11 % iz (byy) = 0.5 A 0.8 = 0.5
1 X po(e,z) =0.7A0.7=0.7;
w1 X po(e,y) =0.7A0.8=0.7.

Now by the previous proposition it follows that p; x s is a fuzzy subhypergroup
of the hypergroup (H; x Ha,®). Moreover, by simple computations, we may verify
that puy X uo satisfies the conditions, of Definition 3.10.

Remark 3.15. With our notations, using the previous proposition, if j; and 2
are fuzzy subhypergroups of the hypergroups H; and H» respectively, then the
membership function g1 X Jue.i8 a fuzzy subhypergroup of H; x Hy. We don’t have
the same property for the membership function fig. Indeed, let us verify the first
condition from Definition 3.10:

for any (a1, a2) € (z1,%3) @ (Y1,¥2), fe(T1,22) A g (Y1,Y2) < fig(ar,az).

Since 11 and g are fuzzy subhypergroups of the hypergroups H; and H» respec-
tively, for a3 € xy01y1 we obtain 1 (1) > 1 (z1) A 1 (y1) and similarly, for
Qo € To 09 Yo, o () > fiz(z2) A fia(y2). From these relations we cannot conclude,
in general, that fi1(a1) - fia(@2) > fir(z1) - fiz(22) A fn (y1) - f2(y2)-

But, as an immediate consequence of Proposition 3.12, the membership functions
It1, flo are fuzzy subhypergroups of the hypergroups (! H;,5,) and (' Hs,5,), the
first join spaces from the sequences of join spaces associated with the hypergroups
H, and H,, that is, for any i € {1,2} and z;,y; € H;:

r8;y; = {2z € Hy | pi(w) A iy) < mizi) < pile) V pi(y) }-

Proposition 3.16. If ig is the membership functions associated like in (1) with
H, x H,, then g is a fuzzy subhypergroup of the direct product of join spaces
1 1

H1 X HQ.
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Proof. i) For any (a1, az2) € (z1,22) ® (y1,y=2), we shall prove
e (21,72) A e (y1,Y2) < e (ar, az). (5)

Since a1 € 2101y; means p1(z1) < pi(ar) < m1(yr) and similarly s € 2282y
means fis(z2) < fie(ae) < fi2(y2) it follows that fig (x1) - fie(x2) < i1 (aq) - fiz(a2) <
11 (y1) - fi2(y2) and therefore the relation (5) is satisfied.

ii) It remains to verify that, for any (x1,s), (a1,a:)€ H; x'Hs, there exists
(y1,y2)€'Hy x'Hy such that (z1,z2) € (a1,a2) ® (y1,y2) and

B (a1, a2) A fig(z1,72) < fig (Y1, Y2)- (6)

Since fi1, fi2 are fuzzy subhypergroups of the hypergroups (: Hy,51) and (! Hs, 55),
there exists (y1,y2)€'Hy x'Hy such that z; € a15{yy, z> € @2d2y> and fi;(a;) A
ia (1) < Jix (), in(a2) A Fia(22) < fin(y2). Fromthe definitions of the hyperprod-
ucts 7017, 765", we obtain fiy (a1) < fin(71) < pa(y1) and pia(az) < fiz(z2) < fi2(y2)-
It follows that fii(a1) - fia(az) < pi(z1) - po(xe) < 1 (Y1) - fi2(y2) and therefore
/71 (al) . /~j,2(a2) A /~j,1 (.’171) . /72 (CEQ) S /~j,1 (yl) . /72 (yg); thus the relation (6) is satis-
fied. O

4. Fuzzy Grade of the Hypergroupoid (H x H,®), when |H/R;| =2

Let (H,o) be a hypergroupoid and @ be the fuzzy subset associated with it by
the relation (1); it leads to the regular equivalence:

TRy <= p(z) = p(y).

r r
This relation determines on'/H a partition H = UCi, |C;| = k; with Z ki=n=
i=1 i=1
|H|, where z,y € Ci<= fi(x) = i(y) and we do the following convention:

for we C;,v e Cj, with i < j,we have pn(u) < p(v). (7)
In this manner we associate with H the ordered r-tuple (k1, k2, ..., k).

In the following, we determine the fuzzy grade of a hypergroupoid H in some
cases; when the r-tuple (k1, ko, ..., k) associated with H has particular forms. It is
enough to know the form of this r-tuple in order to establish the fuzzy grade of a
hypergroupoid.

Proposition 4.1. Let us suppose that we associate with the hypergroupoid (H, o)
the pair (k,1). Then we associate with (H x H,®) the triple (k*,2kl,1?).

Proof. We denote H/R; = {C1,C>}, with C1 = {21, 22,...,2} and respectively
C2 = {Tp41, Tkt2, -, T4 }; We respect the convention (7) that p(z1) < m(wpy1).
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Then we obtain
Vi, €{1,2, .k}, fig(wi,xy) = flz) - i(zy) = fi(z)?
v ilaj, € {k + ]-7 k+ 27 ) k+ l}7 /j@(ﬂ?y,ﬂl‘jl) = ﬁ(wl’) ! ﬁ(x]’) = ﬁ(mk+1)2

Vie{l,2,.,k}LY je{k+1,. k+1}, bBe(ri,zy)=pn(z) p(@rt).

Since fi(z1) < fi(zge1) it follows fi(z1)? < fi(wgs1) - i(z1) < fi(zee1)?, that is

ﬁ@(xiaxj) < ﬁ@(xiaxj’) < ﬁ@(xi’awj’)v for any 7’7.] € {1727 vk} and any il:j, €
{k+1,....,k + 1}; therefore with the hypergroupoid (H x H,®) we associate the
triple (k2, 2k, [?). O

Generalizing the previous proposition we obtain the following result (its proof is
similar to the proof of Proposition 4.1)

Proposition 4.2. Let us suppose we associate with the hypergroupoid (H,o) the
r-tuple (ki, ks, ..., k). Then we find that the associated tuple of (H x H,®) is the
(27‘ — 1)—tuple (k%, 2k1k2, k%, 2k2k3, kg, ey k%il, riflkr, k?)

Using Theorem 4.5 from [24], we obtain immediately the following result.

Theorem 4.3. Let (ki, ks, ..., k) be the r-tuple associated with an arbitrary hy-
pergroupoid (H,o). If, for any j, 1 < j'< [g], ki =kpy1—j, then, with the join
space ' H one associates the l-tuple (2ki,2ks, ...,2k;), if r = 2l, or the I+1-tuple
(2k21,2k2, ...,2k2[,kl+1), Zf?" =2l + 1.

Now, we determine the fuzzy grade of the hypergroupoid (H x H,®) when
|H/ Ry = 2.
First we remember which is the fuzzy grade of the hypergroupoid (H, o), when
|/ Ry € {2,3} (see [13]).
Theorem 4.4.
1) If | H/Ry| = 2, that isswith H we associate the pair (k,1), then:
a) if k=1, we have s.f.g.(H) = 2;
b) ifk # 1, we have f.g.(H) = 1.
2) If |H/Rg| = 3, that is with H we associate the triple (ki, ks, k3), then:
a) fif k1 = ko = k3 we have f.g.(H) = 1;
b) ‘for ki = ks # ko we have f.g.(H) = 2 if ks # 2ks and s.f.g.(H) = 3
Zf k‘z = 2k3,‘
) if k1 < k2 = k3 we have f.g.(H) =1;
d) for ki = ka2 < k3 we have f.g.(H) = 1 if P = 2k3 —8k3 —kik3+5k1 k3 >
0 and f.g.(H)=3if P <0;
e) for ky # ko # ks we have f.g.(H) € {1,2}.

To start with, we determine the fuzzy grade of the direct product H x H of
the same hypergroupoid and secondly, we calculate the fuzzy grade of the direct
product of two distinct hypergroupoids.

Proposition 4.5. Let (k,l) be the pair associated with the hypergroupoid H.
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(i) If k=1, then s.f.g.(H x H) = 3.
(ii) If 2k =1, then f.g.(H x H) = 1.
(i) If k #1 and 2k #1, then f.g.(H x H) € {1,2}.

Proof. By Proposition 4.1 it follows that the triple associated with H x H is
(k2, 2K, 12).
If k=1thes.f.g.(H)=2and s.f.g.(H x H) =3 (by (2b)).
If k # | we have two situations (we suppose k < [):
(i) if 2k = 1, then k> < 2kl = [? and by (2¢) it is clear that f.g.(H) =
f9.(Hx H) =1,
(i) if 2k # [, then k? # 2kl # I*> and by (1b) and (2e) we obtain f.g.(H) = 1
and f.g.(H x H) € {1,2}.
O

Lemma 4.6. Let (Hy,01) and (Hs,02) be two distinct hypergroupoids such that
|H1/Rg,| = |H2/R,| = 2. For more precision we consider:

leCl U 02, |01|:k, |02|:l 5y HQZC{ U Cé, |C{|:m, |C§|:n .

If, for any xz € C1,y € Cy,x' € C1,y" € C} we have

a) fie(r,y') = he(y, o), then |(Hi x Hy)/Ryg) =3 ;
b) :u’®($vyl) 7£ u®(yaxl)7 then |(H1 X H2)/Rﬁ®| =4

Proof. We may write Hy x Hy={(z,2"), (2,y");(y,'), (y,y') | z€ C1,y € Cr,2" €
Ci,y € C4} and then fig(u,v) = iy (w) - fia(v), for any v € H; and any v € Ho.
It is easy to obtain the relations:

fio (a ) < fio (@) < fis(y.1)
fie (@,a") < fis(y, ') < Be(y,y')-
If, for any z € Cy,y. € Coyx’ € C1,y’ € C} we have
a) fie(z,y") = Ie(y,x'), then |(Hy x Ha)/Ry,| = 3 and the triple associated
with Hy Xy is (km, kn + lm, In);
b) ne(x,y') # nely,z'), then |(Hy x Hy)/Rp,| = 4 and with Hy x Hs is
associated the 4-tuple (km, kn,lm,In).
(]

Proposition 4.7. Let (k, k) be the pair associated with the hypergroupoid (H;,o1)
and (1,1) be the pair associated with the hypergroupoid (Hs,05). Then s.f.g.(H; %
H) =3

Proof. The corresponding join spaces 2H; and 2H, from the sequences associ-
ated with H; and Hs respectively are total hypergroups and thus s.f.g.(Hy) =
s.f.g.(Hs) = 2.
a) flig(x,y") = lig(y,x"), then the triple associated with Hy x Hy is (kl, 2kl, kl)
and thus the join space 3(H; x H,) is a total hypergroup and s.f.g.(H; x
Hy) =3 (by (2b)).
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b) If g (x,y") # ne(y,2'), then the 4-tuple related to H; x Hs has the form
(kl, kI, kI, kl); then, by Theorem 4.3, to the join space ' (H; x Hj) corre-
sponds the pair (2kl,2kl) and again the join space 3(H; x Hz) is a total
hypergroup and s.f.g.(H; x H2) = 3 (by (la)).

O

Example 4.8. Consider the hypergroupoid H; = {a,b,c,d} with the following
hyperoperation:

o1 | a b c d

a a {a,b} {a,b,c} H

b | {a,b} b {b,ct  {b,cyd}
¢ | {a,b,e} {b,c} c {e,d}
d H {b,c,d} {e,d} d

and the hypergroupoid Hs = {z,y, z,u,t,v} with the hyperoperation:

02 T Y z U t v
z z {z,y,2} {z,y,2} H H H
y |{z.y,2} y {z,y,2} H H H
z | {z,y,2} {z,y,2} z H H H
u H H H {u,t,0} {u,t,v} {u,t,v}
t H H H {uyt,v} {u,t,v} {u,t,v}
v H H H {u,t,v} {u,t,v} {u,t,v}

Then we obtain
fi1(a) = pad) =19/42 > ji1 (b) = j1 (c) = 29/66
and
p2(x) = p2 (Y= pi2(2) = 6/25 > fi2(u) = f2(t) = p2(v) = 6/27,

that is the couple‘associated with H; is (2,2) and the couple associated with Ho is
(3,3). Using the notations of Lemma 4.6 and the convention (7), we write

H1 = 01 U 02,01 = {b,C},CQ = {a,d},

Hy, = C{ U 0570{ = {U,t,U},Cé = {xayaz}
and then
Fio (0, u) = Fir () - o () = 19/189 # 20/275 = [ (b) - o () = fis (b, )

and then, by Proposition 4.7 b), it follows that 4-tuple associated with H; x Hj
has the form (6,6,6,6); then, by Theorem 4.3, with the join space *(H; x Hs) is
associated the pair (12,12); then with the second join space 2(H; x Hz) is associated
the 1-tuple (24) and thus the join space 3(H; x Hy) is a total hypergroup and
ng(Hl X HQ) =3.
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5. Conclusions

In the last four decades, many mathematicians have defined various relation-
ships between fuzzy sets and algebraic structures. P.Corsini has realized a such
connection which leads to a sequence of join spaces and fuzzy sets associated with
a hypergroupoid. The principal aim of this paper is to find properties of this se-
quence for the direct product of hypergroupoids. We saw that in general there is
no relation between the fuzzy grade of the hypergroups and the fuzzy grade of their
direct product. It would be interesting to find a class of hypergroups for which
there is a such relation.
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